
Volume and surface area of spheres
Calculate the volume and surface area of spheres to solve problems involving steel balls used in ball mills for grinding materials.
Learning intention
To be able to solve practical problems involving the surface area and volume of spheres.
Success criteria
I can calculate the volume of a sphere.
I can calculate the surface area of a sphere.
I can convert between metric units of volume.
I can convert between metric units of mass.
I can solve routine and non-routine problems involving spheres.

Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
selects and applies algebraic techniques to solve problems involving equations and formulas MST-11-01
solves problems involving measurement in practical contexts MST-11-05
Mathematics Standard 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.
Associated numeracy outcomes 
A student: 
recognises and applies functional numeracy concepts in practical situations, including personal and community, workplace and employment, and education and training contexts N6-1.1 
applies numerical reasoning and mathematical thinking to clarify, efficiently solve and communicate solutions to problems N6-1.2 
chooses and applies efficient strategies to analyse and solve everyday problems involving metric relationships, distance and length, area, volume, time, mass, capacity and temperature N6-2.2 
chooses and applies appropriate numeracy operations and techniques to analyse and resolve everyday situations N6-2.6 
Numeracy Stage 6 (CEC) Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2021.
Content
Formulas and equations
Substitute numbers into linear and non-linear algebraic expressions, equations and formulas
Evaluate the subject of a formula, given the value of other pronumerals in the formula
Apply given formulas to solve problems in a variety of contexts
Applications of measurement
Practicalities of measurement
Identify and convert between metric units of volume, using , , and 
Identify and convert between the metric units of mass: milligrams (mg), grams (g), kilograms (kg) and tonnes (t)
Perimeter, area and volume
Solve practical problems involving the surface area of prisms, cylinders, spheres and composite solids in a variety of contexts
Solve practical problems involving volume and capacity of prisms, cylinders, spheres, cones, pyramids and composite solids in a variety of contexts
Mathematics Standard 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Slide 4 of the PowerPoint Volume and surface area of spheres introduces the ball crushing mill and its use with steel balls. Students watch the video ‘The inventor of the ball mill is truly a genius’ (0:42) (bit.ly/howaballmillworks), which shows how coal is crushed into fine powder for even burning, and discuss how this relates to burning different-sized pieces of wood. They then view the video ‘Why should the ball mill be adjusted to an appropriate speed?’ (0:24) (bit.ly/ballmillspeed), which explains how speed affects the crushing process.
	
	Provide a context for learning about the volume and surface area of spheres.

	Connecting learning
	Students are introduced to the formulas for volume and surface area through either a hands-on experiment (using water pouring or an orange) or by viewing the videos ‘Sphere volume SHOCKINGLY easy to calculate’ (0:59) and ‘Surface area of a sphere with cutie’. Slide 6 prompts discussion about why steel ball size matters in a ball mill. Slides 7–8 demonstrate how to calculate the volume and surface area of a sphere, while slides 9–12 demonstrate how to solve routine and non-routine problems involving spheres, considering the mass and density of the balls. Slide 13 introduces a hemisphere and prompts students to consider how its volume and surface area could be calculated. Slide 14 demonstrates these calculations using an example.
	Notice and wonder
Pose-Pause-Pounce-Bounce
Worked examples (Your turn)
	Identify the formulas for the surface area and volume of a sphere. 
Consider how the formulas are different and how they are applied to solve problems.

	Releasing responsibility
	In Appendix A, students identify errors in worked solutions, then collaborate to create notes for future reference using the scaffold in Appendix B. 
	Four quadrant notes to their future forgetful selves
	Consider potential errors and important things to remember when applying the formulas to solve problems.

	Independent practice
	Students solve routine and non-routine problems in Appendix C, comparing solutions with others. The Approaching questions scaffold on slide 16 can be used to assist students. 
	Approaching questions scaffold
	Apply the formulas for surface area and volume to solve problems with real-world contexts.



Activity structure
Please use the associated PowerPoint Volume and surface area of spheres to display images in this lesson.
Activating prior knowledge
1. Display slide 4 from the PowerPoint. Explain to students that the photo on the left is a ball crushing mill. The photo on the right shows steel balls which have been used in a ball crushing mill to crush ore into a fine powder.
1. Show the video ‘The inventor of the ball mill is truly a genius’ (0:42) (bit.ly/howaballmillworks) and explain that coal is crushed into a fine powder so it will burn more evenly and at a higher temperature. Tell students that when coal is burned, it heats water to produce steam, which rotates turbines to make electricity.
Initiate a class discussion on how materials burn, particularly wood. Useful question prompts may include:
What do you know about burning different-sized pieces of wood and how they burn?
Why might trying to burn different-sized pieces of coal at the same time be a problem for the power plant?
Students might suggest that small sticks burn quickly and larger logs take longer to ignite but can burn hotter once fully alight. If different-sized pieces of coal are used, the pieces take different times to burn and could produce heat inconsistently. A power plant would need consistent heat. 
Tell students that the speed of a ball crushing mill is important to ensure the material is crushed properly. Then, show the video ‘Why should the ball mill be adjusted to an appropriate speed?’ (0:24) (bit.ly/ballmillspeed), which explains how steel balls crush the material in the mill and how the speed of the rotation impacts the result.
Use the video to generate a class discussion about how the ball mill operates and why it might be the preferred option by power plants for crushing coal.
Connecting learning
Formulas
Methods of proving both the volume and surface area formulas for a sphere require algebra beyond the scope of the Mathematics Standard course. However, videos and experiments are listed below if teachers wish to explore this further with their students.
1. If equipment is available, use water pouring methods to demonstrate how the formula for the volume of a sphere is formed. Alternatively, show students the video ‘Sphere volume SHOCKINGLY easy to calculate’ (0:59) (bit.ly/volumeofspheredemo) which derives the formula. 
Following this, explicitly show students the volume formula for a sphere, , and have them locate this formula on their NESA Mathematics Standard 1 and 2 – HSC reference sheet.
If equipment is available, students could perform an experiment using an orange to discover the formula for the surface area of a sphere. Alternatively, the video ‘Surface area of a sphere with cutie’ (0:37) (bit.ly/orangepeelsphere) demonstrates the steps they will take.
Reveal to students that the formula for the surface area of a sphere is Surface area and have them locate this formula on their Mathematics Standard 1 and 2 – HSC reference sheet.
Ball crushing mill
Display slide 6 from the PowerPoint, which shows a photo of steel grinding balls and ask students what they Notice and wonder (bit.ly/noticewonderstrategy) .
Students may notice that there is a large pile of steel balls in an industrial setting. They may wonder how many balls there are, how big the balls are, how much they weigh and what the balls are used for.
Remind students of how rotation speed is important for a ball crushing mill and ask them why they think the size of the balls might also be important.
Explain to students that larger steel balls are heavier and harder to rotate in the mill, while smaller balls may not be heavy enough to crush large pieces of ore. As a result, a combination of ball sizes is used.
Use slides 7–8 to show the calculations for both the volume and surface area of a steel ball with a  diameter. Use the self-explanation prompts to unpack the solutions. 
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to refine students’ conceptual understanding of the difference between volume and surface area, with explicit attention to how their formulas reflect what is being measured. Useful question prompts may include:
How are the formulas for the surface area and volume of a sphere similar?
How are the formulas for the surface area and volume of a sphere different?
How does the power of the radius in each formula connect to what is being measured?
How do the units (square units versus cubic units) reinforce the difference between surface area and volume?
Use slides 9–12 from the PowerPoint to model worked examples of solving problems involving the volume and surface area of spheres using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
This set of questions provides students with the opportunity to apply their understanding of the volume and surface area of spheres to solve routine and non-routine problems. 
Use student responses to formatively assess fluency with metric unit conversions, particularly between units of volume and mass.
Students may benefit from additional practice with both routine and non-routine questions involving the calculation of the volume and surface area of spheres.
Display slide 13, which shows a closed hemisphere and use a class discussion to answer the question prompts.
Display slide 14, which shows the calculations for volume and surface area of a closed hemisphere. Initiate a class discussion to draw attention to the fact that volume calculation is half of the volume of a sphere, while the surface area calculation initially halves the surface area of a sphere, but has an extra calculation included in the working to account for the flat surface of the hemisphere.
Releasing responsibility
1. Distribute Appendix A ‘Spot the mistakes’ and ask students to work in pairs to identify the mistake in each solution.
Have students complete Four quadrant notes to their future forgetful selves (bit.ly/supportingstrategies), using Appendix B ‘Four quadrant notes’. Students could discuss this in pairs and then complete independently. 
Students could be encouraged to select a hemisphere as their ‘Example 3’. 
Independent practice
1. Use slide 16 to activate prior knowledge of the Approaching questions scaffold for students.
1. Provide pairs of students with a copy of Appendix C ‘Steel manufacturing’ and ask them to complete the problems.
1. Connect pairs of students to compare answers and discuss the strategies they used to solve the problems.
· 

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Provide sentence starters for discussion prompts, for example, ‘Small pieces of wood burn ______ because ______.’
As a challenge, ask students to predict what would happen if coal pieces were different shapes or densities, or to compare the ball mill process with another industrial process.
The video How Ball Mills Work (Engineering and Mining) (6:36) provides a more in-depth explanation of how a ball mill is operated, which some students may find interesting.
Connecting learning 
To extend learning, students could investigate different types of steel balls, such as forged and cast, comparing their density, durability and functionality. 
For visual learners, use the orange and water experiments to demonstrate the formulas.
To challenge students, ask them to predict the effect on volume, surface area or the efficiency of the mill when changing ball sizes.
Releasing responsibility
Provide further scaffolding for the Four quadrant notes to students who may need it.
Challenge students by providing questions that incorporate multiple-steps and combine volume and surface area calculations.
Independent practice
Teachers could revisit Lesson 12 – sphere’s the thing of Stage 5 Unit 3 – prisms and cylinders to access further questions.
Provide a scaffold of partially completed steps or highlighted substitution points for students needing extra support.
Challenge students by providing extension problems involving more composite solids.
Suggested opportunities for assessment
Connecting learning 
Check students can locate formulas on HSC reference sheets.
Evaluate class discussion on the practical significance of ball size in the mill.
Ask students to verbally explain the substitution process in the volume and surface area formulas to assess fluency and understanding.
Observe students’ ability to explain why the surface area of a hemisphere is more than just half of a sphere’s surface area.
Releasing responsibility
Review completed Four quadrant notes for understanding of volume and surface area.
Independent practice
Collect and review completed problem sets to provide targeted feedback.
Observe students’ discussion of strategies to assess reasoning and application.
Use exit tickets or quick quizzes where students explain how they solved a problem or justify their answers to assess conceptual mastery.


[bookmark: _Appendix_A][bookmark: _Hlk221805412]Appendix A 
Spot the mistakes
Review the problem and its solutions, identifying the correct solution and any errors in the incorrect ones.
Problem: Calculate the surface area of a closed hemisphere with a diameter of 26 cm.
[image: A black and white image of a hemisphere with a diameter of 26 cm.]
	Question
	Solution
	Identify correct solutions and any errors in the incorrect solutions.

	1. 
	
The surface area is .
	

	
	
The surface area is .
	

	
	
The surface area is .
	

	
	
The surface area is .
	

	
	
The surface area is .
	

	
	
The surface area is .
	




[bookmark: _Appendix_B]Appendix B
Four quadrant notes
Volume of a sphere
	Example 1
Calculate the volume of a sphere with a radius of .
[image: An image of a circle shaded grey to indicate it is a sphere.]
Solution:


The volume is .
	Example 2
Calculate the volume of a sphere with a diameter of .

	Things to remember
	Example 3


Surface area of a sphere
	[bookmark: _Hlk221873904]Example 1
Calculate the surface area of a sphere with a radius of .
[image: An image of a circle shaded grey to indicate it is a sphere.]
Solution:

The surface area is .
	Example 2
Calculate the surface area of a sphere with a diameter of .

	Things to remember
	Example 3


[bookmark: _Appendix_C]

Appendix C 
Steel manufacturing
[bookmark: _Hlk221873993]Solve the following problems.
1. A company is transporting a shipment of  steel balls to a worksite. The steel balls have a diameter of  and a density of .
Determine if the  tonne semitrailer carrying the balls will be able to cross a bridge that has a load limit of  tonnes to follow the shortest route to the worksite.
1. A company manufactures steel lugs with a decorative stainless-steel coating. The lug has a cylinder stem sitting on a hemisphere.
 [image: A black and white drawing of a composite solid. It has a hemisphere at the base of the solid with a diameter of 60 mm and a cylinder extending out from the centre of the hemisphere with a diameter of 20 mm. The entire solid has a length of 210 mm.]
Calculate the surface area of the lug to which the stainless-steel coating will be applied.
A local council is planning to install a concrete bird bath at the local park. The design below shows a cylindrical column with a hemisphere indentation at the top. 
 [image: Vertical cylinder with a height of 0.8 m and a base diameter of 40 cm. A bowl-shaped container sits inside the top, with an opening diameter of 30 cm. Dotted lines show hidden edges.]
The council is planning to construct the bird bath from concrete and then use a sealant to protect the entire surface.
Determine how many cubic metres of concrete is needed to construct the bird bath.
Calculate the surface area of the bird bath which is used to determine the amount of sealant needed.
Sample solutions
Appendix A – spot the mistakes
	Question
	Solution
	Identify any correct solutions and any errors in the incorrect solutions.

	1. 
	
The surface area is .
	The solution is incorrect. It uses the diameter instead of the radius.

	
	
The surface area is 9202.
	The solution is incorrect. The solution has found the volume of a sphere, not the surface area.

	
	
The surface area is .
	The solution is correct.

	
	
The surface area is .
	The solution is incorrect. The answer has been converted into square metres incorrectly. The final answer should have been .

	
	
The surface area is .
	The solution is incorrect. The working has used the formula for the surface area of a cylinder.

	
	
The surface area is .
	The solution is correct. The working has combined the area of the circle and the surface area of the hemisphere.


Appendix B – Four quadrant notes
Volume
	Example 1
Calculate the volume of a sphere with a radius of .
[image: An image of a circle shaded grey to indicate it is a sphere.]
Solution:


The volume is .
	Example 2
Calculate the volume of a sphere with diameter .
Solution:


The volume is .


Surface area
	Example 1
Calculate the surface area of a sphere with a radius of .
[image: An image of a circle shaded grey to indicate it is a sphere.]
Solution:

The surface area is .
	Example 2
Calculate the surface area of a sphere with diameter .

The surface area is .




[bookmark: _Appendix_C_–]Appendix C – steel manufacturing
1. Volume of 500 balls, with radius .

Mass of balls, with density of .


Total mass of semi-trailer:

The semi-trailer can cross the bridge as it has a total mass of .
Curved surface of the hemisphere:
Area of annulus:

Area of circle:

Note: the circle could be considered to have ‘popped up’ from the top of the hemisphere to create the annulus. Another way of calculating the area of the annulus and the circle would be to combine them and calculate the area of a circle with a radius of .
Area of the curved surface:


Total surface area:

The surface area of the lug is .

1. Volume of bird bath
Volume of cylinder – volume of hemisphere

The volume of concrete needed will be  to construct the bird bath.
Surface area of the bird bath
Surface area of the base, using :

Surface area of curved surface, using :

Area of annulus, using :
Area of indented hemisphere, using :

Total surface area:

Convert to :

The surface area of the bird bath is .
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