
Remainder and factor theorems
Students develop a conceptual and procedural understanding of the remainder and factor theorems by linking substitution, factors and polynomial structure before linking their learning to graphing polynomials.
The learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To be able to apply the remainder theorem and factor theorem to determine remainders, factors and zeros of polynomials.
Success criteria
I can use the remainder theorem to evaluate .
I can use the factor theorem to determine factors of a polynomial.
I can explain why the division by  gives to explain the remainder and factor theorems.
I can find all linear factors of a polynomial. 


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies the remainder and factor theorem and sums and products of zeroes to solve problems involving polynomials ME1-11-02
Content
Remainder and factor theorems
Explain why division by  yields , where  is a constant, and why  is a factor if and only if 
Prove and apply the remainder theorem for polynomials: when  is divided by , the remainder is , and solve related polynomial problems
Prove and apply the factor theorem for polynomials:  if and only if  is a factor of   and solve related polynomial problems
Use the factor theorem to find all factors of  of the form  where  is an integer, and use division to find the remaining factor of the polynomial
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students complete a polynomial division from Appendix A and one of their own to calculate the remainder while the teacher circulates and predicts remainders using the remainder theorem. 
	
	Spark interest through a game. Teachers use their calculator and the remainder theorem to calculate the remainders without revealing their method.

	Connecting learning
	Students recognise that substituting a zero into a polynomial produces a remainder of zero. They work through Appendix B to practise storing values and evaluating polynomials on their calculators. Using the polynomials on slide 4 of the PowerPoint Remainder and factor theorems, students test values for and , connect zeroes to factors of the constant term, identify all zeroes (including negative ones) and compare their factorised forms before discussing multiplicity. Slide 5 introduces , where students substitute zeroes to observe a constant remainder of 5 before drawing out the remainder theorem through discussion. 
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
	Students should recognise that, like quadratic factorisation, the zeroes of the polynomial are also factors of the constant term.

	Releasing responsibility
	Using Slide 7, students review the algebraic proof of the remainder and factor theorems before seeing formal definitions (slide 8). Teachers use slides 9–12 to model worked examples of both theorems before students practise from an existing resource and create notes using Appendix C. Students complete the table in Appendix D.
	Think-Pair-Share
Worked examples (Your turn)
Visibly random groups of 3
Vertical non-permanent surfaces
Four quadrant notes
	These activities are designed to formalise learning and give students notes for future reference.

	Independent practice
	Students select and complete 2 questions from Appendix E. Have a brief class discussion on common approaches and misconceptions. Students then complete the remainder of Appendix E.
	
	These activities are designed to link the factor theorem with graphing and division of polynomials. All questions involved the use of simultaneous equations.
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Activity structure
Please use the associated PowerPoint Remainder and factor theorems to display images in this lesson.
Activating prior knowledge
Assign students a polynomial division from Appendix A ‘Polynomial divisions’.
Ask students to calculate the remainder for their assigned problem.
While students work, circulate around the room and confidently predict the students’ remainder.
Use a calculator and the remainder theorem to calculate the remainders of different questions without revealing your method.
As students begin to assume you have an answer key, have them create their own polynomial division problems and again, use the remainder theorem to predict the remainder.
Reveal the learning intention and success criteria and tell students that there is a quick and efficient way to find the remainder of a polynomial.
Connecting learning
1. In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students consider what the remainder would be when substituting a zero into a polynomial.
Students should recognise that this will result in a zero remainder.
Distribute Appendix B ‘Using the calculator’ and explain that students will use their calculators to check whether certain values are zeroes of the polynomial.
The calculator instructions in Appendix B apply to many approved calculators. If students are using different models, the instructions may need to be adjusted.
Have students work through the example in Appendix B to become familiar with storing numbers and entering equations into their calculators.
Ask students to enter the polynomial  into their calculator and test the values from 1–10, recording which of these values are zeroes. The polynomial can be displayed using slide 4 of the PowerPoint.
In another Think-Pair-Share, have students reflect on the values identified as zeroes and discuss how this relates to their previous knowledge of factorising quadratics. Encourage them to consider whether the zeroes found were expected or surprising.
Students should recognise that, like factorising monic quadratics, the zeroes of the polynomial are factors of the constant term.
Animate slide 4 to provide students with the next polynomial: . 
In a Think-Pair-Share, have students discuss which values they would test to determine a zero of  and why. 
Have students test the factors of 6 using their calculator to see which are zeroes. 
Students who only test positive numbers will discover none are zeroes since
 .
Prompt students to consider all factors of 6, including negative values if they did not previously, and have them find all zeroes of  
Ask students to write  in factored form before animating slide 4 to reveal the solution. 
In a Think-Pair-Share, have students compare their polynomial in factor form to the solution and discuss how they can ensure that they have all the linear factors. 
Draw out in the discussion that students will need to divide the polynomial by a factor to deduce that there is a double zero. They could divide twice or divide by a quadratic factor. 
Display slide 5 showing  and have students answer the prompting question on the slide. 
Use slide 5 to reveal the solutions and use the Pose-Pause-Pounce-Bounce (PDF 557 KB) (bit.ly/posepausepouncebounce) questioning strategy to have students reflect on why the result is always 5. Possible questions include:
Why do you think the remainder when substituting each value is 5?
How could this help us to find the remainder when dividing by a linear function? 
Use this discussion to draw out the remainder theorem for students. 
Have students test their theory about remainders on their 2 polynomials from the ‘Activating prior knowledge’ section of the lesson.
Releasing responsibility
1. Refer to slide 7 of the PowerPoint to demonstrate the algebraic proof of the remainder and factor theorems. Give students time to review the steps carefully before engaging them in a Think-Pair-Share activity to discuss the self-explanation prompts.
Use side 8 to formalise the ‘remainder theorem’ and ‘factor theorem’ definitions as defined in the syllabus content. 
Use slides 9–10 to model worked examples of applying the remainder theorem using the Worked examples (Your turn) method (bit.ly/supportingstrategies). Animate the slides to reveal self-explanation prompts and worked solutions.
Allow students to practise finding the remainder of polynomials using the remainder theorem from an existing resource. 
Use slides 11–12 to model worked examples using the factor theorem to factorise polynomials using the Worked examples (Your turn) method. Animate the slide to reveal self-explanation prompts and worked solutions. 
Allow students time to practise finding the factors of polynomials using the factor theorem from an existing resource.
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at a vertical non-permanent surface (bit.ly/VNPSstrategy) and ask them to complete Four quadrant notes to their future forgetful selves (bit.ly/supportingstrategies) from Appendix C ‘Four quadrant notes’.
Returning to their workstations, distribute Appendix D ‘Using and finding factors’ to each student and allow students time to complete the table. 
Independent practice
1. Distribute Appendix E ‘HSC-style questions’ to students. 
Have students select 2 questions and complete them independently. 
Once students have completed their attempt, ask them to move around the room and find another student who has completed the same questions. 
In pairs, have students compare their answers and discuss the strategies they used. If answers differ, they should negotiate and agree on the correct solution.
Conduct a class discussion around common strategies and misconceptions.
All questions involve the use of simultaneous equations.
Have students complete the remainder of Appendix E.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Provide students with a scaffold for them to use while dividing polynomials.
Adjust the complexity of the polynomial divisions to suit the needs of your students.
Connecting learning
Some students may need additional clarification around the terminology, particularly the difference between ‘substituting a zero of the polynomial’ and ‘substituting the value zero’.
Give students a worked example showing how to substitute a value into a polynomial step‑by‑step, so they can focus on interpreting the result rather than managing the arithmetic. 
Allow students to test only the most likely zeroes (for example, ±1, ±2, ±3) to reduce their cognitive load while still engaging with the strategy.
Have students justify which values they expect to work based on sign changes, factor patterns or previous experience with quadratics.
Releasing responsibility
Students could be challenged to graph the polynomials from Appendix E.
Allow students to work with polynomials of lower degree or with simpler coefficients when practising the remainder and factor theorems.
Have students create their own polynomials with specified zeroes or remainders and verify them using the theorems.
Independent practice
Focus students’ attention on questions with simpler coefficients or more direct simultaneous-equation set-ups to build confidence before attempting the full set.
Students may benefit from revising solving simultaneous equations.
Students could verify their solution using an alternate method.

Suggested opportunities for assessment
Activating prior knowledge
Use this section to assess how confidently and accurately students can divide polynomials. 
Connecting learning
Observe students’ responses to assess whether students recognise the need to test negative factors and can connect the discovered zeroes to the factorised form. 
Observe students’ responses during the discussion to assess if they can explain why substituting each zero gives a remainder of 5 and how this leads to the general idea of the remainder theorem.
Releasing responsibility
Check whether students can restate the remainder and factor theorems in their own words while maintaining mathematical precision.
Observe whether students can correctly apply the theorems during the Worked examples (Your turn) phase and identify where errors occur (substitution, factor identification or algebraic manipulation).
Collect Appendix D to check whether students can correctly identify factors and remainders and whether they can justify their reasoning using the theorems.
Independent practice
During the whole-class discussion, gauge whether students understand why simultaneous equations are required to solve these problems.
A question from Appendix E could be collected as an exit ticket for this lesson.
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Using the calculator
Quickly test values using your calculator.
1. Store the first value to a red alpha letter, by pressing a number, for example, 5 then:
SHIFT STO then A 
You should see .
Type the polynomial, for example,  by pressing ALPHA A in the corresponding equation. 
A was stored as 5, so the value 116 should appear. 
To calculate a new value using the same equation, repeat step 1. Then, press the up-arrow until the equation is shown and press = to re-evaluate the equation with the new value.
[image: A calculator with the SHIFT, ALPHA, RCL and (−) buttons highlighted. ]
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Four quadrant notes
	Example 1
Show that  is not a factor of .
	Example 2
Express  as a product of its factors.  
Factors of 
[image: A multiplication table used for dividing polynomials. ]

	Things to remember
	Example 3
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Using and finding factors
	Function 
	Factors 
	Working to find  and 
	Fully factorised function 
	Solve 

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	





[bookmark: _Appendix_E]Appendix E
HSC-style questions
1. When  is divided by , the remainder is 9 and when  is divided by , the remainder is  Find the values of  and .
When the polynomials  and  are divided by , the remainders are −5 and 7 respectively. Find  and .
Given that  and  are factors of , find the values of  and 
Given that  and  are factors of , find the value of  and .
If  and  have a common factor , find the values of  and 
If  and  have a common factor find the values of  and .
A polynomial  satisfies  where  is a polynomial and  and  are real numbers. 
The remainder when  is divided by  is 12.
The remainder when  is divided by  is 4.
Determine the value of 
Show that the remainder .


Sample solutions
Appendix C – Four quadrant notes
	Example 1
Show that  is not a factor of .
 is not a factor of 
	Example 2
Express  as a product of its factors.
Factors of 

 
 is a factor of 
[image: A multiplication table used for dividing polynomials. ]




Appendix D – using and finding factors
	Function 
	Factors 
	Working to find  and 
	Fully factorised function
	Solve 
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Appendix E – HSC-style questions
1. When  is divided by , the remainder is 9 and when  is divided by , the remainder is 6 Find the values of  and .


When the polynomials  and  are divided by , the remainders are −5 and 7 respectively. Find  and .






Given that  and  are factors of , find the values of  and 



Given that  and  are factors of , find the values of  and 



If  and  have a common factor , find the values of  and 

If  and  have a common factor find the values of  and .

A polynomial  satisfies  where  is a polynomial and  and  are real numbers.
The remainder when  is divided by  is 12.
The remainder when  is divided by  is 4.
1. Determine the value of 

Find the remainder when  is divided by 
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