
Modelling and solving problems using trigonometry
Students consolidate their understanding of combining sine and cosine functions into a single  or  form. They interpret the resulting function graphically and algebraically to model real-world scenarios, predict maximum and minimum values and solve for specific outcomes within a given domain.
Students have the option of interacting with a graphing application during the ‘Independent practice’ section of this lesson. 
Learning intentions
To understand how combined sine and cosine functions can model real-world phenomena.
To be able to solve trigonometric equations and interpret their solutions in context.
Success criteria
I can explain what the graph of a combined sine and cosine function shows in the context of the problem.
I can justify where the maximum or minimum values occur using both the algebraic equation and the graph.
I can manipulate and solve trigonometric equations to find specific values relevant to the context.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
solves problems in three dimensions using trigonometry and simplifies expressions, proves results and solves problems involving compound angles using trigonometric identities 
ME1-11-03
Content
Further trigonometric identities
Apply the representations of  as  or  to graph functions, solve equations of the form  over restricted domains, and model and solve related problems
Model and solve practical problems using trigonometric equations and analyse their solutions in a variety of contexts
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students are introduced to a contextual wave model, , using slide 4 of the PowerPoint Modelling and solving problems using trigonometry. They convert the expression into the form  or  and interpret the resulting graph.
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
	The purpose of this section is to connect prior knowledge to real-world modelling and interpretation, reinforcing interpretation in context. For example,  and the meaning of intercepts, rather than treating the graph as purely abstract.

	Connecting learning
	Students extend their understanding through a signal model on slides 6–10, forming and transforming . They convert to  or , interpret graphs and solve equations to find exact values. Additional variation is introduced through a modified model on slide 11–12. 
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
	The goal is to connect algebraic manipulation with graphical interpretation and equation solving. Teachers should emphasise that graphs provide approximations and insight, while algebra provides exact solutions.

	Releasing responsibility
	Students consolidate their understanding by generalising steps taken and the key considerations needed to answer a modelling question of the form . 
	Think-Pair-Share
Notes to future forgetful selves
	The purpose of this section is to develop a clear, transferable problem-solving framework. Teachers should emphasise the importance of rewriting expressions, solving within the correct domain and checking solutions for reasonableness in context.

	Independent practice
	Students apply their learning using slide 14 and Appendix A, solving contextual trigonometric models. They are encouraged to use graphing technology to support and verify their solutions.
	Approaching questions scaffold
	The goal is for students to independently apply strategies to unfamiliar problems in context.
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Activity structure
Please use the associated PowerPoint Modelling and solving problems using trigonometry to display images in this lesson.  
Activating prior knowledge
Display slide 4 of the PowerPoint showing the following scenario: 
At a surf beach, 2 different swell directions combine to create a single resulting wave pattern. One swell comes from the south-east and the other from the east. The total wave height in metres at time  seconds is modelled by: .
Initiate a class discussion by asking students to predict what the graph of the total wave height model might look like. 
Students should identify from their prior knowledge in Lesson 5 – simplifying sums of sine and cosine functions that  can be expressed as  or . 
In pairs, have each student choose  or  and convert the expression  into their chosen form.
Students should find the equivalent expressions  or . 
Animate the slide to show both expressions as well as the graph of , reminding students that this is also the graph of  and 
. 
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce) to analyse the wave height model graphically. Some suggested prompts include: 
In context of the scenario, can the model be graphed over the domain of all real ? Why or why not?
What is the maximum height of the wave? When does this occur?
How often does the maximum wave height occur and how does this relate to the equation?
If we were to add the graph of , what would the solution be and what would this be finding in the context of the model? 
Students should recognise that the model only exists when  since  represents time. When discussing the maximum height of 5, relate this to the equation and explain that it represents the amplitude. Ensure students use correct mathematical terminology when describing how often the maximum occurs and link this to the period of the function. Students should interpret the intersection of  in the context of the swells as the times when the wave height reaches 2 metres.
Connecting learning
1. Display slide 6 of the PowerPoint showing the following scenario:
A mobile phone receives signals from 2 satellites. The strength of each signal depends on the phone’s bearing  relative to the satellites.
· Satellite A produces a signal strength of .
· Satellite B produces a signal strength of .
The total data download signal, , is the sum of the 2 signals.
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students write an equation for  and convert it into the form  or .
Students should share that .
Initiate a class discussion to determine what the graph of the signals model might look like. 
Animate slide 6 to show the graph of .
Use the Pose-Pause-Pounce-Bounce questioning strategy to interpret the signals model from the graph. Suggested prompts include:
What is the maximum signal? How can we tell from the graph? 
At what bearing does the maximum signal occur?
How might we determine the bearing at which the phone first receives no signal, that is ? 
Can a signal have a negative value? 
Students should identify the strongest and weakest signal is , which is the amplitude of the graph. This occurs at the maximum and minimum points. The exact bearings at these points cannot be obtained from the graph. Students may approximate from the graph that the phone has no signal at bearings of approximately, and . They may also note that the model should only be graphed for the range .
Pose the final question to the class: How might we find the exact bearing at which the mobile phone receives no signal, that is , from the satellites?
Students should identify that they need to solve the equation  algebraically for .
Allow students time in their pairs to solve the equation. Remind them that they have already expressed  as or  and to use the graph to verify their final solution. 
Slides 7–10 can be used to show the solution using both approaches of the form  or .
Display slide 11 showing an additional question to the same signal model and where the expression for the stations is adjusted. The slide also shows the graph of the adjusted scenario. 
Initiate a class discussion comparing this model to the previous one on slide 6 and explore the approximate bearing at which the phone first receives no signal, .
In pairs, have students determine the exact bearing at which the phone first receives no signal. 
Students will need to solve algebraically  for . Depending on the ability of the class, slide 12 can be used to reveal and unpack the solution. 
Releasing responsibility
1. In a Think-Pair-Share, have students outline the steps taken and key considerations when answering a modelling question of the form . The solution on slide 10 could be used as a prompt for students. 
Students might suggest the following steps and key considerations:
Express  in the form  or , carefully considering the correct quadrant for .
Solve the equation  or .
A graph can be helpful to approximate solutions and interpret how the equation relates to the context of the model.
Ensure that the domain for the solution makes logical sense within the context of the model.
Check the reasonableness of the solution.
The above list contains suggestions. The first 2 points refer to content covered in Lesson 6 – using   to solve equations. The following 3 points are new concepts to consider when solving modelling questions. The steps followed will depend on the question itself but students should discuss the order of these steps and share tips and strategies for solving problems effectively.
Students are to create notes to their future forgetful selves (bit.ly/notestofutureself) summarising the steps and key considerations just discussed. 
Students may benefit from completing additional practice questions from existing resources on solving practical problems using trigonometric equations and analysing their solutions in a variety of contexts. 
Independent practice
1. Use slide 14 to remind students of the ‘Approaching questions scaffold’. 
1. Distribute Appendix A ‘Further practical problems’ to students to complete. Encourage students to use their devices with a graphing application to support their calculations. 
Students can complete this activity individually, in pairs or in groups of 3 at vertical non-permanent surfaces. This decision will depend on how ready the class is to take on more challenging problems. 


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Provide a partially scaffolded version of converting  into , including the right-angled triangle or prompts to find  and .
Challenge students to justify why both  and  produce the same graph using trigonometric identities.
Connecting learning 
Extend students by asking them to solve using both  and  and compare the efficiency of each method.
Simplify the equations in the scenarios to support students.
Releasing responsibility
Provide a scaffolded checklist of steps for solving  to support students.
Challenge students to create their own contextual problem and outline a complete solution strategy.
Independent practice
Provide a scaffold to support students in approaching the solutions for the questions in Appendix A. 

Suggested opportunities for assessment
Activating prior knowledge 
Circulate and check students’ conversions to  or  for accuracy.
Listen for correct use of mathematical language (amplitude, period, domain) during discussion.
Connecting learning 
Assess whether students can distinguish between approximate (graphical) and exact (algebraic) solutions.
Independent practice
Collect or review student work to assess accuracy of solutions and reasoning.


[bookmark: _Appendix_A]Appendix A 
Further practical problems
1. Two speakers at a concert are placed at slightly different angles. At a particular point in the audience, the sound waves combine to produce a single pressure pattern. The pressure at time  is given by: 
Rewrite the expression in the form:
, where .
What is the maximum possible sound pressure at this location?
A harbour master tracks the tide height throughout the day. Two tidal components, one caused by the moon and one by the sun, combine to produce the observed tide height in metres: , where  is in hours. 
1. Combine the sine and cosine terms into a single sine function of the form:
, where .
Find the maximum tide height.
Find the times in the first 24 hours when the tide reaches 7 metres, given  is 12 am. 
An engineer is testing a metal beam that vibrates when struck. The vibration is influenced by 2 components: the initial force and the natural response of the beam. 
The displacement is modelled by: 
1. Expand both terms in  using the sum and differences expansion formulas, then simplify to the form: 
Find the first 3 values of  when the beam reaches a displacement of 6 units.


Sample solutions
Appendix A – further practical problems
1. 
1. 
	
	
	
[image: A right angled triangle with an acute angle labelled alpha. The hypotenuse is labelled R, the side opposite alpha is labelled 2 and the remaining shorter side is labelled 6.]	
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	The maximum possible sound pressure is equivalent to the amplitude of the function .

1. 








[image: A right angled triangle with an acute angle labelled alpha. The hypotenuse is labelled R, the side opposite alpha is labelled 2 and the remaining shorter side is labelled 2.] 



 
Maximum height  + amplitude.
Maximum tide height is  metres.
Find the times in the first 24 hours when the tide reaches 7 metres, given  is 12 am. 
Let 



Related 
Sine is positive in the Quadrant 1 and 2.



 The tide reaches 7 metres at 12 am, 3 am, 12 pm and 3 pm. 

1. 

 (correct to 3 decimal places)
Find the value(s) of  when the beam reaches a displacement of 6 units.
[image: A right angled triangle with an acute angle labelled alpha. The hypotenuse is labelled R, the side opposite alpha is labelled 3.334 and the remaining shorter side is labelled 6.236.]To solve: 






 (correct to 2 decimal places) 
 (nearest minute)

To solve: 

Related 
Sine is positive in the Quadrant 1 and 2 .
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