
Solving trigonometric equations
Students develop fluency in solving trigonometric equations by using factorisation and substitution of identities, ensuring all solutions are found within restricted domains. They refine their reasoning by identifying common errors and justifying solution strategies.
Learning intention
To be able to solve trigonometric equations accurately over restricted domains.
Success criteria
I can manipulate trigonometric equations using factorisation and substitution of identities to create solvable equations.
I can explain how restricted domains affect the number and validity of solutions of a trigonometric equation.
I can justify my solutions of trigonometric equations by showing that all possible values within the domain have been found and checked.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
solves problems in three dimensions using trigonometry and simplifies expressions, proves results and solves problems involving compound angles using trigonometric identities 
ME1-11-03
Content
Further trigonometric equations
Solve trigonometric equations involving factorisation and/or substitution of trigonometric identities over restricted domains
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students analyse incorrect solutions using Appendix A, working in pairs to identify, explain and correct errors.
	Incorrect examples
Think-Pair-Share
	The purpose of this activity is to strengthen students’ ability to recognise and correct misconceptions in trigonometric reasoning. Teachers should emphasise that understanding why an error occurs is more important than simply correcting it.

	Connecting learning
	Students solve the equation  using both graphical and algebraic approaches, supported by slides 4–6 of the PowerPoint Solving trigonometric equations. Students then solve 2 additional problems on slide 7. 
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
Variation Theory
	The goal is to connect graphical intuition with algebraic solution methods for trigonometric equations. Teachers should emphasise the importance of domain, checking solutions and structuring equations. For example factorising and reducing to one function.

	Releasing responsibility
	Students compare 2 different solution methods using Appendix B. They then evaluate efficiency and identify key strategies for solving trigonometric equations before completing Appendix C.
	Worked examples –comparison
Four quadrant notes
Pose-Pause-Pounce-Bounce
	The purpose of this activity is to develop flexibility in choosing solution methods and recognising efficiency. Attention should also be given to common errors such as incorrect identity use and missing solutions in domain.

	Independent practice
	Students apply their understanding to solve trigonometric equations in more complex contexts using slide 9. Problems integrate trigonometric identities with polynomial-style thinking.
	
	The goal is consolidation and transfer of solving techniques to unfamiliar problems.
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Activity structure
Please use the associated PowerPoint Solving trigonometric equations to display images in this lesson.
Activating prior knowledge
1. Distribute Appendix A ‘Incorrect examples’ and have students work through the tasks in pairs. Students analyse each incorrect solution, identify and explain the error(s) and then produce a fully corrected solution. 
Using incorrect examples develops students’ ability to identify misconceptions, justify corrections and articulate mathematical reasoning.
1. Initiate a class discussion on the common misconceptions identified in Appendix A. Invite students to share the errors they found and how they corrected them, emphasising the underlying conceptual misunderstandings rather than just procedural mistakes.
Misconceptions that should be addressed include only finding the acute angle rather than considering all solutions in the domain and dividing by a trigonometric equation which overlooks possible solutions. 
Connecting learning
1. Ask students to take out their annotated Mathematics Extension 1 – HSC reference sheet (NESA 2024) and locate the trigonometric identities and formulas previously learned. 
1. Display slide 4 of the PowerPoint, which shows the equation  to be solved for the domain .
1. Allow time for students to work in pairs to solve the equation, reminding them to apply the strategies and avoid the misconceptions discussed in the previous activity.
Give students enough time to engage with the problem, allowing for productive struggle without leaving them stuck or unable to make progress.
1. Animate the slide to show the graph of both  and  on the same set of axes. In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to consider whether the number of solutions and approximations to the solutions of the equation  for  match the solution they obtained algebraically. 
Students should share that there are 4 solutions for . From the graph they will be able to accurately state that there are solutions at  and , and approximate solutions at - and -.
1. Initiate a class discussion on how else they could check solutions of an equation.
Students may share that they could substitute the solutions back into the original equation. 
1. Use slide 5 to reveal the scaffolded steps and solutions for the problem. Work through the animated steps slowly, explaining each step as needed and adjusting the pace to match the class’s level of understanding. 
Note that some students may have incorrectly divided through by . This should be addressed when working through these solutions, discussing how doing this can result in the loss of valid solutions.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce) to unpack the solution further. Some suggested prompts could include:
What might go wrong if we skip the factorising step?
Why is it important to consider the domain when solving trigonometric equations?
Why might checking solutions by substitution catch mistakes?
How might the solution change if the domain was  instead?
1. Use slide 6 to remind students of the graph of  and  on the same set of axes in the domain .
1. Initiate a class discussion on how this graph could have limitations when being used to solve equations, encouraging students to reflect on the connection between algebraic solutions and graphical interpretation.
Limitations may include that only approximations can be found graphically when sketching. 
It is worth noting that students cannot yet produce the graph of  themselves, as this is Year 12 Advanced content. The graph is provided to illustrate concepts such as intersections and solution approximations. 
1. Display slide 7, which contains 2 new equations to solve using a domain in radians. Have students work in pairs to attempt the first equation. Before starting the second equation, encourage students to discuss how the solution might change when cosineis replaced with sine in question 2 (variationtheory.com/introduction). 
By discussing how the solution changes as cosinebecomes sine, students engage in productive variation, noticing patterns, anticipating differences and deepening their conceptual understanding of trigonometric equations across domains.
Solutions to these 2 questions have been provided in the ‘Sample solutions’ section.
The graphs can be animated on slide 7 to confirm students’ algebraic solutions or can be used as a prompt earlier to determine the number of solutions and approximate values.
Releasing responsibility
Students have previously solved equations involving trigonometric ratios of angles specified in degrees or radians on a restricted domain in the Year 11 Advanced Trigonometric identities and equations outcome MAV-11-05. The syllabus example has equations of the form  to be solved for .
1. Distribute Appendix B ‘Worked examples – comparison’ (bit.ly/supportingstrategies). 
1. Give students time to read through both solutions provided in Appendix B. Encourage students to annotate the identities or formulas used in the solutions to aid in their understanding as they follow the working.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to unpack each method of solving the equation. The following are some suggested prompts: 
What knowledge and/or formulas are required for each solution? 
Why do you think method one used the expansion of ? Would an alternate form of the identity have worked? 
What might be some common errors that might occur with each method?
1. Students may benefit from practising questions from existing resources that focus on solving trigonometric equations using factorisation and/or substitution of trigonometric identities within restricted domains.
1. Initiate a class discussion to summarise strategies for solving trigonometric equations. Suggestions might include:
Reducing the equation to a single trigonometric function.
Setting the equation equal to zero. 
Factorising where appropriate.
Applying trigonometric identities.
Ensuring that all solutions lie within the specified domain.
Checking solutions by substituting into the original equation. 
Utilising a graphical representation to provide approximations of solutions. 
1. Distribute Appendix C ‘Four quadrant notes’ (bit.ly/supportingstrategies) to all students for completion and encourage students to refer to the discussed strategies. 
Independent practice
1. Use slide 9 to provide problems requiring students to apply methods in solving trigonometric equations alongside polynomial concepts.
Students can complete this activity individually or in pairs. This decision will depend on how ready the class is to take on more challenging problems. 
1. Solutions to these questions have been provided in the ‘Sample solutions’ section. 

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Appendix A can be adjusted to support students with more obvious procedural errors to begin with.
Extend students by asking them to create their own incorrect example and exchange with their partner. 
Connecting learning 
Students who benefit from visualisation may use the graph earlier to estimate solutions before attempting the algebraic method.
Students with stronger algebraic fluency may be challenged to solve the equation without scaffolding before the worked solution is revealed.
Releasing responsibility
Use collaborative discussion so students can verbalise reasoning and learn alternative approaches from peers.
Independent practice
Students may work individually, in pairs or in small groups depending on readiness and confidence.
To support students, provide scaffolding prompts such as: What identity could simplify the equation? Can the equation be rearranged to equal zero?


Suggested opportunities for assessment
Activating prior knowledge 
Circulate while students analyse the incorrect examples to gauge their understanding of solving trigonometric equations and common misconceptions.
Use questioning during the class discussion to assess conceptual understanding, particularly students’ ability to articulate why an error occurred rather than simply identifying it.
Connecting learning 
Monitor pair work to determine whether students can independently apply strategies such as factorisation and identity substitution.
Use substitution checks as evidence that students understand how to verify solutions algebraically.
Releasing responsibility
Assess conceptual understanding during the comparison discussion, particularly students’ ability to explain why different identities were used.
Independent practice
Students’ solutions to the questions on slide 9 can be collected to check for understanding of using trigonometric equations in a wide range of contexts.
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Incorrect examples 
	Incorrect solution
	Explain the error(s) made
	Correct solution

	1. 
Incorrect solution:
	
	

	
Incorrect solution:

	
	

	
Incorrect solution:

	
	

	
Incorrect solution:
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Worked examples – comparison
Solve  for .
	Method 1
	Method 2

	
Related angle 
Tangent is positive or negative in all 4 quadrants


	
Similarly, 


Related angle 
Cosine is negative in the 2nd and 3rd quadrant, domain for  is . 
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Four quadrant notes
	Example 1
Solve  for .

	
				
Related 			Unit circle/graph
     and     quadrant	
			

	Example 2
Solve  for .


	Things to remember

	Example 3





Sample solutions
Appendix A – incorrect examples
	Incorrect solution
	Explain the error(s) made
	Correct solution

	1. 
Incorrect solution:
	The solution only finds the acute angle and does not consider all solutions in the domain.
	

	
Incorrect solution:

	Solution neglects to use  when finding the square root, overlooking possible solutions.
	

	
Incorrect solution:

	Misconceptions 
Divides by 2 after finding the angles instead of before
Quadrant 4 solution is in the incorrect domain
Optional – rounding very early
	


	
Incorrect solution:


	Solution divides through by  
Not possible as  may = 0
Overlooks possible solutions
	



Connecting learning – slide 7
1. Solve for .

				or 	
					
Related 					Using the unit circle
Cosine ve in Quadrant 2 and 3		or use the graph 
				


Solve  for .

				or 	
					
Related 					Using the unit circle
Sine is ve in Quadrant 1 and 2 		or use the graph 
				

Appendix C – Four quadrant notes
	Example 1
Solve  for .

	
		
Related 		Use the unit circle
Quadrant 2 and 3	
	

	Example 2
Solve  for .










Independent practice questions 
Show that 
Using the sum expansion formula:
Using the double angle identities:

Substitute into the LHS:

Solve 
Substitute  into the cubic equation
Using the result from part (a): 




Solve the trigonometric equation

Since
 The roots are .
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