
Identifying vector equations of curves in two dimensions
This lesson uses graphing applications to develop students’ ability to connect the vector equation of curves in two dimensions (2D) with the graph of the curve. 
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
The learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To be able to identify the vector equation of a curve in 2D.
Success criteria
I can identify the shape and key features of curves in 2D expressed as a vector equation.
I can identify common curves from their shape and features.
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Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
uses vectors to model lines and curves, solve problems, and prove results involving geometry and coordinate geometry ME2-12-02
Content
Vector equations of lines and curves
Examine and identify curves given as vector equations in two dimensions and three dimensions using graphing applications
Identify the vector equation of a curve given its graph
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slide 3 of the PowerPoint Identifying vector equation of curves in 2 dimensions to have students describe different graphs from an equation, before unpacking the learning intentions and success criteria on slide 4.
	Think-Pair-Share
	Students need to be able to connect the shape of a curve with the type of equation associated with it.

	Connecting learning
	Using the GeoGebra book bit.ly/Linesandcurves and Appendix A, students develop their understanding of vector equations of curves by considering the known features of the component functions and comparing them with the vector curve. They discuss and use their knowledge to develop a plan for identifying the vector equation of an unknown curve. 
	Pose-Pause-Pounce-Bounce
	This section builds students’ understanding of how vector equations generate curves by linking the motion of r to the behaviour of x(t) and y(t). Students learn to distinguish the input t from the outputs and to use multiple representations to identify curves efficiently and justify their reasoning.

	Releasing responsibility
	Using slides 6–7, the teacher models identifying curves from vector equations before students attempt a question. They then use Appendix A to create notes on effective strategies for connecting vector equations with the shapes and features of curves. 
	Worked examples (Your turn)
Notes to future forgetful selves
	This section develops student ownership of identifying curves from vector equations by moving from teacher‑modelled examples to guided independent reasoning. 

	Independent practice
	Students work in pairs using Appendix B. One student secretly selects a curve, and their partner identifies it by asking yes/no questions about the behaviour of the ‑ and ‑components, the curve’s shape and its key features.
	
	This section develops students’ ability to justify how features of a curve relate to the structure of its vector equation. 




Activity structure
Please use the associated PowerPoint Identifying vector equations of curves in 2 dimensions to display images in this lesson. 
Activating prior knowledge
Display slide 3 of the PowerPoint and allow students time to answer the question. Animate the slide to reveal the solution. 
Using a Think‑Pair‑Share (bit.ly/thinkpairsharestrategy), have students describe the graphs that would match each of the remaining equations.
Equation A would be a circle, B would be linear and C would be a periodic wave function. 
1. Display slide 4 to share the learning intention and success criteria for this lesson and work with students to interpret the meaning of ‘identify’ and ‘shape and features’. 
Teachers should guide students to understand that identifying curves is different to graphing or sketching them. They need to be able to connect the shape of a curve with the type of equation associated with it.
Connecting learning
1. With at least one device per pair, ask students to open the GeoGebra book ‘Extension 2 –Unit 2 – Vector equations of lines and curves’ (https://bit.ly/Linesandcurves). Have students use the Table of Contents to navigate to ‘Activity 1: Understanding 2D vector equations’ in Lesson 8.
1. Allow students time to manipulate and discover. 
This GeoGebra book contains the activities for all lessons in Unit 2 – Vector equations of lines and curves.
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B ) to initiate a class discussion about the domain and range of the curve. Possible questions include:
What is the domain of the equation r? What do we use to calculate it?
How can a vector define a curve?
What do you think the parameter  represents?
The applet shows the curve for . If I restricted the domain to , what would change?
What effect do components of vectors have on each other?
Teachers guide students to understand that the domain of the curve is defined by t, where is defined by the angle r makes with the positive x-axis, while the range is the possible position of vector r. Highlight that  and  are the components of the vector r and represent neither the domain nor the range. However, they are independent outputs of the equation that can be considered when determining the shape and properties of the curve. 
Distribute Appendix A ‘Examining vector curves’ and have students complete the section ‘Comparing components’ using the GeoGebra applet ‘Activity 2: Comparing components’.
During this activity, use questioning prompts to support and extend student thinking. Some suggestions are provided in Table 2 below.
Table 2: sample prompts
	Assessing questions
	Advancing questions

	What are we seeing in this graph?
	What do you see as you change the value of t?

	What do the axes represent?
	Which axis is common between these graphs?

	What did you notice about the function on the left?
	Is the value of /) seen on the left represented on the right? Where?


Discuss students’ observations from the activity and have students update Appendix A if required.
During the discussion draw out that the range of the functions  and  is the same as the possible values of the ‑ and ‑components of r. Students should also note similarities between the shape of the component curve and the shape of the resulting vector curve considered horizontally or vertically.
Repeat steps 5 and 6 using the section ‘Exploring curves’ from Appendix A and the corresponding GeoGebra applet ‘Activity 3: Exploring curves’. Table 3 below shows suggested prompts to support and extend students thinking.
Table 3: sample prompts
	Supporting prompts
	Extending prompts

	Does it matter that the variables are not Cartesian? Why/Why not?
	What did you notice in Activity 1? Could that apply here?

	When considering component equations: What are the characteristics of the graph of this type of equation normally?
	When considering component equations: Are there other features of the graph of that equation that might be significant here?

	Have you tried making a table of values?
	Do you see a pattern in the values in your table? 

	Explain how the table of values for the component function is reflected in the curve.
	Can you tell me how you used your knowledge of the component function(s) to predict the shape or characteristics of the curve?

	What information helped you?
	How could you use this for other curves?


During the discussion draw out that considering features such as range and shape of the component functions individually gives insight into the features of the vector curve. Remind students of the difference between identifying and sketching curves discussed in the ‘Activating prior knowledge’ section of the lesson and ask students to consider the level of detail required for identification.
Repeat steps 5 and 6 using the section ‘Identifying curves’ from Appendix A and the corresponding GeoGebra activity. Table 4 below shows suggested prompts to support and extend students thinking.
Table 4: sample prompts
	Supporting prompts
	Extending prompts

	What values does the ‑ or ‑component span? 
	What would be the value of (t/x/y/z) at this point? Does that suggest any functions?

	What functions do you know that have a range like that? What are other features that might narrow it down?
	Explain to me the typical features of a graph with an equation like the (‑ or ‑) component? What would that look like here?

	How could a table of values assist you in identifying the curve? 
	What is your plan for tackling questions like these? Can you explain why you chose those steps?


During the discussion, draw out the usefulness of various strategies in identifying the vector equation of a curve, including visualising each component separately to connect with the components of the vector equations, using tables of values and/or considering significant points, or developing familiarity with common curves. Have students explain where they found each strategy useful and why. 
Releasing responsibility
1. Use slides 6–7 from the PowerPoint to model worked examples of identifying vector equations from a graph using the Worked examples (Your turn) method (bit.ly/supportingstrategies). 
1. Have students create notes to their future forgetful selves (bit.ly/notestofutureself) by annotating the plan they developed in Appendix A.
Have students complete practice questions from an existing resource on identifying curves given as vector equations.
Independent practice
1. Distribute a copy of Appendix B ‘Polygraph’ to each pair of students.
1. Ask one student to secretly choose a curve from Game 1. They may wish to use graphing software to sketch the curve. 
1. Have their partner ask yes/no questions to identify the curve. They may wish to ask about the span of values for the - and -components, the shape of the curve and any features of the curve such as turning points and intercepts.
There are 3 games on each sheet to allow students to play multiple rounds if desired. The player with the fewest guesses wins.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Provide students with more examples if required. 
Connecting learning 
Provide diagrams or use physical movement to support students who find it challenging to view components in isolation or compare vertical and horizontal movement.
Extend students by asking them to justify their choices in Activity 3.
Releasing responsibility
Provide enabling prompts to help students identify multiple solutions on slide 7.
Provide sentence starters for students who struggle to articulate their understanding in writing.
Extend students by asking them to describe their process when answering the questions.
Extend students by asking whether their notes will apply to 3D curves and why or why not.
Independent practice
Support students who are unable to narrow down their options by providing sample questions.
Extend students by asking them to explain what shape and features they would expect the sketch of an equation to have.
Ask students to explain their strategy and why they chose that strategy.


Suggested opportunities for assessment
Activating prior knowledge
Assess students’ ability to recognise and describe curves based on an equation. 
Connecting learning 
Monitor student discussions for reasoning and communication.
Review student plans for understanding, sequencing and precise mathematical terminology.
Releasing responsibility
Monitor student responses to the worked example for reasoning and justification.
Review student notes for understanding and completeness.
Independent practice
Listen for students’ ability to connect the features of a curve to an equation.
Monitor games to assess students’ ability to reason and communicate.
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Examining vector curves
GeoGebra applet Activity 2: Comparing components
1. Consider the curve defined by the vector equation . 
	What function defines  for this curve?
	

	What function defines y for this curve?
	


On ‘Activity 2: Comparing components’ select ‘Show ’ to show and use the slider to observe how the value of  changes with . 
	What are the key features of this function? You may wish to consider range, shape and how the function changes with 
	


Select ‘Show r with x(t)’ to show the curve  and use the slider to observe how the -component of r, (x(t)) changes with t.
	What do you notice about the -component of r? You might like to consider the span of the x values, how the function changes with  and any links you notice with .
	


On ‘Activity 2: Comparing components’, scroll down to the next applet and select ‘Show ’ to show  and use the slider to observe how the value of  changes with  
	What are the key features of this function? You may wish to consider range, asymptotes, shape and how the function changes with 
	


Select ‘Show r with y(t)’ to show the curve  and use the slider to observe how the -component of r, (y(t)) changes with t.
	What do you notice about the -component of r? You might like to consider the span of the y values, how the function changes with  and any links you notice with .
	




GeoGebra applet Activity 3: Exploring curves
1. Complete the table below for the curve .
	
	Function
	Type of curve
	Characteristics

	
	
	
	

	
	
	
	


You may find a table of values helpful in predicting or noticing features of the curve.
	t
	
	
	
	
	

	x
	
	
	
	
	

	y
	
	
	
	
	


On the GeoGebra applet ‘Activity 3: Exploring curves’ select ‘Show ’. You may also like to explore  and . Does the curve match what you expected? Why or why not? 
Complete the table below for the curve .
	
	Function
	Type of curve
	Characteristics

	
	
	
	

	
	
	
	


You may find a table of values helpful in predicting or noticing features of the curve. 
	t
	
	
	
	

	x
	
	
	
	

	y
	
	
	
	


On the GeoGebra applet, select ‘Show .’ You may also like to explore  and . Does the curve match what you expected? Why or why not? 


Complete the table below for the curve .
	
	Function
	Type of curve
	Characteristics

	
	
	
	

	
	
	
	


You may find a table of values helpful in predicting or noticing features of the curve. 
	t
	
	
	
	
	
	

	x
	
	
	
	
	
	

	y
	
	
	
	
	
	


On the GeoGebra applet select ‘Show .’ You may also like to explore  and . Does the curve match what you expected? Why or why not? 


GeoGebra applet Activity 4: Identifying curves
Use the questions below to make and test a plan for identifying possible vector equations of a given curve. 
1. Select ‘Show curve 1’ on the applet. Use this space to note the identifying features of the curve. You may wish to consider the span of the components, shape of the curve and/or construct a table of values.
	


Write down the type of vector equation you think would best represent this curve and why you think this. Note: you are not expected to identify the exact equation. 
	


Select ‘Reveal x-component’ and adjust your response if you wish. Then select ‘Reveal equation’ and assess your result. Write a first draft for your plan in the space below.
My plan:
	


Test and refine your plan by following the same process for Curve 2 and Curve 3. Note any new learning below:
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Polygraph
Player 1 secretly chooses a curve from the list below. Player 2 asks yes/no questions about the sketch of the curve to identify which curve it is. 
Game 1
	
	
	
	

	
	
	
	

	
	
	
	


Game 2
	
	
	
	

	
	
	
	

	
	
	
	


Game 3
	
	
	
	

	
	
	
	

	
	
	
	




Sample solutions
Appendix A – examining vector curves
GeoGebra applet Activity 2: Comparing components
1. Consider the curve defined by the vector equation . 
	What function defines  for this curve?
	

	What function defines  for this curve?
	


On ‘Activity 2: Comparing components’ select ‘Show ’ to show and use the slider to observe how the value of  changes with .
	What are the key features of this function? You may wish to consider range, shape and how the function r changes with .
	The curve is a parabola with range . There is a turning point at .


Select ‘Show r with x(t)’ to show the curve  and use the slider to observe how the
 -component of r, (x(t)) changes with t. 
	What do you notice about the -component of r? You might like to consider the span of the x values, how the function changes with t and any links you notice with 
	The curve ‘turns around’ when  and t = 0. The span of  is . The values link to the previous function but they are represented horizontally on the  axis.


On ‘Activity 2: Comparing components’, scroll down to the next applet and select ‘Show ’ to show and use the slider to observe how the value of  changes with .
	What are the key features of this function? You may wish to consider range, asymptotes, shape and how the function changes with .
	The curve is an exponential curve. It has range , the x-axis is an asymptote and it gets close to 0 for negative values of t, passes through (0, 1) and moves to infinity for positive t.


Select ‘Show r with y(t)’ to show the curve  and use the slider to observe how the
-component of r, (y(t)) changes with t.
	What do you notice about the -component of r? You might like to consider the span of the y values, how the function changes with t and any links you notice with .
	The y component of r is always positive. It becomes small for negative t, has a value of 1 when  and becomes large for positive values of t. This links with the information above but it looks very different.




GeoGebra applet Activity 3: Exploring curves
1. Complete the table below for the curve . 
	
	Function
	Type of curve
	Characteristics

	
	
	linear
	Range is infinite, no change in direction.

	
	
	trigonometric, periodic
	Amplitude is 3 with a period of . Curve will go up and down in a wave shape.


You may find a table of values helpful in predicting or noticing features of the curve.
	t
	
	
	
	
	

	x(t)
	
	
	
	
	

	y(t)
	
	
	
	
	


On the GeoGebra applet ‘Activity 3: Exploring curves’ select ‘Show ’. You may also like to explore x(t) and y(t). Does the curve match what you expected? Why or why not? 
	Yes. The table of values showed that the values of y(t) would oscillate between -3 and 3 while the values of x(t) would remain linear.


Complete the table below for the curve . 
	
	Function
	Type of curve
	Characteristics

	
	
	exponential
	increasing, passes through (0,2)

	
	
	parabola
	It will be concave up with vertex (0, -2).


You may find a table of values helpful in predicting or noticing features of the curve.
	t
	
	
	
	

	x
	
	2
	
	

	y
	
	
	
	



On the GeoGebra applet, select ‘Show .’ You may also like to explore  and . Does the curve match what you expected? Why or why not? 
	Yes. The curve exists for only positive values of x(t) and the value of x(t) approaches 0 for negative values of  and gets larger for positive values of . When  = 0, x(t) has a magnitude of 2, all of which reflect the properties of . The value of y(t) decreases until it reaches −2 when  = 0 and then increases, which follows the pattern suggested by .


Complete the table below for the curve .
	
	Function
	Type of curve
	Characteristics

	
	
	logarithmic
	Range is infinite, values plateau for large t.

	
	
	trigonometric, periodic
	Amplitude is 5 with a period of . Curve will go up and down in a wave shape.


You may find a table of values helpful in predicting or noticing features of the curve.
	t
	
	
	
	
	
	

	x
	undefined
	
	
	
	
	

	y
	N/A
	
	
	
	
	


On the GeoGebra applet select ‘Show .’ You may also like to explore x(t) and y(t). Does the curve match what you expected? Why or why not? 
	Mostly. The curve does not exist when  as  is not defined here; however the value of x(t) gets very large as  and similarly the values grow very slowly as  gets large, which reflects the behaviour of a logarithmic curve. The value of y(t) oscillates between  which is expected from . However, the compression from the log function caused the trigonometric function to behave in an unexpected way and not change periodically as I was expecting.




GeoGebra applet Activity 4: Identifying curves
Use the questions below to make and test a plan for identifying possible vector equations of a given curve. 
1. Select ‘Show curve 1’ on the applet. Use this space to note the identifying features of the curve. You may wish to consider the span of the components, shape of the curve and/or construct a table of values.
	The curve:
has no visible restrictions on the x values while 
has no notable features in the x direction but is curved like a parabola in the y direction
has a turning point at (-1, -3).


Write down the type of vector equation you think would best represent this curve and why you think this. Note: you are not expected to identify the exact equation. 
	I think the -component would be linear and the -component would be a quadratic with a minimum of -3.


Select ‘Reveal x-component’ and adjust your response if you wish. Then ‘Reveal equation’ and assess your result. Write a first draft for your plan in the space below.
My plan:
	I would look at the overall shape of the graph and try to think about how it changes in the x and y directions and see if that reminds me of any functions.
I would look at any restrictions on the x and y values and see if that links to functions I know.
I would then narrow down my choices if I needed to by finding some values at key points. 



Responses to My plan will vary as students are encouraged to build their understanding of connections between vector curves and equations in their own way. However, all plans should contain the elements listed above in some form. Some students may also consider transformations evident in the curve as their understanding deepens. For example, in curve 1 they may identify the link between the turning point (-1, -3) and the vertical translations seen in  and .
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