
Trigonometry in three dimensions
Students explore 3-dimensional trigonometry problems by interpreting diagrams and identifying the relevant triangles for calculations. They develop strategies to extract 2-dimensional triangles from 3-dimensional diagrams and apply trigonometry to solve these problems.
Learning intentions
To be able to interpret 3-dimensional contexts from diagrams.
To be able to identify relevant triangles in 3-dimensional problems and apply trigonometry to solve them. 
Success criteria
I can extract 2-dimensional triangles from 3-dimensional diagrams.
I can apply trigonometry to solve problems in three dimensions.
I can justify my reasoning and explain the steps I take to solve a problem.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
solves problems in three dimensions using trigonometry and simplifies expressions, proves results and solves problems involving compound angles using trigonometric identities 
ME1-11-03
Content
Trigonometry in three dimensions 
Interpret information about a 3-dimensional context given in diagrammatical form
Apply trigonometry to solve problems in three dimensions where a diagram is given
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students complete Appendix A, also shown on slide 4 of the PowerPoint Trigonometry in three dimensions. 
	Goal-free problem
Vertical non-permanent surfaces
Visibly random groups of 3
Gallery walk
	The purpose of this section is for students to recall their Stage 5 and Year 11 Mathematics Advanced knowledge of finding unknown sides and angles in right-angled and non-right-angled triangles. 

	Connecting learning
	Using the physical classroom, place a star image (Appendix C) or an image of your choice in the top corner. Have 2 students first stand in the corners of the room next to the star and then move to the middle of the room to form triangles, which are then used to calculate heights and distances. Students identify, describe, and sketch the triangles formed in the room and determine whether they are right-angled or non-right-angled.
	Pose-Pause-Pounce-Bounce
	The purpose of this section is to help students visualise 3-dimensional trigonometry by physically acting out and modelling the triangles in the classroom. By using the room, walls, floor and students as reference points, students can see that 3-dimensional problems are solved by identifying and drawing the appropriate 2-dimensional triangles within the space.

	Releasing responsibility
	Model worked examples using slides 6–7. Students then find the volume and surface area of the pyramids using slides 8–11. 
	Worked examples (Your turn)
Vertical non-permanent surfaces
Visibly random groups of 3
Gallery walk
	Emphasise breaking 3-dimensional shapes into triangles, identifying what needs to be calculated first and selecting appropriate trigonometric methods.

	Independent practice
	Students are reminded of the ‘Approaching questions scaffold’ on slide 13 and complete Appendix B. 
	Approaching questions scaffold
	The purpose of this section is for students to apply 3-dimensional trigonometry problem-solving skills to exam-style questions. 
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Activity structure
Please use the associated PowerPoint Trigonometry in three dimensions to display images in this lesson.
Activating prior knowledge
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Distribute Appendix A ‘Goal-free problem’ (bit.ly/goalfreeproblems) to groups and have them find as many missing sides and angles as possible. This appendix can also be displayed using slide 4. 
This activity encourages students to recall their knowledge from Year 11 Mathematics Advanced to find missing angles and sides in both right-angled and non-right-angled triangles. Students learned the sine and cosine rule in the Year 11 Mathematics Advanced Trigonometry and measure of angles outcome MAV-11-04.
Allow students to do a gallery walk (bit.ly/DLSgallerywalk) to compare their results and methods and to consider whether there were additional sides or angles they could have found.
Answers have been provided in the ‘Sample solutions’ section. 
Connecting learning
1. Place a star image or an image of your choosing in the top corner of the classroom. You may use Appendix C ‘Star image’ to set this up.
Invite 2 students to stand in the corners of the room next to the star, as shown in Figure 1.
Figure 1: two students standing in the corners of the room next to the star
[image: A rectangle prism showing a star in the top corner and 2 students standing in the adjacent corners.]
1. Ask the class how many different triangles they can identify to calculate the height of the star. Encourage students to describe the triangle they are considering or to physically demonstrate it using the room as a reference. 
The relevant triangles are illustrated in Figure 2. 
Figure 2: relevant triangles of students standing in the classroom
[image: Two images both showing a rectangle prism showing a star in the top corner and 2 students standing in the adjacent corners. The first image has a right-angled triangle drawn including the star, down to the base of student one. The second image has a right-angled triangle drawn including the star, down to the base of student 2.  ]
1. Map out each of the triangles using the physical space of the classroom such as the floor, walls and corners to support students in developing their spatial awareness.
Ask students to determine whether the triangles are right-angled or non-right-angled and justify their reasoning.
Ask students to physically identify and sketch triangles that could be used to determine the distance between the 2 classmates, determining whether the triangles are right-angled or non-right-angled and explaining how each triangle supports the calculation.
The relevant triangles are illustrated in Figure 3. 
Figure 4: relevant triangles of students standing in the classroom
[image: Two images both showing a rectangle prism showing a star in the top corner and 2 students standing in the adjacent corners. The first image has a right-angled triangle drawn along the floor connecting the base of student one and 2. The second image has a non-right-angled triangle drawn including the star, down to the base of both students. ]
Ask the 2 students to stand somewhere else in the room that is not in a corner. 
Ask students to physically identify and sketch triangles connecting the 2 students and the star. They should determine whether the triangles are right-angled or non-right-angled and explain how each triangle supports the calculation. 
The relevant triangles are illustrated in Figure 4.
Figure 5: two students standing in the classroom away from the edge.
[image: Two images showing rectangular rooms drawn in perspective. In each room, 2 students stand in different floor corners while a star is positioned high on the back wall. In the first image, red and blue lines form right‑angled triangles along the floor between the bases of the 2 students. In the second image, red and blue lines form non‑right‑angled triangles connecting the star down to the floor positions of both students, illustrating different viewing angles.]
1. Use the Pose-Pose-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to check students’ understanding of how the students’ positions in the room affect the type and number of triangles connecting them to the star that can be formed. Some suggested prompts include:
What differences do you notice between the triangles when the students were standing in the corners of the room compared with when they moved away from the corners?
How does changing the students’ positions affect the types of triangles that can be formed in the room?
What features of the classroom helped create right-angled triangles earlier and how has this changed now?
Students should recognise that fewer right-angled triangles can be formed when students are out of the corners, meaning the sine or cosine rule would need to be applied to find missing sides or angles.
Releasing responsibility
1. Use slides 6–7 from the PowerPoint to model worked examples of finding diagonals of rectangular prisms using the Worked examples (Your turn) method (bit.ly/supportingstrategies). 
Refer to and role-play the scenario of students standing in the classroom to support their spatial understanding of the 2 questions on slides 6 and 7, helping them visualise the measurements they are calculating.
1. Return students to their previous visibly random groups of 3 at vertical non-permanent surfaces. 
1. Use slide 8 to display a pyramid and ask students to find the surface area and volume of the pyramid. 
Students may need to be reminded of the formulas for the surface area and volume of a pyramid, which may have been taught in the Stage 5 Area and surface area B (Path) outcome MA5-ARE-P-01 and Volume B (Path) outcome MA5-VOL-P-01. 
1. Use slides 9 and 10 to reveal solutions.
1. Use slide 11 to display a rectangular pyramid with similar measurements to the previous square pyramid. Explain to students that they will be finding the surface area and volume of this pyramid. 
In groups, have students discuss which calculations will change for a rectangular pyramid compared to a square pyramid. Then ask them to calculate both the surface area and volume for the rectangular pyramid.
Encourage students to perform a gallery walk (bit.ly/DLSgallerywalk) observing other groups’ work before returning to their own group to refine their solutions.
Identify a correct solution on one of the groups’ vertical non-permanent surfaces and gather the class to talk through the solution.
Students may benefit from practising further questions from an existing resource focusing on 3-dimensional trigonometric problems that involve prisms or pyramids. 
Independent practice
1. Use slide 13 of the PowerPoint to remind students of the ‘Approaching questions scaffold’. 
1. Distribute Appendix B ‘HSC-style questions’ to all students. 
Have students complete the questions in pairs, encouraging students to discuss the methods they are using and to recreate the required 2-dimensional triangles in their workbooks alongside their calculations. 
Initiate a class discussion to explore the strategies students found most effective, encouraging them to explain their reasoning and justify their approach.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Support students by suggesting specific angles and sides to find first. 
Challenge students to identify multiple strategies to find missing sides or angles. 
Connecting learning 
To support students, provide 3-dimensional objects such as small boxes for students to manipulate as they complete questions.
To support students, provide a diagram similar to Figure 1 and 2 to support their understanding of visualising the triangles. 
Releasing responsibility
To support students, provide them with the diagrams of the 2-dimensional triangles already extracted from the prism and pyramid. 
Independent practice
Provide scaffolding to support students by identifying the steps they should take to complete the questions. 

Suggested opportunities for assessment
Activating prior knowledge 
Observe group interactions during the goal-free problem and gallery walk to identify misconceptions about right-angled and non-right angled triangles. 
Connecting learning 
Monitor students as they model triangles in the classroom to identify potential gaps in spatial reasoning.
Releasing responsibility
Students self-assess by reflecting on which sides and angles could not be found and why, discussing multiple methods where appropriate. 
Independent practice
Review students completed solutions to assess individual understanding and method selection.


[bookmark: _Appendix_A]Appendix A
Goal-free problem
[image: A geometric diagram made of connected triangles labeled A, B, C, D, E and F. There is a right angle at A and another at E. Angle ABC is marked 115°, angle ACD is 35° and angle DFE is 54°. Segment CD is labeled 9, segment CF is 7 and segment FE is 3.5. The triangles share sides and form a zig‑zag chain from A through F.]


[bookmark: _Appendix_B]Appendix B
HSC-style questions 
1. In the rectangular prism shown, , , . Point  is the midpoint of . 
[image: A rectangular prism labeled 𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻 with dimensions 𝐴𝐵=8 cm, 𝐴𝐷=6 cm, and 𝐴𝐸=5 cm. Point 𝑀 is the midpoint of the top edge 𝐷𝐶. Two diagonals are drawn from 𝐸: one to 𝑀 across the top face and one to 𝐻 down the back edge. The diagram illustrates distances and spatial relationships within the prism.]
Find , to the nearest degree.
1. The base of a box is twice as wide as it is deep. If the diagonal  is 65 cm long and makes an angle of  with the base  find the dimensions of the box.
[image: A rectangular prism labeled A, B, C, D, E, F, G and H. Solid lines show the visible edges and dashed lines indicate hidden edges such as BC, CG and AD. The figure presents the 3D structure of the prism and the spatial relationships between its vertices.]



In a square-based prism, the height is twice the length and breadth, as shown in the diagram below: 
	[image: A three‑dimensional diagram of a cube labeled with vertices 𝐴,𝐵,𝐶,𝐷 on the bottom face and 𝐸,𝐹,𝐺,𝐻 on the top face. All edges of the cube are labeled 𝑥, indicating equal length. The front bottom edge 𝐴𝐷 is explicitly marked 𝑥 and the right vertical edges 𝐷𝐶, 𝐶𝐻 and 𝐻𝐺 are also labeled 𝑥.
Two dashed segments are drawn from vertex 𝐴: one goes diagonally across the bottom face to vertex 𝐶 and the other goes upward and backward to vertex 𝐻. At vertex 
𝐴, an angle 𝜃 is marked between the edges 𝐴𝐵 (extending to the right along the front face) and 
𝐴𝐻 (the dashed segment going toward the top back left corner). The cube is oriented so that the front face is 𝐴𝐵𝐶𝐷 and the top face is 𝐸𝐹𝐺𝐻.]
Find the size of the angle marked to the nearest degree. 
Jane thinks the angle between the base ABCD and the longest diagonal AG will be double the angle found in part a. Is she correct?


[bookmark: _Appendix_C]Appendix C
Star image 
[image: Five-pointed star with a black outline.]


Sample solutions
Appendix A – goal-free problem
[image: The solutions for a geometric diagram made of connected triangles labeled A, B, C, D, E and F. There is a right angle at A and another at E. Angle ABC is marked 115°, angle ACD is 35°, and angle DFE is 54°. Segment CD is labeled 9, segment CF is 7, and segment FE is 3.5. The triangles share sides and form a zig‑zag chain from A through F. The solutions shown below are labelled. ]
Note: the value 2.4 could be calculated as 2.3 if Pythagoras is used in calculations. 








Appendix B – HSC-style questions
1. 


Let  and  

Dimensions of the box are 22.3, 41.8 and 44.6 cm.

1. 


1.  

 not double. 
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