
Identifying vector equations of curves in three dimensions
Students extend their knowledge of two-dimensional (2D) vector equations and apply it to three-dimensional (3D) curves. 
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
Learning intention
To be able to identify and describe vector curves in 3D. 
Success criteria
I can identify the  and  components of a curve defined by a vector equation.
I can identify the vector equation of a curve given its graph.
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Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
uses vectors to model lines and curves, solve problems, and prove results involving geometry and coordinate geometry ME2-12-02
Content
Vector equations of lines and curves
Examine and identify curves given as vector equations in two dimensions and three dimensions using graphing applications
Identify the vector equation of a curve given its graph.
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students review 3D vector equations through a scenario on slide 4 of the PowerPoint Identifying vector equations of curves in 3 dimensions. On slide 5, they are guided to explore a 3D representation of a familiar 2D curve using the GeoGebra book (bit.ly/Linesandcurves). 
	Think‑Pair‑Share
Turn and talk
Pose–Pause–Pounce–Bounce
	Supports students in transitioning from 2D to 3D thinking by connecting familiar component behaviour to new spatial contexts and builds fluency with manipulating and interpreting a 3D graphing environment. 

	Connecting learning
	Slide 7 asks students to make predictions about the effect of a 3D component. Students use Appendix A and the GeoGebra book to explore 3D curves and refine and confirm their predictions, with a video on slide 8 that may be used to support students in considering 2D projections. Students examine alternative  functions and draft a plan for identifying 3D curves before testing and refining this using Appendix B. 
	Think‑Pair‑Share
	Deepens understanding of how 3D curves can be analysed through their components and projections. Students learn to use multiple representations to identify features of a 3D curve and develop a generalised procedure for identifying 3D vector equations.

	Releasing responsibility
	Using slides 10–11, the teacher models identifying 3D vector equations from graphs. Students create or extend existing notes to record strategies for linking vector equations to curves. 
	Pose–Pause–Pounce–Bounce 
Notes to future forgetful selves
	Supports students in taking increasing ownership of identifying vector equations from 3D curves. Through faded scaffolds and structured note‑making, students consolidate key strategies and common errors. 

	Independent practice
	Students work independently on the questions on slide 13, recording their reasoning before discussing and refining their solutions with a peer. They add insights to their notes.
	
	Strengthens students’ ability to apply their strategies independently in an exam‑style context. By comparing solutions and reasoning, students build confidence in interpreting 3D curves.




Activity structure
Please use the associated PowerPoint Identifying vector equations of curves in 3 dimensions to display images in this lesson. 
Activating prior knowledge
1. Display slide 4 of the PowerPoint and review the scenario below with students. Remind students of the definition of vector equations in 3D. 
A vehicle is travelling north on the West Side Highway in New York and enters the George Washington Bridge, travelling west. Traffic engineers wish to create a model of traffic flow and need to model the path of the vehicle in 2D and 3D.
1. Animate the slide and have students consider the question in a Think-Pair-Share (bit.ly/thinkpairsharestrategy).
Students explored this scenario and a model for the motion in 2D in Lesson 7 – vector and Cartesian equations of curves.
Students should use their knowledge of 2D vector equations to suggest possible functions to model the change in the  component. They should observe that the road is moving steadily upwards and may notice that it could be modelled by a linear function.
Have students open the GeoGebra book ‘Extension 2 – Unit 2 – Vector equations of lines and curves’ (bit.ly/Linesandcurves). Have students use the Table of Contents to navigate to ‘Activity 1: Exploring 3D curves’ of Lesson 9.
This GeoGebra book contains the activities for all lessons in Unit 2 – Vector equations of lines and curves.
Display slide 5 and ask students to identify the curve traced out by the vector equation. Have them confirm their thoughts by entering the  and  functions into the input boxes of the applet and press ‘Enter’ to view the graph. 
Encourage students to scroll to zoom or click and drag to examine their graphs. They can use the slider for t to see how r changes with the value of t and select  and  under ‘Component vectors’ to view the component vectors.
Ask students to click ‘Standard View’ to return to the default viewpoint. Explain to students that when graphs are in 3D, we can consider their projections onto planes to gain insight into the overall shape of the curve.
Animate slide 5 and have students turn and talk (bit.ly/classroomtalkmoves) to share their thoughts about how the curve would appear if they only viewed the - and -axes. 
Have students select ‘Plane projections’ and click ‘View  plane’ and discuss the results. Animate slide 5 to show the projection. Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to check for understanding. Possible questions include:
How does this curve relate to the 2D curves you have seen?
What is the significance of ? What does this relate to in 2D?
What would happen to the curve if we swapped the  and  components?
 What would we see if we selected ‘View  plane’? Select this on the applet and explain what you are seeing.
The purpose of this activity is to support students in moving from 2D to 3D and in manipulating a graphing application. Teachers should guide students to develop understanding and visualise connections between equations and graphs through exploration at this point. Possible responses to the suggested questions include:
· The curve is similar to the 2D curves we have seen but exists in a 3D space.
·  represents the  plane. Students may recognise that this is a similar concept to  representing the - axis on a Cartesian plane.
· The curve would rotate vertically 90° and could be viewed on the  plane.
Answers will vary. Encourage students to connect their understanding of coordinates developed while examining 2D with the expectation that -values will range from −2 to 2, while the  component will remain at 0.
Connecting learning
1. Distribute Appendix A ‘Curves in 3D’ for use with ‘Activity 1: Exploring 3D curves’.
1. Display slide 7 to show students the driving question that they will be considering in Appendix A and ask them to complete questions 1-4 on the worksheet. 
1. Slide 8 may be displayed and animated to show a video demonstrating how to display 2D projections if required.
Teachers should move around the room and use questioning to support students to form connections. Some possible prompts to deepen student thinking include:
· Does this make you rethink your previous ideas? In what way and why?
· Could you apply this to other curves? How?
· How would you explain this to someone else?
Hold a class discussion for students to share what they have learnt about the effect of  on the curve. 
In a Think-Pair-Share ask students what would happen if  was a constant and have them use their applet to verify their ideas.
Have students examine 3D curves further and explore the effects of other values for  in Question 5 of Appendix A.
These activities are designed to develop students’ understanding of how vector components in one and two dimensions connect to vector representations in three dimensions and can be used to identify and describe a curve. Students should be encouraged to take the time to explore multiple curves and develop a range of strategies including considering independent components, plane projections, and tables of values. 
In pairs, ask students to discuss how they would apply their learning to identifying vector curves in 3D and write a draft plan for identifying the vector equation of 3D curves.
Students who completed a plan for identifying vector equations for 2D curves as part of Lesson 8 – identifying vector equations of curves in 2 dimensions may adapt or extend their existing plan.
Distribute Appendix B ‘Identifying 3D vector curves’ and ask students to access the GeoGebra applet ‘Activity 2: Identifying 3D vector curves’. Have students complete the activity.
Allow students time to discuss any further learning and adapt their plan. 
Releasing responsibility
1. Display slide 10 and ask students to complete the question in pairs. 
Have each pair discuss their reasoning for each option.
Use the Pose-Pause-Pounce-Bounce questioning strategy to have pairs share their reasoning for each of the options. 
This question provides an opportunity for students to share their reasoning and learn from others. Possible responses include
· Option A is excluded because  has a range of [-1, 1] which is not reflected in the curve; similarly  should indicate that  spans all values.
· Option B is excluded as  would make the curve steadily increase in the – axis
· Option C is the only possible curve because it is the only one that is ‘flat’, which reflects . Further to this, this equation would span x  and all real y which is reflected in the given curve.
· Option D is not possible as  should span values . 
Display slide 11 and have students work in pairs to complete the question. Animate the slide to show a response and discuss reasoning. 
Possible reasons for A: the curve should have ,  and , and when  the curve in solution A would pass through (0, 0, 1). These match the given curve.
Students annotate Appendix A to create notes to their future forgetful selves (bit.ly/notestofutureself) on strategies for identifying connections between vector equations and curves.
Students may benefit from completing practice questions from an existing resource on identifying vector equations from a given 3D curve.
Independent practice
1. Display slide 13 and give students time to work independently on the question, then ask them to share their reasoning with the person beside them.
Encourage students to add to their notes to their future forgetful selves to include any new ideas or reasoning from the class discussions.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Remind students to consider the 1D component using a table of values. 
Challenge students to sketch the expected 3D curve from the component functions.
Extend students by asking them to predict outcomes before using the applet.
Teachers may choose to support or extend students by changing the configuration of the activities. Students could be provided less scaffolding or work independently.
Support students by examining other 2D curves before moving on to 3D curves, using the suggested curves at the end of Appendix A.
Connecting learning 
To support students, provide partial solutions for the tables in Appendix A.
Extend students by asking them to justify their responses with mathematical reasoning.
Releasing responsibility
Model the use of a checklist or procedure when identifying equations of curves.
Challenge students to critique incorrect responses and provide reasoning.
Independent practice
Allow students to verify their thinking using the applet ‘Activity 1’ and ‘Activity 2’.
Challenge students to create an examination-style question of their own and explain the reasoning that will allow someone to reach a solution.


Suggested opportunities for assessment
Activating prior knowledge 
Observe student responses to the Think-Pair-Share to assess ability to transfer knowledge.
Monitor how students interact with the applet to gain insight into their spatial reasoning.
Connecting learning 
Listen to student discussions about their predictions to assess their knowledge and application of component functions.
Review student plans for ability to generalise, reason and communicate.
Releasing responsibility
Ask students to explain their reasoning for their choices during ‘Your turn’ to check for understanding and identify possible misconceptions.
Review student notes for understanding and completeness.
Independent practice
Observe student discussions for their ability to apply a strategy and communicate reasoning.
Check refinements to solutions for ability to incorporate feedback and adjust reasoning.


[bookmark: _Appendix_A]Appendix A 
Curves in 3D
1. My prediction for  is:
Consider 1D components by selecting ‘Component vectors’ and record your observations.
	
	

	
	


Create a table of values by identifying and evaluating key points.
	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	





Examine the new curve in 3D by selecting ‘Plane projections’ and sketching the 2D projections below.
	 plane
	 plane

	 plane
	3D curve




Test your observations and understanding by selecting other values for , including:


 where  is a constant.
Predict the effect the component will have on the curve by considering what the  component will look like in 1D, identifying and calculating significant values, and considering the 2D projections onto the  and  planes. Use the space below to record your thinking and predictions, then verify using the applet.
	


Predict and explore how other 2D curves react to the  components observed so far, or choose some of your own. Suggested 2D curves to use include:
 for  
 for 
 for 
for 


[bookmark: _Appendix_B]Appendix B 
Identifying 3D vector curves
Examine curve 1 in ‘Activity 2: Identifying 3D vector curves’.
	Use this space to note any identifying features of curve 1.
	

	For each component, record the type of function you think would best represent this curve and why you think this. You are not expected to identify the exact equation.
	

	Reveal each of the components of the curve and note down any adaptations you should make to your plan for identifying curves if necessary.
	

	Repeat the process for curves 2 and 3 and record any further refinements.
	


[bookmark: _Appendix_C]

Sample solutions
Appendix A – curves in 3D
1. My prediction for  is that the curve will be circular but rise, steadily forming a spiral.
1. Consider 1D components by selecting ‘Component vectors’ and record your observations.
	 will have values that move periodically between -2 and 2.
	 will also have values that move between -2 and 2.

	 will have values from  and they will increase steadily.
	


Create a table of values by identifying and evaluating key points.
	
	0
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Examine the new curve in 3D by selecting ‘Plane projections’ and sketching the 2D projections below.
	 plane  and 
[image: A Cartesian coordinate grid with x‑ and y‑axes marked from –3 to 3. A red circle is centred at the origin and has radius 2, passing through the points (2, 0), (–2, 0), (0, 2), and (0, –2).]
	 plane  and 
[image: A three‑dimensional coordinate grid showing the x‑ and z‑axes. A red parametric curve rises from the lower z‑values to the upper z‑values while oscillating horizontally in a smooth sinusoidal pattern. The curve crosses the z‑axis repeatedly, forming regular peaks and troughs as it ascends, crossing the x axis at 0.]

	 plane  and 
[image: A three‑dimensional coordinate grid with the y‑axis horizontal and the z‑axis vertical. A red curve ascends from around z = –6 to z = 6 while oscillating left and right along the y‑axis in a smooth sinusoidal pattern. Arrows at both ends indicate the direction of motion along the curve. The curve crosses the y axis at 2.]
	3D curve
[image: A three‑dimensional coordinate grid with x‑, y‑, and z‑axes labelled. A red helical parametric curve winds upward around the z‑axis, forming a smooth spiral as z increases. The curve oscillates in the x–y plane while rising vertically, illustrating a classic space‑curve representation of a helix.]




Appendix B – identifying 3D vector curves
Examine curve 1 in ‘Activity 2: Identifying 3D vector curves’.
	Use this space to note any identifying features of curve 1.
	This curve is shaped like a parabola with vertex at (−1, −3) that is increasing in the vertical component. The  and  values seem to have all values while the  component only has values greater than or equal to −3.

	For each component, record the type of function you think would best represent this curve and why you think this. You are not expected to identify the exact equation.
	I think the  and  components will be linear functions while the  component will be a quadratic. 

	Reveal each of the components of the curve and note down any adaptations you should make to your plan for identifying curves if necessary.
	I was right but I notice that there are translations:  left by −1,  down 3 and  up 2. This reflects when I noticed the  vertex of the parabola and now I look further I should have said . I will amend my plan to notice transformations more.

	Repeat the process for curves 2 and 3 and record any further refinements.
	Curve 2 helped me to understand the importance of thinking about the 2D projections. Curve 3 helped me understand what can happen when trigonometric functions have different amplitudes.
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