
Connecting the zeroes
Students apply their knowledge, skills and understanding of sums and products of zeroes to solve problems involving zeroes and coefficients of quadratic, cubic and quartic polynomials.
Learning intention
To understand how the coefficients of a polynomial determine the relationships between its zeroes and to use these relationships to solve problems involving quadratic, cubic and quartic polynomials.
Success criteria
I can interpret a condition about the zeroes of a polynomial and express it using sums, products or symmetric relationships.
I can use the relationships between coefficients and zeroes to determine unknown zeroes or unknown coefficients in quadratic, cubic and quartic polynomials.
I can justify my reasoning by forming and manipulating identities that link zeroes to coefficients.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies the remainder and factor theorem and sums and products of zeroes to solve problems involving polynomials ME1-11-02
Content
Sums and products of zeroes of polynomials
Use the formulas for the sums and products of zeroes to solve problems involving zeroes and coefficients of quadratic, cubic and quartic polynomials
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students examine the scenario on slide 4 of the PowerPoint Connecting the zeroes where spending and profit form the zeroes of a business model, with profit being double spending. Through discussion, students identify the zeroes as  and . Students then form the corresponding quadratic and check whether 
 satisfies the condition by factorising and interpreting the zeroes.
	Think-Pair-Share
	This section reminds students that relationships between zeroes can be expressed algebraically and used to construct or verify polynomials. It reinforces how sums and products change when zeroes follow a specific pattern and prepares students to interpret conditions placed on zeroes in later problems.

	Connecting learning
	Students develop an understanding of representing zeroes under various conditions using slide 6. On slide 7, students identify the zeroes based on a conditionand attempt the proof that follows, with animated prompts guiding their structure. The class then discusses how the identity generalises.
	Mini whiteboards
	The aim of this section is for students to learn to translate conditions on zeroes into algebraic expressions and link it to the sum and product of zeroes. 

	Releasing responsibility
	Use slides 9–10 to model worked examples where students determine unknown coefficients using relationships between zeroes. Slide 11 provides the polynomial and zeroes needed for the calculations in Appendix A for applying the relationships to a range of conditions. Afterwards, students form new groups to summarise key ideas and examples using Appendix B.
	Worked examples (Your turn)
Banner task
Four quadrant notes to future forgetful selves
Vertical non-permanent surfaces
	Students apply the relationships across varied scenarios, recognising patterns such as when to use sums, pairwise products or triple products. They should notice that many expressions can be rewritten efficiently using , ,  and so on. The follow-up notes help consolidate the structure of common manipulations and highlight typical errors.

	Independent practice
	Students attempt the question on slide 13 independently, then swap solutions with a partner. Students then consider the marking criteria and solution and students provide peer feedback to each other.
	TAG feedback
	This section reinforces students’ ability to justify their reasoning and communicate their working clearly. It also helps them recognise how conditions on zeroes translate into coefficient relationships and how to structure a concise proof.
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Activity structure
Please use the associated PowerPoint Connecting the zeroes to display images in this lesson.
Activating prior knowledge
Display slide 4 of the PowerPoint and provide students with the following scenario:
An economist is modelling a simple business. They know that revenue is double spending. If spending is one zero of the model and profit is the other, what could the 2 zeroes look like?
Lead a class discussion to consider what the 2 zeroes of the model would be.
Students should identify that the zeroes are  and  or similar.
Animate slide 4 to confirm that the zeroes for the model are  and  for spending and revenue respectively. 
Using a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students: ‘If  and  are the 2 zeroes of a quadratic model, what would be an expression for the polynomial?’
Animate slide 4 to reveal the polynomial, then animate again to pose a question for pairs to consider.
Does  satisfy the condition of the zeroes?
Lead a brief class discussion to allow students to justify their solution.
Students should note that  can be factorised to  which indicates that one zero is double the other. 
Ask students how the formulas for the sum and product of the zeroes of a quadratic function would change if the zeroes were  and .

Inform students that this lesson will be looking at solving problems with polynomials where there is a relationship between the zeroes.
Connecting learning
1. Using mini whiteboards (bit.ly/miniwhiteboards), ask students what the zeroes could be written as if the following conditions were placed on the zeroes:
one zero is the square of the other zero (
one zero is one more than the other (.
Display slide 6 and, using mini whiteboards, have students respond to the prompts after each animation. 
One set of solutions are:
a) 
b) 
c) 
d) 
e) .
Continue to slide 7 and ask students to show on their mini whiteboards what the zeroes would be for the displayed question.
Students should note the zeroes are .
Animate the slide to confirm the zeroes, then animate again to pose the required proof and have students attempt the proof in pairs. 
Students may need prompting to progress with the proof. If this is required, animate slide 7 to display a preliminary set of solution headings, then again for additional solution headings. 
While discussing the solution to slide 7, animate to show the steps and ask students the following questions to deepen their thinking:
If the zeroes differed by  instead of 3, how would the identity change and which steps of your proof would stay the exact same?
Does the identity guarantee the zeroes differ by 3 or is it only a consequence? How can you tell?
How is this identity structurally related to the discriminant  and what does that tell you about the spacing of the zeroes?
Responses:
If the zeroes are  and , the same proof structure works. The only change is the coefficient of  becomes .
If we rearrange  to be , we can see that the discriminant is . The quadratic formula then shows the distance between the zeroes is . Hence any quadratic satisfying the identity must have zeroes exactly 3 units apart and any quadratic with zeroes 3 units apart will satisfy the identity.
Given we have proven  this implies that the spacing of the zeroes lie exactly 3 units apart on the number line.
Releasing responsibility
1. Use slides 9–10 from the PowerPoint to model worked examples of determining a coefficient of a term in a polynomial using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Display slide 11 which presents a polynomial and its zeroes that students will use when completing their calculations for Appendix A.
With students in visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy), have them complete the banner task (bit.ly/supportingstrategies) from Appendix A ‘Banner tasks’.
Continuing in their groups at a vertical non-permanent surface, ask students to complete Four quadrant notes to their future forgetful selves (bit.ly/supportingstrategies) from Appendix B ‘Four quadrant notes’.
Independent practice
1. Use slide 13 to activate prior knowledge of the ‘Approaching questions scaffold’ for students.
Display slide 14 and provide students with an opportunity to attempt the question independently. 
Upon completion, have students swap their solution with a partner and then animate the slide to display the marking criteria and solution. 
Pairs are to mark each other’s solution and give peer feedback using the TAG feedback strategy (bit.ly/DLSpeerfeedback).
Students may benefit from additional independent practice from an existing resource. 


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Provide guiding prompts for students who need help forming the polynomial.
Extend by asking students to consider alternative relationships (for example, one zero is triple the other).
Connecting learning
Provide structured headings for students who need help organising their proof.
Extend by asking students to rewrite the identity for a general difference of 𝑘 instead of 3.
Releasing responsibility
Provide hints or partial set-ups for students who need additional support.
Extend by asking students to create an additional condition on the zeroes and determine the resulting coefficient.
Offer a partially completed Four quadrant notes template for students who need more structure.
Independent practice
Provide guiding prompts for students who need help structuring their proof.
Extend by asking students to create a similar question with a different condition on the zeroes.

Suggested opportunities for assessment
Activating prior knowledge
Listen for clear reasoning when students justify whether the given polynomial satisfies the condition.
Check whether students correctly apply sum and product formulas for 𝛼 and 2𝛼.
Connecting learning
Observe students’ representations of zeroes on mini whiteboards.
Review the reasoning in their proofs and listen for correct use of coefficient relationships.
Releasing responsibility
Observe students’ reasoning as they work through the banner task.
Review Four quadrant notes for accuracy and clarity.
Listen for students’ ability to explain why their manipulations are valid.
Independent practice
Use peer‑marked work to gauge students’ understanding of the required structure.
Listen for accurate mathematical language during feedback discussions.
Review written solutions for correct use of sums and products of zeroes.
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Banner task
Display slide 11 which provides students with a common quartic polynomial and zeroes:
 
Zeroes: 
The following table can be used to provide students with:
the coefficient they are required to find
conditions on the zeroes.
	Coefficient to find
	Condition on the zeroes

	 
	The sum of all 4 zeroes is −4.

	 
	The sum of the unknown zeroes is −4.

	 
	The sum of the unknown zeroes equals the sum of the known zeroes.

	 
	The unknown zeroes satisfy  and .

	 
	The unknown zeroes are in the ratio 2:3 and their product is 18.

	 
	The unknown zeroes satisfy  and .

	 
	One unknown zero is the positive number  that satisfies  and the other unknown zero is .

	 
	The unknown zeroes satisfy and .


Note: this page can be printed and the table can be cut into slips to provide to students.
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Four quadrant notes
	Example 1 (cubic polynomial)
Given  has zeroes 3 and −2 The sum of all 3 zeroes is equal to the product of the distinct known zeroes.
What is a possible value for 
Solution:
Let the zeroes be 3, −2
Product of known zeroes =
Sum of all 3 zeroes: 

Hence, zeroes are: 
For P the sum of the zeroes is,

	Example 2 (quartic polynomial)
Given  has zeroes 1, −2 and  The sum of all 4 zeroes is 0 and the product of all 4 zeroes is 4.
Find the values of  and 

	Things to remember
	Example 3 (cubic polynomial)




Sample solutions
Appendix A – banner task
For  with zeroes 
Sum of zeroes: 
Sum of pairwise products: 
Sum of triple products: 
Product of all zeroes: 
	Question
	Coefficient
	Key working
	Answer

	1
	 
	
But total sum
. 
So 
	8

	2
	 
	Total sum 

	2

	3
	 
	Total sum 

	−12

	4
	 
	Pairwise sum 

So

	34

	5
	 
	Let . 
Then . 
So .
Pairwise sum 
.
So 
	

	6
	 
	
Triple sum 

So  
	18

	7
	 
	Hence, 
Unknown zeroes are 2 and 4
Sum of the triple products is 
  
	0

	8
	 
	Add: . 
Then, 
Product of all zeroes: 
So 
	16




Appendix B – Four quadrant notes
	Example 1 (cubic polynomial)
Given  has zeroes 3 and −2 The sum of all 3 zeroes is equal to the product of the distinct known zeroes.
What is a possible value for 
Solution:
Let the zeroes be 3, −2, 
Product of known zeroes = −6
Sum of all 3 zeroes: 

Hence, zeroes are 3, −2, −7
For P the sum of the zeroes is,

	Example 2 (quartic polynomial)
Given  has zeroes 1, −2,  and  The sum of all 4 zeroes is 0 and the product of all 4 zeroes is 4.
Find the values of  and 
Solution:
Zeroes: 1, −2, 
Sum of zeroes:

For Pthe sum of the zeroes is,
However, 

Product of all zeroes:
For , the product of all zeroes is,
However, 
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