
Sum and product of zeroes
Students learn connections between zeroes and their coefficients for quadratic, cubic and quartic polynomials when given zeroes.
Learning intention
To understand the connection between the zeroes of a polynomial and its equation in expanded form.
Success criteria
I can derive the formulas for the sum and product of the zeroes of a quadratic polynomial.
I can prove the relationships between the coefficients and zeroes of a cubic polynomial using algebraic manipulation.
I can prove the relationships between the coefficients and zeroes of a quartic polynomial using algebraic manipulation.
I can use the sum and product of the zeroes of quadratic, cubic and quartic polynomials.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies the remainder and factor theorem and sums and products of zeroes to solve problems involving polynomials ME1-11-02
Content
Sums and products of zeroes of polynomials
Prove that if a quadratic  has zeroes  and  then  the sum of the zeroes, and  the product of the zeroes
Prove that if a cubic  has three zeroes, then   and  
Prove that if a quartic  has four zeroes, then   ,  and 
Use the formulas for the sums and products of zeroes to solve problems involving zeroes and coefficients of quadratic, cubic and quartic polynomials
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Use slide 4 of the PowerPoint Sum and product of zeroes to review simultaneous equations.
	
	Students revise solving simultaneous equations using 3 different methods. 

	Activating prior knowledge
	Students determine the quadratic equation which has zeroes of 2 and 3, then repeat for a quadratic with zeroes of  and .
	Think-Pair-Share
	Students create the need for a different approach to determine quadratic equations from zeroes.

	Connecting learning
	Students revisit the earlier quadratic and connect its coefficients to the sum and product of its zeroes, then use slides 6–7 to construct quadratics (including conjugate surds) using these relationships. Slides 8–9 extend this idea to cubic and quartic polynomials by introducing additional zeroes and showing how the coefficients correspond to sums and products of zeroes in increasing combinations. Slide 10 summarises the full set of relationships by linking each expanded polynomial to its general form.
	Think-Pair-Share
	Students develop the proofs of the sum and products of roots. 
Encourage students to use language such as sum of zeroes, sum of pairs of zeroes, sum of 3 zeroes and product of zeroes.

	Releasing responsibility
	Slides 12–13 to work through examples of constructing a monic cubic polynomial from the sum and product of its zeroes. Students are exposed to the reference sheet before being shown (slides 14–15) acceptable abbreviations. Students then complete the related tasks in Appendix A and Appendix B to consolidate the formulas for quadratic, cubic and quartic polynomials.
	Worked example (Your turn)
Think-Pair-Share
Visibly random groups of 3
Vertical non-permanent surfaces
Banner task
Four quadrant notes
	Sigma notation can be used for polynomials with a degree of 3 or more. Abbreviations such as SOZ for ‘sum of zeroes’ and POZ for ‘product of zeroes’ should not be used. 

	Independent practice
	Students use the quadratic formula to prove the sum and product of zeroes for quadratic polynomials before completing Appendix C.
	Visibly random groups of 3
Vertical non-permanent surfaces
Gallery walk
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Activity structure
Please use the associated PowerPoint Sum and product of zeroes to display images in this lesson.  
Retrieval practice
Use slide 4 of the PowerPoint to reveal 2 equations. Ask students to solve the pair of equations using as many methods as possible. 
Students should be able to solve simultaneous equations using 3 techniques: the elimination method, the substitution method and graphing.
Animate the slide to reveal the different solutions.
Activating prior knowledge
1. Ask students to determine the quadratic equation which has the zeroes 2 and 3, writing their answer in general form. 
Students should use linear factors  and expand to obtain 
Have students find the quadratic equation again, but this time make the zeroes  and . 

In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students discuss which equation was easier to find and why. 
Students should find the second quadratic was more difficult because they had to expand brackets containing 3 terms and there was more chance of error. 
Tell students that in this lesson they will find an alternate method for finding polynomials when given zeroes.
Connecting learning
1. Draw students’ attention back to the first quadratic equation, , from the ‘Activating prior knowledge’ section of the lesson. Ask students to explain the reverse process, that is, how to factorise the quadratic equation.
Students should link the constant term to be the product of the zeroes and the coefficient of  to be the sum of the zeroes.
Give students the zeroes  and  and ask them, once again, to determine the corresponding quadratic equation, leaving their answer in general form.
Use slide 6 to display the solution. Prompt students through a Think-Pair-Share activity to connect the 2 forms of the quadratic and identify how the coefficient of and the constant term relate to the zeroes in a non‑monic quadratic.
Animate the slide to highlight the relationship between the 2 representations and to reveal the sum and product of zeroes of quadratics. 
Display slide 7 and allow students time to find the monic quadratic equation again with zeroes  and  using the sum and product of zeroes formulas. Animate the slide to reveal the worked solutions. 
Introduce students to a third zero,  (gamma), and ask them to expand the cubic polynomial with zeroes  and .
Use slide 8 to display the expanded cubic and the cubic in general form. 
In a Think-Pair-Share, have students link the coefficients to the zeroes of a non-monic cubic.
Animate the slide to highlight the relationship between the 2 representations and to reveal the sum and product of zeroes for cubic polynomials and introduce the language of sum of zeroes in pairs to students. 
 is referred to as the ‘sum of the zeroes in pairs’.
Introduce students to a fourth zero,  (delta), and ask them to expand the quartic polynomial with zeroes , and .
In a Think-Pair-Share, have students consider the patterns they have seen when expanding quadratic and cubic polynomials and if their final expansion reflects these patterns. 
Use slide 9 to present the fully expanded quartic polynomial. In a Think-Pair-Share, have students look for any emerging patterns in the coefficients of the expanded polynomial.
Encourage students to use language such as ‘sum of zeroes’, ‘sum of pairs of zeroes’, ‘sum of 3 zeroes’ and ‘product of zeroes’.
Use slide 10 to show students the relationship between the expanded form and general form, and to reveal the sum and product of zeroes for quartic polynomials.
Releasing responsibility
1. Use slides 12–13 to model worked examples of using the sum and product of zeroes to find a monic cubic polynomial using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Animate the slides to reveal self-explanation prompts and worked solutions. 
Have students access their Mathematics Extension 1 – HSC reference sheet and locate the relevant formulas. 
In a Think-Pair-Share, ask students to discuss how they will remember the formulas that do not appear on the reference sheet.
The HSC reference sheet only contains formulas for cubic polynomials.
Use slide 14 to introduce sigma notation to express the sum of zeroes for cubic polynomials.
Sigma notation can be used for polynomials of degree 3 or higher. Abbreviations such as ‘SOZ’ and ‘POZ’ should not be used.
Ask students to use sigma notation to write the abbreviated formulas for the sum of zeroes for quartic polynomials before displaying slide 15 for them to check their work.
Have students annotate their reference sheet to help them remember the formulas for quadratic and quartic polynomials.
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Have students complete questions from Appendix A ‘Banner task’ using the banner task strategy (bit.ly/supportingstrategies).
Distribute Appendix B ‘Four quadrant notes’ and have students complete notes to their future forgetful selves (bit.ly/supportingstrategies).
Independent practice
1. Continuing in their groups at vertical non-permanent surfaces, ask students to use the quadratic formula to prove the formulas for the sum and product of zeroes of quadratic polynomials. 
Students may perform a gallery walk (bit.ly/DLSgallerywalk) at any time during their proof to help progress their solutions.
The worked proof is available in the sample solutions.
Distribute Appendix C ‘Using zeroes’ and have students work through the problems in their groups of threes on vertically non-permanent surfaces.
After each question, ask pairs to join another pair to compare solutions and discuss any differences, aiming to agree on the correct reasoning and final answer.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Students may need an explicit reminder that the 2 given equations form a pair of simultaneous equations.
Students may need revision on the different methods for solving simultaneous equations.
Adjust the complexity of the 2 equations to better match the readiness levels in your class.
Activating prior knowledge
Students may benefit from a scaffold to expand the second quadratic.
Extend students to non-monic quadratic equations. 
Connecting learning
Offer partially expanded forms (first 2 terms revealed) to reduce cognitive load when moving from quadratic to cubic and quartic patterns.
Supply a table with the headings: ‘sum of zeroes’, ‘sum of pairs’ and ‘sum of triples’ to support students in organising their thinking.
Challenge students to work backwards – provide the general form and ask them to infer the relationships between coefficients and zeroes.
Extend to non‑monic polynomials and have students determine how the leading coefficient scales each sum or product relationship.
Releasing responsibility
Offer worked examples of cubic and quartic relationships with simpler numerical zeroes before moving to the symbolic forms . 
Ask students to generalise the sigma‑notation patterns for degree polynomials and connect them to elementary symmetric sums.
Independent practice
Provide a partially structured proof outline so students can focus on the algebraic steps rather than the overall structure 
Invite students to rewrite the proof using alternative forms by completing the square.


Suggested opportunities for assessment
Retrieval practice
Students’ ability to solve simultaneous equations can be assessed during this section of the lesson.
Activating prior knowledge
Students’ ability to create a quadratic equation from its zeroes can be assessed during this section.
Connecting learning
Students’ ability to expand brackets accurately and collect like terms can be assessed during this section.
Students’ ability to generalise from quadratics and apply their understanding to cubic and quartic polynomials can also be assessed here.
Releasing responsibility
Use responses to the banner task to whether students can apply the relationships to construct or verify polynomials of different degrees.
Use Appendix B to gauge students’ ability to articulate the patterns and record accurate formulas for future reference.
Independent practice
Check students’ ability to articulate why the sum and product relationships follow from the quadratic formula.
Use Appendix C responses to assess whether students can correctly apply zero‑coefficient relationships to new problems.
Listen for precise mathematical language when pairs compare solutions. For example, ‘sum of zeroes’, ‘product of zeroes’ or ‘coefficient relationships’.


[bookmark: _Appendix_A]Appendix A
Banner task
Find a polynomial with these zeroes:
	Questions
	Solutions

	1 and 3
	

	1, 3 and −3
	

	1, −1, 3 and −3
	

	 and 
	

	0,  and 
	

	6,  and 
	

	 ,,  and 
	

	2 and 5 with a leading coefficient of 3
	

	2 and 5 with a leading coefficient of −2
	

	2 and 5 with a leading coefficient of 4
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Four quadrant notes
	Example 1
Find the equation of a monic polynomial with zeroes 4, 1 and 3.





	Example 2
Find the equation of a monic polynomial with zeroes 4, −4, 3 and 5.

	Things to remember
	Example 3
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Appendix C
Using zeroes
1. The polynomial  has zeroes at −3 and 4
Determine the value of the third zero.
The polynomial  has zeroes at −3 and 5
Determine the value of the third zero.
A cubic polynomial has zeroes satisfying:
Write the corresponding monic cubic polynomial.
A quartic polynomial has zeroes satisfying:

Write the corresponding monic quartic polynomial.


Sample solutions
Appendix B – Four quadrant notes
	Example 1
Find the equation of the polynomial with zeroes 4, 1 and 3.



	Example 2
Find the equation of the polynomial with zeroes 4, −4,3 and 5.








Appendix C – using zeroes
1. For a cubic polynomial, the sum of the zeroes is 
For  
Hence,  
For a cubic polynomial, the sum of the zeroes is .
For  
Hence, 
Use the general form of a monic cubic  to expand and factorise:

Use the general form of a monic quartic  to expand and factorise:



Independent practice
The quadratic formula 
Let  and  
Then,

and
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