
Quadratic formulas
Students will use quadratic formulas to analyse aspects of driving safely, including pedestrian safety, the benefits of wearing seatbelts and the use of crumple zones to protect passengers in a car.
Learning intention
To be able to solve problems involving quadratic formulas of the form .
Success criteria
I can substitute values into a quadratic formula.
I can change the subject of quadratic formulas of the form .
I can make decisions about the solution of a problem involving a quadratic formula.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01 
selects and applies algebraic techniques to solve problems involving equations and formulas MST-11-01
Content
Formulas and equations
Substitute numbers into linear and non-linear algebraic expressions, equations and formulas
Evaluate the subject of a formula, given the value of other pronumerals in the formula
Apply given formulas to solve problems in a variety of contexts
Change the subject of linear and non-linear formulas limited to quadratics of the form 
 to solve problems and make decisions about solutions in the context of the problem
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Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slides 4–6 from the PowerPoint Quadratic formulas to identify inverse operations, solve 1–2 step linear equations using inverse operations, and classify solutions as positive, negative or zero.
	Mini whiteboards
Pose-Pause-Pounce-Bounce 
	This activity encourages students to consider their prior learning on solving equations using inverse operations and apply their thinking to the real world. Key misconceptions to address include confusion over negative solutions and interpreting division as a fraction.

	Connecting learning
	Students watch a short video on car safety ‘These Crashes Show the Difference 20 Years Has Made to Car Safety | WIRED’ (2:19) bit.ly/20yearcarsafety and use slide 8 of the PowerPoint to discuss kinetic energy concepts and explore its real-life impact in crashes. Use slides 9–11 and Appendix A to solve problems. Appendix B and slide 12 are used to consider the question of determining maximum speed given a maximum kinetic energy, considering pedestrian safety with larger vehicles. 
	Mini whiteboards
Pose-Pause-Pounce-Bounce
Think-Pair-Share 

	Students consolidate their ability to interpret results, make comparisons, and reason quantitatively, addressing common misconceptions such as incorrectly doubling speed and expecting linear increases in energy.

	Releasing responsibility
	Using slide 14 of the PowerPoint, model changing the subject of the formula before substituting and allow students to compare and discuss this method compared to substituting and then solving on slide 15. Slides 16–19 model solving quadratic equations of the form . Students complete Appendix C. 
	Worked examples (Your turn)
Pose-Pause-Pounce-Bounce
Think-Pair-Share

	This activity encourages students to compare and make decisions on different methods, then extends their understanding to more complex quadratic equations.

	Independent practice
	Students apply their knowledge to real-world scenarios in Appendix D. A scaffold is provided on slide 21 of the PowerPoint to support them.
	
	This activity supports students to interpret and solve word problems based on safety information.



Activity structure
Please use the associated PowerPoint Quadratic formulas to display images in this lesson. 
Please be mindful that this lesson contains videos with car accidents, which may be distressing for some students. Consider any students who may have experienced trauma related to accidents or loss. You may wish to provide a content warning prior to viewing, allow students to opt out if needed, and create space for follow-up discussion or support.
Activating prior knowledge
1. Distribute mini whiteboards (bit.ly/miniwhiteboards) to students and display slide 4 of the PowerPoint.
1. Explain to students that you are going to display some operations and they are going to write the inverse operation on their mini whiteboard.
1. Animate the slide to reveal, one at a time, 10 operations and then the inverse operation for each one. Pause to discuss the operations and their inverses and provide an opportunity for students to further explore inverse operations.
Students might benefit from a discussion about how division can be written as a fraction and what the inverse of that looks like.
1. Display slide 5, which shows a simple 2-step linear equation. Ask students how they might use inverse operations to solve the equation.
1. Animate the slide and ask students to read the solution, then animate the slide again and discuss the solution using the question prompts.
1. Repeat the process for the next 2 questions on the slide.
1. Use a Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to discuss why there are 2 answers to the third question.
1. Display slide 6. Instruct students that for each situation, they are to write on their mini whiteboard whether the solution could have a positive, negative or a zero answer.
The solutions are:
· Positive 
· Positive, negative or zero
· Positive
· Negative.
1. Have a discussion with the class regarding the solution to the second question and why the solution may be positive, negative or zero. 
1. Ask students to share with the class other real-life contexts that would fit into each of the 3 categories. 
Connecting learning
1. Show the video ‘These Crashes Show the Difference 20 Years Has Made to Car Safety | WIRED’ (2:19) (bit.ly/20yearcarsafety).
1. Explain to students that kinetic energy is the energy something has because it is moving. It is measured in joules. If something is not moving, it has no kinetic energy. The faster something moves, the more kinetic energy it has.
1. Display slide 8 to explain what happens to kinetic energy in the event of a car crash.
1. Use a class discussion to ensure students understand the key concept, that when a car crashes, the amount of kinetic energy the car has influences the severity of the outcome.
Students might benefit from considering the difference between dropping a phone from their hand, which might crack it, and dropping it from a second-storey window, which will shatter it, to recognise that the difference isn’t the phone, it’s the kinetic energy.
1. Display slide 9, which shows the formula for calculating kinetic energy, 
1. Animate the slide and use the information in the text box to support a discussion to ensure students understand what a joule is.
1. Ask students to consider why the speed for school zones is 40 km/h.
Students should suggest the stopping distance is shorter, which they analysed in Lesson 7 – stopping distance, of this unit, along with whether 40 km/h was a safe speed for a school zone. 
Prompt them to also consider what would happen if a driver did hit another car or pedestrian.
1. Use slide 10, to show how to calculate the kinetic energy for a car travelling at 40 km/h.
1. Ask students to now calculate, on their mini whiteboards, the kinetic energy of the same car travelling at 80 km/h. 
1. Display slide 11, so students can check their answers.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss the scenarios. Useful question prompts may include:
Why isn’t the energy doubled when the speed is doubled?
If you drew a graph for the kinetic energy equation, what would it look like?
1. Distribute a copy of Appendix A ‘Pedestrian safety’ to pairs of students and ask them to calculate the kinetic energy of different sized cars travelling at 40 km/h. 
1. Tell students that when considering pedestrian safety, cars with kinetic energy of more than 100 000 joules greatly increase the chance of serious injury in the event of an accident.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy for students to discuss if they believe the speed limit of 40 km/h, which is equivalent to travelling at , is appropriate for school zones. Useful question prompts may include:
Can you explain why40 km/h might be considered an appropriate limit for school zones?
Why might some people suggest that a lower limit would be more appropriate?
How might an increase in the number of SUVs and four-wheel drives impact future decisions about speed limits?
What speed would you recommend, based on your calculations, for areas of high pedestrian activity?
Students could combine their knowledge of stopping distances with their new knowledge of kinetic energy to support their answers to the question prompts.
1. Use a Think-Pair-Share (bit.ly/thinkpairsharestrategy) for students to discuss the question ‘How can we calculate the maximum speed a 2200 kg four-wheel drive can travel to keep the kinetic energy below the threshold of 100 000 joules’.
Students should recognise that they can use the same formula they have been using but they will need to rearrange it once they have substituted the necessary values.
1. Distribute a copy of Appendix B ‘Speed of a car’ and ask students to complete it in pairs.
Note: some questions in Appendix B require finding a maximum that results in a non-terminating decimal. Students must round down their final answer to ensure the calculations do not exceed the given energy requirement.
1. Encourage students to compare their solutions with a neighbouring pair to compare strategies of solving the questions.
1. Use slide 12 to reveal one method. Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss the solution and to highlight the answer. Useful question prompts may include: 
How does this compare to the method you used?
Why is the ‘plus minus’ symbol there?
Why can we ignore the negative solution in this case?
What situations can you think of where we would use the negative answer instead of the positive? What situations would we need to keep both answers?
Students should realise that in most contexts they will be working with, such as length, mass, age, the negative solution can be disregarded.
Releasing responsibility
1. Display slide 14 of the PowerPoint and explain to students that this shows an alternate method of finding the speed, where the formulas has been rearranged first before values are substituted. Use a Think-Pair-Share to discuss the benefits of this method.
Students might acknowledge that if you had many questions to answer where you had to find the speed, rearranging the formula once at the start would be beneficial.
Many students find this a difficult skill. Unless a question specifically asks students to make  the subject, most students will find it easier to substitute first and then rearrange.
1. Display slide 15 and have students attempt the question using both methods. Animate the slide to first reveal ‘Method 1’, which involves changing the subject of the formula, and then animate it again to reveal ‘Method 2’, which substitutes values before rearranging the equation.
1. Use slides 16–19 to model worked examples of solving a quadratic equation in the form , using the Worked examples (Your turn) method (bit.ly/supportingstrategies). Ask students to apply both methods demonstrated on the previous slide. 
1. Have students decide which method they prefer, reminding them that it is not necessary to change the subject of the formula first unless the question specifically requires it.
1. Distribute Appendix C ‘Seatbelts in a collision’ and ask students to complete in pairs.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss the calculations in the appendix. Useful question prompts may include:
Which passenger do you think is more likely to survive if the speed is the same?
What do the calculations tell us about seatbelts?
Why are speed limits still important even with seatbelts?

Independent practice
1. Distribute Appendix D ‘Safety matters’ and ask students to solve the problems independently.
1. Ask students to compare their answers with others and discuss their approach.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Students may be extended to consider the inverse operation of cubes and cube roots.
Provide worked examples for students who need extra scaffolding.
Challenge students by asking for additional real-life examples or extensions to 3-step equations.
Connecting learning 
Provide additional scaffolds for calculations. This could include partially completed tables in Appendix A and/or B.
Challenge students to consider how vehicle mass variations affect kinetic energy.
Releasing responsibility
Provide scaffolded steps for students needing support with rearranging formulas.
Extend students by asking them to solve additional or more complex problems.
Independent practice
Support students by providing a step‑by‑step scaffold for rearranging formulas before substitution. 
Extend students by asking them to justify their solutions using graphs or by comparing multiple quadratic models.


Suggested opportunities for assessment
Activating prior knowledge 
Observe mini whiteboard responses to check understanding of inverse operations.
Connecting learning 
Check mini whiteboard calculations for accuracy.
Observe discussions during Think-Pair-Share for reasoning.
Releasing responsibility
Observe students’ method choice and reasoning.
Use Pose-Pause-Pounce-Bounce questioning to assess understanding of method advantages and negative solution contexts.
Review Appendix C for accuracy in calculations and conceptual understanding.
Independent practice
Appendix D can be collected to check students understanding of solving quadratic equations and rearranging quadratic formulas.


[bookmark: _Appendix_A]Appendix A 
Pedestrian safety
Calculate the kinetic energy of the following cars, using the formula , when travelling at a speed of 40 km/h ().
	Car type
	Weight of car
	Kinetic energy at 

	Medium sedan
	1500 kg
	

	SUV
	1900 kg
	

	Four-wheel drive
	2200 kg
	




[bookmark: _Appendix_B]Appendix B 
Speed of a car
Use the kinetic energy formula,  to find the maximum speed these cars can travel to produce no more than  of energy.
	Car type
	Weight of car
	Speed of car ()

	Medium sedan
	1650 kg
	

	SUV
	2100 kg
	

	Minibus
	3400 kg
	




[bookmark: _Appendix_C]Appendix C 
Seatbelts in a collision
A simple mathematical model for the average force on a passenger during a crash is the formula:

Where:
 is the average force on your body, in Newtons ()
 is the distance your body travels to stop, in metres
 is the speed of the car, in metres per second
 is the force from airbag deployment, in Newtons ().
1. Use the formula to compare the average force, , on a passenger during a crash with and without a seatbelt.
	With a seatbelt
	Without a seatbelt

	


	



	
	




Forces above  are likely to cause severe injury.
1. Change the subject of the formula to calculate the speed, in metres per second, a car is travelling, to achieve a force of , with and without a seatbelt.
	With a seatbelt
	Without a seatbelt

	


	



	
	




[bookmark: _Appendix_D]Appendix D 
Safety matters
1. The average force on a passenger wearing a seatbelt is modelled by:
where:
 is the force on the passenger 
 is the speed of the car .
1. Find the force when the car is travelling at .
Find the force when the car is travelling at .
Explain why the force increases much faster than the speed.
1. For a particular car, the force on passengers is modelled by:

where  is the force on the passenger  and  is the speed of the car .
Doctors say forces above  greatly increase the risk of severe injury.
1. Set up an equation to find the maximum safe speed.
Change the subject and find the maximum value of .
What does this tell you about safe speeds for this car?
1. Two models are used for the same crash:
With a seatbelt:
Without a seatbelt:
where  is the force on the passenger  and  is the speed of the car .
Assume the injury limit is .
1. For the seatbelt model, find the maximum safe speed.
For the no-seatbelt model, find the maximum safe speed.
Which passenger can travel faster before reaching the same injury risk? Justify with calculations.
1. A simplified pedestrian risk model is:
where:
 is the injury risk score
 is the impact speed .
Serious injury is likely when .
1. Set up and solve an equation to find the impact speed.
1. Why does the equation generate 2 solutions?
1. Which solution(s) make sense in this context? Explain.
1. Engineers model the injury risk when an electric scooter hits a pedestrian by:
where:
 is the injury risk score
 is the scooter speed 
Injury becomes likely when .
Change the subject to find the speed at which  and use your answer to suggest a safe speed limit for scooters on sidewalks.

Sample solutions
Appendix A – pedestrian safety
Calculate the kinetic energy of the following cars using the formula  when travelling at a speed of 40 km/h ().
	Car type
	Weight of car
	Kinetic energy at 

	Medium sedan
	1500 kg
	

joules, rounded to the nearest whole number. 

	SUV
	1900 kg
	

 joules, rounded to the nearest whole number.

	Four-wheel drive
	2200 kg
	

joules, rounded to the nearest whole number.




[bookmark: _Appendix_B_–]Appendix B – speed of a car
Use the kinetic energy formula,  to find the maximum speed these cars can travel to produce no more than  of energy.
	Car type
	Weight of car
	Speed of car ()

	Medium sedan
	1650 kg
	
The maximum speed the car can travel is .

	SUV
	2100 kg
	
The maximum speed the car can travel is 9.7 .

	Minibus
	3400 kg
	
The maximum speed the car can travel is .


 

Appendix C – seatbelts in a collision
A simple mathematical model for the average force on a passenger during a crash is the formula:

where:
 is the average force on your body, in Newtons ()
 is the distance your body travels to stop, in metres
 is the speed of the car, in metres per second
 is the force from airbag deployment, in Newtons ().
1. Use the formula to compare the average force, , on a passenger during a crash with and without a seatbelt.
	With a seatbelt
	Without a seatbelt

	


	



	



	







1. Forces above  are likely to cause severe injury.
1. Change the subject of the formula to calculate the speed, in metres per second, a car is travelling, to achieve a force of , with and without a seatbelt.
	With a seatbelt
	Without a seatbelt

	


	



	
Substitute in values: 

 The car is travelling at a speed of 66 m/s. 
	
Substitute in values: 

 The car is travelling at a speed of 31.6 m/s. 




Appendix D – safety matters
1. The average force on a passenger wearing a seatbelt is modelled by:
where:
 is the force on the passenger 
 is the speed of the car .
1. Find the force when the car is travelling at .

Find the force when the car is travelling at .

Explain why the force increases much faster than the speed.
The force increase much faster than the speed because the speed is squared in the formula. This means a small increase in speed causes a much larger increase in force.
2. For a particular car, the force on passengers is modelled by:

where  is the force on the passenger  and  is the speed of the car .
Doctors say forces above  greatly increase the risk of severe injury.
1. Set up an equation to find the maximum safe speed.

Change the subject and find the maximum value of .

 The maximum speed is 114.6 .
What does this tell you about safe speeds for this car?
This tells us that if the car travels faster than about 114.6 , the force on passengers is likely to exceed 5000 N, greatly increasing the risk of severe injury. Therefore, to reduce injury risk, the car should be driven below this speed.
3. Two models are used for the same crash:
With a seatbelt:
Without a seatbelt:
where  is the force on the passenger  and  is the speed of the car .
Assume the injury limit is .
1. For the seatbelt model, find the maximum safe speed.

 The maximum safe speed is .
For the no-seatbelt model, find the maximum safe speed.

 The maximum safe speed is .
Which passenger can travel faster before reaching the same injury risk?
The passenger wearing a seatbelt can travel faster before reaching the same injury risk, because the maximum safe speed with a seatbelt is 65.2 km/h, compared to only 37.4 km/h without a seatbelt. This shows that wearing a seatbelt significantly reduces the force on the passenger in a crash.
4. A simplified pedestrian risk model is:
where:
 is the injury risk score
 is the impact speed .
Serious injury is likely when .
1. Set up and solve an equation to find the impact speed.

1. Why does the equation generate 2 solutions?
The equation generates 2 solutions because squaring  means both a positive and negative value give the same result.
1. Which solution(s) make sense in this context? Explain.
Only the positive solution makes sense, because speed cannot be negative in this context.


5. Engineers model the injury risk when an electric scooter hits a pedestrian by:
where:
 is the injury risk score
 is the scooter speed 
Injury becomes likely when .
Change the subject to find the speed at which  and use your answer to suggest a safe speed limit for scooters on sidewalks.

Substitute 

A safe speed limit for scooters on sidewalks would be no more than 22 km/h, because at this speed the injury risk reaches the threshold where injury becomes likely.
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