
Relationship between zeroes
This lesson explores the relationships between the zeroes of polynomials of various degrees and their connections to real-world applications such as engineering stability. Students engage in collaborative problem-solving to manipulate expressions involving sums and products of zeroes and apply these concepts to both theoretical proofs and practical HSC-style problems.
Learning intention
To be able to use the relationships between coefficients and zeroes to solve problems involving the zeroes of quadratic, cubic and quartic polynomials.
Success criteria
I can use the relationships between coefficients and zeroes to determine unknown zeroes of quadratic, cubic and quartic polynomials.
I can manipulate expressions involving zeroes using symmetric sums and algebraic identities.
I can apply sums and products of zeroes to solve non-routine problems, including those involving conditions on zeroes or geometric contexts.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies the remainder and factor theorem and sums and products of zeroes to solve problems involving polynomials ME1-11-02
Mathematics Extension 1 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.
Content
Sums and products of zeroes of polynomials
Use the formulas for the sums and products of zeroes to solve problems involving zeroes and coefficients of quadratic, cubic and quartic polynomials
Mathematics Extension 1 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students complete the algebraic expansions and algebraic fractions on slides 4 and 5 of the PowerPoint Relationship between zeroes.
	
	This section activates fluency with algebraic manipulation and reinforces the structure of expansions.

	Activating prior knowledge
	Students are introduced to an engineering context where polynomial zeroes determine the stability of a bridge. They watch ‘Tacoma Bridge Collapse: The Wobbliest Bridge in the World? (1940) | British Pathé’ (1:12) (bit.ly/TacomaBridgeCollapse) and discuss whether the modelled zeroes would have been positive or negative. The teacher explains that higher-degree polynomials cannot be solved directly, so relationships between coefficients and zeroes become essential tools.
	
	This section connects polynomial zeroes to a real-world scenario, helping students appreciate why sums and products of zeroes matter beyond abstract algebra. It also primes students to recognise that the sign and combination of zeroes can reveal behaviour without solving the polynomial explicitly.

	Connecting learning
	Using slides 7–11, student groups manipulate expressions involving quadratic, cubic and quartic zeroes. Groups complete different expressions, compare methods and substitute coefficient relationships. Students then extend these ideas to cubic and quartic polynomials, identifying errors in provided proofs and correcting them collaboratively.
	Visibly random groups of 3
Vertical non-permanent surfaces
Pose-Pause-Pounce-Bounce
	This section emphasises structure – recognising when an expression can be rewritten using known sums or products, identifying surplus terms and avoiding common algebraic pitfalls such as incorrectly adding denominators. Students also see how the complexity increases from quadratics to cubics and quartic polynomials, reinforcing the need for systematic reasoning.

	Releasing responsibility
	Using slides 13–14, the teacher models a worked example involving cubic zeroes. Students then complete the scavenger hunt from Appendix A in groups of 3. Students then form new groups and complete Appendix B summarising key ideas.
	Worked examples (Your turn)
Visibly random groups of 3
Four quadrant notes to future forgetful selves
	Students begin applying the relationships between coefficients and zeroes, recognising patterns and selecting the appropriate sums and products. The follow-up notes help students consolidate the structure of common manipulations, highlight typical errors and reinforce the importance of expressing results in terms of coefficients rather than individual zeroes.

	Independent practice
	Students revisit the ‘Approaching questions scaffold’ in slide 16 before attempting HSC-style multiple-choice questions on slides 17–18. They justify their choices before the teacher reveals the solutions. Students then work in new groups to complete Appendix C, applying sums and products of zeroes to geometric and algebraic contexts.
	Visibly random groups of 3
Assessing and advancing questions
	This section reinforces exam-style reasoning and encourages students to use structural relationships. Students learn to interpret geometric information through the lens of sums and products, strengthening their ability to apply these tools in unfamiliar contexts.
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Activity structure
Please use the associated PowerPoint Relationships between zeroes to display images in this lesson.
Retrieval practice
Display slide 4 of the PowerPoint and have students complete the questions on expanding brackets without using a calculator.
Upon completion, animate the slide for students to confirm their solutions. 
Progress to slide 5 and have students complete the questions on adding algebraic fractions before animating the slide to confirm their solutions.
Activating prior knowledge
1. Provide students with the following scenario:
When engineers model a bridge, they use a polynomial whose zeroes describe how vibrations move through the structure. If all the zeroes are negative, the vibrations in the bridge fade and the bridge is stable.
If any zero is positive, the vibrations continue to grow and build on each other making the bridge unstable.
Watch the video ‘Tacoma Bridge Collapse: The Wobbliest Bridge in the World? (1940) | British Pathé’ (1:12) (bit.ly/TacomaBridgeCollapse).
At the conclusion, prompt students to decide whether the polynomial that models the vibrations in this bridge has positive or negative zeroes.
Explain to students that a real bridge might be modelled by a degree‑6 or degree‑10 polynomial and that there is no formula to directly solve polynomials of these degrees. Instead, engineers use relationships such as the sum and product of the zeroes, the signs of the coefficients or the discriminant to extract useful information.
Connecting learning
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) and position groups at vertical non-permanent surfaces (VNPS) (bit.ly/VNPSstrategy).
Name each group either ‘Group A’, ‘Group B’ or ‘Group C’, repeating group names if necessary.
Quadratic polynomials
1. Display slide 7 of the PowerPoint and ask students to manipulate their given expression in terms of  and .
Once all groups have finished, bring together one person from Group A, Group B and Group C to form new groups of 3. Ask each mixed group to explain their process to each other.
Return students to their original groupings and animate slide 7.
Ask students to recall the formulas for the sum and product of 2 zeroes,  and , of the quadratic polynomial  and use these to rewrite the expressions in terms of the coefficients  and 
Animate slide 7 to display each expression in terms of and 
Progress to slide 8 and allow student groups time to consider the 2 statements for  and determine which one is correct. Provide each group with an opportunity to justify why they believe their chosen statement is correct.
Emphasise to students that the incorrect use of  is a common error.
The statement of  is correct.
Animate slide 8 and have students evaluate the expression in terms of  and . Then upon completion animate again to confirm students’ understanding with a solution. 
Explain to students that, as seen in the bridge context during the ‘Activating prior knowledge’ section, we need to be able to manipulate the zeroes of higher-order polynomials. In Mathematics Extension 1, this means working with polynomials of degree-3 and degree-4.
Cubic polynomials
1. Progress to slide 9 and use a Pose-Pause-Pounce-Bounce (PDF 557 KB) (bit.ly/posepausepouncebounce) questioning strategy to ask students how the manipulation of  would compare to its similar cubic expression of . Prompts could include:
How does having 3 zeroes change what you can work with compared to a quadratic?
What are the sums and products formulas for a cubic when  and  are the zeroes?
When you expand  which terms appear that you already know from the cubic sum and product formulas?
How can the sum and product formulas help you write 
This aims to draw out that students now need to consider that they have the sum of the products of pairs of zeroes at their disposal. Students should note that the start of the manipulation may be similar, that is,  and then consider what is surplus. 
Allow groups an opportunity to manipulate  into a combination of these sums and products, as well as in terms of  and .
When groups finish, have them discuss their method with one another, then animate slide 8 to show a possible solution.
Display slide 10 and have students continue working in the named groups (Groups A, B and C) to manipulate their assigned expression in terms of the sums and products of the cubic zeroes, as well as in terms of  and .
Bring 3 groups together and ask a representative from each group to explain their process, then animate slide 10 to confirm the solutions.
Quartic polynomials
1. Ask students to recall the formulas for the sums and products of zeroes of a quartic polynomial.
1. Display slide 10 and tell students that there is an error in the working out of this proof. Instruct student groups to determine the error in the proof.
Lead a class discussion for students to identify the error in the proof.
The proof incorrectly adds parts of the denominators which is not a valid way to add fractions. This breaks the multiplicative structure of the denominators, so the resulting expression is not equivalent to the original one.
Animate the slide to provide a summary of the error and instruct student groups to create a correct proof.
Animate slide 11 to confirm the correct proof. 
Releasing responsibility
1. Use slides 13–14 from the PowerPoint to model a worked example using the formulas for sums and products of zeroes using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
In their groups of 3, instruct students to complete the scavenger hunt task from Appendix A ‘Scavenger hunt’.
Print one set of question cards, separate each card and place the cards around the room. A vertical non-permanent surface could be useful at each card to assist the groups with their calculations.
Each group should start at one of the cards. Students work in their groups of 3 to solve the problem.
Once a group has solved the problem, they need to move around the room to find the solution on another card. Once they have found their solution, they should solve the question attached to the solution and repeat the process.
The activity is finished once the group returns to their original card.
Cards are printed in order so the solution to one question is the answer number on the next card.
Assign students to new visibly random groups of 3 and ask them to complete Four quadrant notes to their future forgetful selves (bit.ly/supportingstrategies) from Appendix B ‘Four quadrant notes’ on a vertical non-permanent surface (bit.ly/VNPSstrategy).
Students could benefit from additional independent practice from an existing resource.
Independent practice
1. Use slide 16 to activate prior knowledge of the ‘Approaching questions scaffold’ for students.
Progress to slide 17 to show students an HSC-style multiple-choice question and give students an opportunity to solve the question independently. 
Poll the class to determine what response they selected and allow students to justify their choice.
Animate slide 17 to show the correct option and corresponding solution. 
Progress to slide 18 and give students an opportunity to solve the question independently. 
Lead a class discussion on the steps that students have taken to progress to a solution, then animate the slide to display the solution. 
Continuing in their visibly random groups of 3, distribute Appendix C ‘HSC-style question’ and provide student groups with an opportunity to solve the question.
Ask students assessing and advancing questions (bit.ly/supportingstrategies) to make student thinking visible.
Table 2 – assessing and advancing questions
	Assessing questions
	Advancing questions

	What equation do you get when you set the line and parabola equal?
	How does the structure of the quadratic 
 help you describe the intersection points without solving it?

	How do you know the solutions to that quadratic represent the coordinates of points  and ?
	How could you use only and  to describe the midpoint and spacing of the points?

	What do the values of  and  tell you about the geometry of the intersection?
	How would the distance  change if the line had a different gradient but still intersected the same parabola

	What condition tells you that the line 
 is tangent to the parabola?
	How could you verify the tangency point using derivatives instead of the discriminant?


Encourage student groups to discuss their solutions or progress with one another.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Provide guiding questions for students who need help linking the video to the mathematics.
Extend by asking students to sketch hypothetical stability models based on different zero configurations.
Connecting learning
Support students by providing structured templates for expressing sums and products.
Extend by asking groups to create their own expressions and challenge another group to rewrite them using coefficients.
Releasing responsibility
Provide hints or partial set-ups at each scavenger hunt station for students who need support.
Extend by asking students to justify why their Four quadrant note examples work or to create an additional example involving a quartic.
Independent practice
Provide guiding prompts for students who struggle to connect the scaffold to the HSC questions.
Extend by asking students to create their own HSC-style question using sums and products of zeroes.

Suggested opportunities for assessment
Activating prior knowledge
Listen for students’ ability to articulate why positive zeroes imply instability.
Note whether students can connect the engineering context to the need for coefficient-zero relationships.
Connecting learning
Observe group explanations when comparing solutions.
Check whether students correctly identify the error in the quartic proof and can articulate why it is invalid.
Listen for precise use of terminology such as ‘sum of pairwise products’.
Releasing responsibility
Monitor group reasoning during the scavenger hunt for correct use of formulas.
Review Four quadrant notes for clarity, accuracy and completeness.
Listen for students’ ability to explain why each manipulation works.
Independent practice
Use the multiple‑choice questions to quickly gauge conceptual understanding.
Review Appendix C responses for correct application of coefficient-zero relationships.
Listen for students’ ability to justify geometric interpretations using and .
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Scavenger hunt
	
If , ,  and  are zeroes of the equation 
, find:
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Four quadrant notes
	Example 1 (quadratic polynomial)
If  and  are zeroes of the quadratic equation  find:
Solution:



	Example 2 (quartic polynomial)
If  are the zeroes of the equation , find:


	Things to remember
	Example 3 (cubic polynomial)




[bookmark: _Appendix_C]Appendix C
HSC-style question
The line  intersects the parabola  at 2 points:
 and 
Show that  and  are zeroes of and hence find the coordinates of the midpoint  of .
Find the horizontal distance , then find the length of .
Find the value of for which the line  is a tangent to the parabola and determine the point of contact.


Sample solutions
Appendix B – Four quadrant notes
	Example 1
If  and  are zeroes of the quadratic equation  find:
Solution:



	Example 2 (quartic polynomial)
If  are the zeroes of the equation , find:

Solution:

Sum of zeroes:

Product of pairs of zeroes
Hence, 
Therefore,





Sample solutions
Appendix C – HSC-style questions
1. Intersection of the line and the parabola:

The -coordinates of  and  are the zeroes,  and  of 
So,  and 
Coordinates:
 

Midpoint:

Use 
So, 
Vertical difference:

Length:

Intersection with parabola:

For tangent, 

Substituting back into 
 (double root)
Then,

Hence, the tangent is  and the point of contact is,
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