
Using  or  to solve equations
Students apply the form  or  to solve equations of the form  over restricted domains. They use graphs to interpret, predict and verify solutions, connecting algebraic work to graphical understanding.
Students will need at least one digital device per pair to interact with Desmos during the ‘Independent practice’ section of this lesson.
Learning intentions
To be able to apply  or  to solve trigonometric equations.
To understand how graphs can be used to interpret and check solutions.
Success criteria
I can manipulate  into the form  or  to solve equations.
I can justify each step in solving the equation, including why the chosen form works.
I can explain how graphs can be used to check and interpret the solutions.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
solves problems in three dimensions using trigonometry and simplifies expressions, proves results and solves problems involving compound angles using trigonometric identities 
ME1-11-03
Content
Further trigonometric identities
Apply the representations of  as  or  to graph functions, solve equations of the form  over restricted domains, and model and solve related problems
Interpret solutions of trigonometric equations graphically with and without graphing applications
Mathematics Extension 1 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.


NSW Department of Education	[image: NSW Government logo.]


Using Rsin(x±α) or Rcos(x±α) to solve equations | 2

education.nsw.gov.au
© NSW Department of Education, May-26	[image: Creative Commons Attribution license logo.]
Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students use slide 4 and 5 of the PowerPoint  or to analyse and compare methods for solving basic trigonometric equations, applying prior knowledge of identities and identifying situations where these methods are insufficient.
	Think-Pair-Share
Variation Theory
	This activity aims to show why previous methods for solving trigonometric equations break down when coefficients are introduced, motivating the  or  approach. 

	Connecting learning
	Students explore how to express  as either  or  to solve the equation  using slide 7. They identify key features that help determine the most efficient form, using Appendix A. They then complete a Banner task, Appendix B.
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
	Students investigate how to decide between using  or  to solve equations, focusing on the relative magnitudes of  and  in . They are encouraged to explain their reasoning for selecting one method over the other.

	Releasing responsibility
	Students discuss when expressing  as  or  is most useful. They then use slide 9 to check and verify their algebraic solution for the equation  and reinforce their understanding through worked examples on slides 10–13 and Appendix C.
	Worked examples (Your turn)
Visibly random groups of 3
Vertical non-permanent surfaces
	This section emphasises the use of algebraic methods to determine exact solutions with graphs used to support and confirm results.

	Independent practice
	Students use Appendix D to predict the number of solutions for modified equations and the quadrants in which they occur. They then confirm their predictions using a graphing application. 
	Think-Pair-Share
Variation Theory
	Encourage students to link their approximations with appropriate reasoning, highlighting how changes in coefficients or the domain affect the results.
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Activity structure
Please use the associated PowerPoint Using  or  to solve equations to display images in this lesson.  
Activating prior knowledge
Display slide 4 of the PowerPoint and in a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to discuss the 2 methods for solving the equation  where 
.
Students may share that both methods produce the same answer and that Method 1 was more efficient.
Display slide 5, which shows a solution for solving , where . Use the self-explanation prompt to discuss how changing the 0 to a 1 restricts their method of solving (variationtheory.com/introduction).
Pose a third question, animated on slide 5 and ask students whether either of the previous 2 methods can be used to solve ? Why or why not? 
Allow students time to engage in productive struggle as they consider possible approaches to solving the equation.
Initiate a class discussion for students to share their discoveries. During the discussion, guide students to recognise that the methods used for the previous 2 equations are not easily applicable in this case. 
The coefficients mean that the tangent ratio cannot be used. If we square both sides, the coefficient  prevents us from directly applying the identity  to simplify the expression.
Conclude by explaining that a new approach is needed to express  in the form  or , which is the focus of this lesson.
Connecting learning
1. Remind students that  can be written in 4 equivalent forms:  and . Ask students to expand each form and set it equal to , the equation from slide 4. 
1. Use slide 7 to display these expansions. In a Think-Pair-Share ask students to compare coefficients and decide which form they would likely choose and why. 
Students may share that since sine is the first term, the form  might be preferred or since the second term is negative, the form  or  might be better. Some students may combine each of these reasons to suggest .
1. Distribute Appendix A ‘Comparison method’ (bit.ly/supportingstrategies) to all students. Draw students’ attention to the top half of the handout, which compares the 2 different forms  or  used to express .
1. Initiate a class discussion to highlight the differences between the forms and ask: If either form were used to solve the equation, would they produce the same solution?
1. Allow time for students to read through each method for solving the equation , where . 
1. In pairs, have students discuss both solutions, considering which approach seemed more efficient or straightforward and why. 
1. Use the Pose-Pause-Pounce-Bounce strategy (PDF 557KB) (bit.ly/posepausepouncebounce) to deepen thinking about efficiency and applicability. Some suggested prompts include:
Why might  be preferred over  in this case?
In which situations could  be the more efficient or natural choice than ?
When comparing  to , is one method more convenient here?
How does converting to a single function,  make solving the equation easier?
Students should recognise that Method 1 is more error prone than Method 2 as the coefficients have different magnitudes when equating. They should share that using  may cause errors since  result in a reflex angle. 
Conclude with students that for the expression :
When ,  or  can be more efficient to use. 
When ,  or  can be more efficient to use.
When comparing these, it is not always clear whether a sine or cosine function will be more efficient until partway through the solution. Therefore, either form is appropriate to use. 
Explain to students that to avoid confusion with terms, it can be easier to use the form  when sine is the first term and use  when cosine is the first term in the expression. This often keeps  as an acute angle which is preferred. 
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Groups are to complete the banner task (bit.ly/supportingstrategies) using Appendix B ‘Banner tasks’.
The purpose of this activity is for students to express  as  or  so that  is an acute angle.
Releasing responsibility
1. Initiate a class discussion on when expressing  as  or  is the most useful, highlighting that while both forms are equivalent, one form is preferrable when finding the auxiliary angle. Conclude that this method is particularly effective for solving equations of the form .
1. Remind students that graphs can be used to guide approximations and/or check solutions. 
1. Use slide 9 to display the graphs  and  on the same set of axes. 
1. Ask students to use the graph to solve the equation . 
Students should see that the points of intersection of the 2 graphs are at , which represents the solution to the equation, , where . Students should acknowledge that an exact answer of  cannot be obtained from the graph and is only an approximation. 
1. Use slides 10–13 to model worked examples of using  or  to solve trigonometric equations using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Use the self-explanation prompts to emphasise how the graph can help interpret solutions and how the solution shown is not the only method to solve the equation. The expression on slide 10 and 12 can also be expressed in other forms, however the  may not be acute. 
1. Students may benefit from completing further practice questions from an existing resource on applying the representations of  as  or  to solve equations of the form  over restricted domains.
1. Distribute Appendix C ‘Four quadrant notes’ to future forgetful selves (bit.ly/supportingstrategies) for all students to complete. Some suggested prompts for the ‘Things to remember’ section could include:
How might you determine which form,  or  to use?
How does the form  or  make it easier to identify amplitude and horizontal translation?
When, in your working, do you need to consider adjusting the domain from the question?
Independent practice
1. Distribute Appendix D ‘Predicting solutions’ to each student and ask students if they can predict the number of solutions and the quadrant(s) in which they occur for the equation 
Students should note that it is challenging to make predictions from the form .
1. Allow time for students to complete question 1 and 2 from Appendix D in pairs. 
1. Facilitate a discussion to compare and reflect on students’ predictions from question 2.
Use the equivalent expression , which simplifies to . Students should be able to predict that there will be 2 solutions in Quadrant 1 and 4 since cosine is positive here. 
1. Have students now complete the remainder of Appendix D in pairs. 
1. Ensure students have at least one device between each pair. 
1. Have students access a graphing application such as ‘Desmos Graphing Calculator’ (desmos.com/calculator) on their devices.
1. In pairs, have students use the graphing application to confirm their predictions for question 3 from Appendix D. 


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Students can be extended to begin solving by expressing  as  or  if they identify it. 
Connecting learning 
Students may need scaffolding to express  as  or .
Extend students by asking them to explain why one method leads to a reflex angle for . 
Releasing responsibility
Allow students to first estimate solutions graphically using a graphing application before solving algebraically. 
Independent practice
Challenge students to consider the effect of  on their predictions and whether the solutions will still lie in the quadrants they initially predicted when the graph is horizontally translated.


Suggested opportunities for assessment
Connecting learning 
Ask students to justify how converting  into a single trigonometric function simplifies solving equations. 
Releasing responsibility
Ask students to explain how the graph of  and  represents the solutions to the equation.
Review students’ ‘Four quadrant notes’ to check their understanding and provide feedback on their work. 
Independent practice
Review students’ predictions and reasoning in Appendix D to assess how well they understand the effect of varying coefficients and domains.


[bookmark: _Appendix_A]Appendix A 
Comparison methods 1
Solve , where .
	Method 1 using 
	Method 2 using .

	[image: Diagram of a right triangle on a coordinate plane illustrating angle alpha between hypotenuse R and adjacent side of length 1. Opposite side length is square root of 3, with arrows indicating positive and negative directions on both axes.
]Express in  form

	[image: A right angled triangle,  with alpha as an acute angle. The hypotenuse is labelled R, the side opposite alpha is labelled sqrt(3) and the remaining shorter side is labelled 1.]Express in  form


	



	




	Sin and cos are both negative in Quadrant 3

Related angle 


Solve the equation

Related angle 
Cosine is positive in the 1st and 4th quadrant.
Adjust the domain



	Sin and cos are both positive in Quadrant 1




Solve the equation

Related angle 
Sine is positive in the 1st and 2nd quadrant.
Adjust the domain







[bookmark: _Appendix_B]Appendix B
Banner tasks
[bookmark: _Appendix_C]Express  as  or  so that  is an acute angle.
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[bookmark: _Appendix_C_1]Appendix C
Four quadrant notes
	Example 1
[image: A right angled triangle, with alpha as an acute angle. The hypotenuse is labelled R, the shorter sides are left blank.]Solve , where .

	Example 2
Solve  for 

	



	

	Sin and cos are both positive in Quadrant 1




Solve the equation
Related angle 
Cosine is positive in the 
Adjust the domain

	

	Things to remember

	Example 3






[bookmark: _Appendix_D]Appendix D
Predicting solutions
Solving  for .
1. Convert  to  or .
	


1. Using this form, predict the number of solutions and the quadrant(s) in which they may occur.
	


Follow the instructions to complete the table below:
Read each ‘What if …’ scenario which lists a small change to the equation , for .
Rewrite the new equation in the form  or  and simplify.
Predict the number of solutions and the quadrant(s) in which they may occur.
Justify your prediction, giving reasons.
	What if …
	Rewrite in the form  or  and simplify
	Predict the number of solutions and the quadrant(s).
	Justify your prediction giving reasons

	 changed to  solving 
.
	
	
	

	 changed to , solving 
.
	
	
	

	 changed to , solving .
	
	
	

	The domain changed to  for the equation .
	
	
	

	The domain changed to  for the equation .
	
	
	

	2, which is the coefficient of  changed to 1 and 5, which is coefficient of  changed to 10, solving .
	
	
	



Sample solutions
Appendix C – Four quadrant notes
	Example 1
[image: Diagram of a right triangle illustrating side lengths and an angle. The triangle has a base labeled 5, a height labelled 12, a hypotenuse labeled R, and an angle labeled α opposite the base.
]Solve , where .

	Example 2
[image: A right angled triangle with an acute angle labelled alpha. The hypotenuse is labelled R, the side opposite alpha is labelled 5 and the remaining shorter side is labelled 4.]Solve  for 


	



	




	Sin and cos are both positive in the 1st quadrant


 (correct to 3 decimal places)

Solve the equation

Related angle  (3.d.p)
Cosine is positive in the 1st and 4th quadrant
Adjust the domain


(correct to 3 decimal places)
	Sin and cos are both positive in the 1st quadrant


 (correct to nearest minute)

Solve the equation

Related angle 
Sine is positive in the 1st and 2nd quadrant
Adjust the domain









Appendix D – predicting solutions
Predicting solutions
Solving  for .
1. .
1. 
Cosine is positive in Quadrant 1 and 4. A prediction is 2 solutions in Quadrant 1 and 4. 
 . 
	What if …
	Rewrite in the form  or  and simplify
	Predict the number of solutions and the quadrant(s).
	Justify your prediction giving reasons

	 changed to  solving 
.
	

	Two solutions in Quadrant 2 and 3. 
	Changing 3 to  means that cosine is now negative. Cosine is negative in Quadrant 2 and 3. 

	 changed to , solving 
.
	


	One solution in Quadrant 3.
	Changing 3 to  simplifies the equation to a cosine function equal to . For where   once when .
Since we have , this would translate the graph with the solution moving to Quadrant 3. 

	 changed to , solving .
	


	No solutions
	The cosine function  has a range of . . has been translated horizontally, so the range remains unchanged. 
2 is outside this range. Therefore there are no solutions. 

	The domain changed to  for the equation .
	

	2 solutions in Quadrant 1 and 4. 
	Changing the domain simply shifts the original solutions over. Cosine is positive in Quadrant 1 and 4, but for the solution in Quadrant 4, the value will be negative.

	The domain changed to  for the equation .
	

	Four solutions in Quadrant 1 and 4, with 2 rotations.
	Changing the domain increases the number of solutions. 
Cosine is positive in Quadrant 1 and 4 and with an additional revolution, each quadrant will have 2 solutions.

	2, which is the coefficient of  changed to 1 and 5, which is coefficient of  changed to 10, solving .
	

	Two solutions in Quadrant 1 and 4.
	Changing the coefficients of  and  completely changes the question, but the solutions will remain in the original location since the value is still positive value. 
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