
Vector equations of spheres
Students extend their understanding of vector equations of circles to three dimensions (3D). They recognise  as the vector equation of a sphere in 3D and apply it to determine whether points lie on, inside or outside a sphere and to solve geometric problems involving distances and intersections.
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
Learning intentions and success criteria should be shared with students later in the learning episode.
Learning intentions
To understand how the vector equation of a sphere, , describes all points that are a fixed distance from the centre in 3D. 
To be able to use vector equations of circles and spheres to solve problems.
Success criteria
I can recognise  as the vector equation of a sphere in 3D.
I can identify the centre and radius of a sphere from its equation. 
I can determine whether a point lies on, inside or outside a sphere using .
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I can use vector equations of circles and spheres to solve problems.
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Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
uses vectors to model lines and curves, solve problems, and prove results involving geometry and coordinate geometry ME2-12-02
Content
Vector equations of lines and curves
Recognise  as the vector equation of a sphere in three dimensions with radius  and centre  with position vector 
Use the circle equations and sphere equations to solve problems
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Use slide 3 of the PowerPoint Vector equations of spheres to revise magnitude of a vector.
	
	Magnitude of a vector is Extension 1 content.

	Activating prior knowledge
	Use Lesson 10, Activity 1 of the GeoGebra book bit.ly/Linesandcurves, and slides 5–6 to revise the vector equations of circles. Use the video bit.ly/GPSspheres and slide 7 to show students how locations are found using satellite spheres. Have students compare the sphere to a circle and predict what the vector equation of a sphere might be. Reveal learning intentions and success criteria. 
	Think-Pair-Share
	Activates prior knowledge of the vector equations of circles. Note that all points are equidistant from the centre. 

	Connecting learning
	Students complete Appendix A using Lesson 10, Activity 2 of the GeoGebra book. Discuss and compare the vector equations of circles and spheres. Use slide 10 for students to consider if points lie inside, outside or on the sphere. Slide 11 and Lesson 10, Activity 3 of the GeoGebra book will help students. Remind students of intersecting spheres from the video and use Activity 4 and slides 12–13 to link intersecting lines to intersecting sphere and lines. 
	Think-Pair-Share

	All points that are equidistant from a centre in 3D form a sphere. Students use distance to determine whether a point centred at the origin lies in, on or outside a sphere. Students solve the equation of a line and sphere simultaneously to determine points of intersection. 

	Releasing responsibility
	Use slides 15–18 and Appendix B to model finding and problem-solving with the equation of a sphere. Students practise problems from an existing resource. Students annotate Appendix B to create notes. 
	Worked examples (Your turn)
Notes to future forgetful selves
	The equation of the line is substituted for the position in the vector equation of a sphere. Solutions are provided to students as in Appendix B. 

	Independent practice
	Students complete an HSC question on slide 20 and a challenge question on slide 22 linking satellites as spheres.
	
	Tangent spheres intersect at a point.




Activity structure
Please use the associated PowerPoint Vector equations of spheres to display images in this lesson.
Retrieval practice
Display slide 3 and ask students to complete the questions. Animate the slide to show the solutions.
Students studied finding the magnitude of vectors and finding the resultant vector in Extension 1 Year 12 Unit 1 – vectors.
Activating prior knowledge
1. Share the link to the GeoGebra book ‘Extension 2 – Unit 2 – Vector equations of lines and curves’ (bit.ly/Linesandcurves) with students and ask them to use the Table of Contents to navigate to Lesson 10, ‘Activity 1: Vector equations of circles’. 
This GeoGebra book contains the activities for all lessons in Unit 2 – vector equations of lines and curves.
Students studied the vector equation of circles in Lesson 6 – vector equations of circles. 
Allow students time to explore the applet and its features. Encourage students to move the centre of the circle to  and compare the different equations.
Display slide 5 and using a Think-Pair-Share (bit.ly/thinkpairsharestrategy) have students consider the questions. Encourage students to use the applet to help recall each component. Animate the slide to show the solutions. 
Check that students understand that the points on a circle are all equidistant from the centre. 
Display slide 6 and using a Think-Pair-Share have students consider how they could determine if the points are inside, outside or on the circle. Encourage students to use the applet to help them visualise the problem.
Allow students time to calculate before animating the slide to show the solutions.
Show the video ‘Why GPS needs 4 satellites to determine your location (0:31)’ (bit.ly/GPSspheres) (from 0:00–0:23).
Display slide 7 and animate the slide 3 times to summarise how GPS uses the distances from multiple satellites to find locations.
Using a Think-Pair-Share, have students compare a sphere to a circle and predict what the vector equation of a sphere might be. 
Students should realise that the equation of a circle is in 2D, while the equation of a sphere is 3D.
Display the learning intentions and success criteria using slide 8. 
Connecting learning
1. Distribute Appendix A ‘The vector equation of the sphere’ and ask students to complete it using GeoGebra ‘Activity 2: Vector equation of a sphere’.
1. Discuss the solutions to the questions and why the vector equation of the sphere is the same as the equation of a circle.
The equation of a sphere should be the same as the circle as they both involve the magnitude of the distance to a centre.
Display slide 10 and using a Think-Pair-Share have students consider how they could determine if the points are inside, outside or on the sphere. 
Allow students time to perform calculations before displaying slide 11 which shows the solutions. 
Students may benefit from accessing GeoGebra ‘Activity 3: Inside, outside or on the sphere’ to provide a visual representation of points inside, outside or on the sphere.
Remind students of the intersecting sphere used in GPS for navigation and location.
Ask students to familiarise themselves with GeoGebra ‘Activity 4: Intersection of line and sphere’.
Discuss as a class how many possible solutions there are for a line intersecting a sphere.
Display slide 12 and using a Think-Pair-Share have students answer the questions. Encourage students to connect their understanding of finding the intersection of lines. 
Lead students to recognise that they can solve the equations simultaneously if they substitute the equation of the line into the equation of the sphere and solve for the parameter.
Allow students time to perform calculations before displaying slide 13 which shows the solutions. 
Releasing responsibility
1. Use slides 15–16 to model worked examples of finding the intersection of spheres with points using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
1. Distribute a copy of Appendix B ‘Lines and spheres worked examples (Your turn)’ to each student and draw their attention to part 1.
1. Use slides 17–18 and Appendix B to model worked examples of finding the intersection of spheres and lines using the Worked examples (Your turn) method. 
1. Draw students’ attention to part 2 of Appendix B for them to check their solutions to the Your turn question.
1. Students should practise using vector equations to solve problems involving spheres from an existing resource.
1. Have students annotate their copies of Appendix B to create notes to their future forgetful selves (bit.ly/notestofutureself) about the equation of a sphere.
Independent practice
1. Display slide 20 and ask students to complete the HSC-style question. Animate the slide to show the solution. 
1. Use slide 21 to activate prior knowledge of the Approaching questions scaffold for students.
1. Display slide 22 and ask students to attempt the challenge question. 
1. Use slide 23 to show the solution.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Challenge students to solve the questions on slide 6 without using the GeoGebra activity.
Connecting learning 
Support students by providing them with physical spheres, such as balls, which they can manipulate along with a ruler to represent a line. 
Extend students by asking them to research the parametric form of the equation of a sphere and show that it satisfies the vector equation of a sphere as defined by its magnitude.
Releasing responsibility
Support students by encouraging them to draw a sketch before attempting each question. 
Support students by scaffolding the Your turn questions with the headings: Substitute, Square both sides, Solve for the parameter.
Challenge students to find the equation of all spheres that are tangent to the -, - and - planes simultaneously. 
Independent practice
Challenge students to increase the radius of the second sphere to 4 units and find the circle of intersection. Then challenge them to increase the radius of the second sphere to 5 units and find the circle of intersection again.
Support students to remember the vector equation of a sphere by reminding them that the points are all equidistant from the centre.


Suggested opportunities for assessment
Activating prior knowledge 
Use student responses to the questions to check for understanding of vectors, magnitude and circles.
Connecting learning 
Use student responses in discussion to check for understanding of the nature of spheres and their equation. 
Releasing responsibility
Review student annotations of Appendix B to check for understanding of finding the intersection of lines. 
Independent practice
Use student responses to the HSC-style question to assess student ability to apply the vector equation of spheres. 


[bookmark: _Appendix_A]Appendix A 
The vector equation of the sphere
Using your device, open the GeoGebra applet ‘Activity 2: Vector equation of a sphere’ in Lesson 10 of the book ‘Extension 2 – Unit 2 – Vector equations of lines and curves’ (bit.ly/Linesandcurves).
Controlling the applet:
Familiarise yourself with the controls in the applet using the instructions in the left panel.
Dragging the point c (the centre of the sphere) will move the sphere.
· Initially, dragging will move the sphere around the horizontal plane.
· Select point c to toggle between dragging horizontally and vertically. 
Drag the - plane to rotate the view. 
Use the scroll function on your mouse to zoom in and out.
Select ‘Standard View’ to return the axes and zoom to their original position. 
Select the ‘Show guide lines’ box when the centre is not at the origin to reveal the exact coordinates of the centre. 
1. Drag the centre of the sphere to the point  
Select the centre of the sphere to switch to vertical control.
Drag the sphere to the point  
Set the radius to 6.
Is the origin inside or outside this sphere? Zoom and drag the view to check. 
	


1. Change the sphere so it has the equation . 
Is the origin inside or outside the sphere?
	


1. What are the similarities and differences between the vector equations of circles and spheres?
	


1. 

[bookmark: _Appendix_B]Appendix B 
Lines and spheres worked example (Your turn)
Part 1: worked example
Let  be a sphere with equation . Show that the line  intersects the sphere twice and find the value of  at the points of intersection.
Why do we substitute into the equation of the sphere?

Solution
Substitute the line into the sphere:

Squaring both sides:
Why do we square both sides?

Solving for :How could we find the points of intersection?


As , there are 2 solutions with parameter .
Part 2: Your turn – solution 
Let  be a sphere with equation . Show that the line  is tangent to the sphere and find the point of intersection.

Solution
Substitute the line into the sphere:

Squaring both sides:

Solving for :


Substitute in to :



Sample solutions
Appendix A – the vector equation of the sphere
1. The origin is inside the sphere. 
1. The origin is outside the sphere.
1. The vector equations are the same, except that the circle is in 2D and the sphere is in 3D. 
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