
Vector and Cartesian equations of curves
This lesson uses real-life scenarios to introduce vector equations of curves in two dimensions (2D) and three dimensions (3D) and develops students’ ability to connect the vector equation of curves in 2D with their parametric and Cartesian equations.
Learning intention
To understand that curves in 2D and 3D can be expressed as a vector equation. 
To be able to convert a vector equation in 2D to a Cartesian equation and graph the curve.
Success criteria
I can find the parametric equations of a curve in 2D given its vector equation.
I can find the Cartesian equation of a curve in 2D given its vector equation.
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I can graph a 2D curve given its vector equation.
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Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01 
uses vectors to model lines and curves, solve problems, and prove results involving geometry and coordinate geometry ME2-12-02
Content
Vector equations of lines and curves
Recognise that a parametrically defined curve in two dimensions or three dimensions can be expressed as a vector equation  or , where  is a parameter
Determine the Cartesian equation of a curve in two dimensions given its vector equation and graph the curve, where the curve is within the scope of this syllabus
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Use slides 4–5 of the PowerPoint Vector and Cartesian equations of curves to review parametric equations and causation. 
	Think-Pair-Share 
	This section reminds students of associative and causal relationships between variables showing correlation.

	Activating prior knowledge
	Use slides 7–9 for students to explore a real‑world context, looking at winding roads and considering how they might be modelled mathematically. Students consider the ‑ and ‑components through an animated example and determine whether the relationship between the coordinates is causal or driven by a third common factor. Students then decide whether a Cartesian or parametric representation of the scenario more realistically reflects the situation.
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
	This section helps students shift from thinking of coordinates as ‘horizontal and vertical’ to understanding them as components that change in response to a third factor.

	Connecting learning
	Students use slides 11–14 to explore how vector and parametric equations model motion in 2D. They examine a vehicle’s path on a bridge, estimate positions from given parametric equations, and consider why  and components alone may not determine a unique location. Students then connect prior learning to the formal definition of vector equations in 2D and extend the idea to 3D contexts using slides 15–19.
	Pose-Pause-Pounce-Bounce
	This section deepens students’ understanding that representing curves through their components in parametric and vector equations can provide more accurate and flexible models. 

	Releasing responsibility
	Students work through slides 18–23 as the teacher models converting vector equations into parametric and Cartesian forms with students sketching the resulting curves. They then complete the faded examples in Appendix A and use Appendix B to consolidate the different forms of vector equations with notes to their future forgetful selves.
	Worked examples (Your turn)
Notes to future forgetful selves
	This section gives students increasing ownership of converting vector equations into parametric and Cartesian forms and sketching the resulting curves. 

	Independent practice
	Students review the Approaching questions scaffold on slide 25 before completing the HSC‑style question on slide 26. They review their work through peer assessment before viewing the solution and marking criteria on slide 27 and adding refinements and insights to their notes.
	
	This section strengthens students’ ability to apply vector and parametric representations independently in an exam‑style context.




Activity structure
Please use the associated PowerPoint Vector and Cartesian equations of curves to display images in this lesson. 
Retrieval practice
Display slide 4 and allow students time to convert the equations in parametric form to Cartesian equations. Animate the slide to show the answers. 
Display slide 5 and have students, in a Think-Pair-Share (bit.ly/thinkpairsharestrategy), discuss if the correlation between the variables is causative or dependent on a common factor. 
Animate the slide to reveal possible answers.
This activity aims to remind students that variables showing correlation may have either associative or causal relationships. Students learnt this in Extension 1 – Unit 5 – Lesson 1 – introduction to parametric form.
Activating prior knowledge
1. Display slide 7 and read the scenario to students.
A car is travelling at a constant speed along a mostly flat but winding road.
1. Using a Think-Pair-Share have students consider the prompting questions on slide 7. 
1. Display slide 8 and animate to play the video (0:11). The animation shows one example of how we might model a car moving along the road at a constant speed. Instruct students to observe all 3 dots. 
1. Discuss as a class what the - and - components of the car’s position on the road might represent in this scenario. 
Students may suggest the - and - components are north/south and east/west, or a position on the photo. The aim is to describe the - and - components beyond horizontal and vertical.
Remind students of the causality relationship from the ‘Retrieval practice’ section of the lesson. Using a Think-Pair-Share, have students discuss if the relationship between the - and - coordinates is causal or dependent on a common factor.
Students should recognise that the relationship is dependent on a third common factor. Students may decide that this factor could be time, speed of the car or a similar parameter.
1. Replay the video on slide 8 twice. The first time, have students focus on the -component of the curve. The second time, have students focus only on the -component of the curve. 
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B ) to ask students how they would describe the path of each component independently. Possible questions include:
How is the car moving in the  direction?
Do you know any functions that have an output like that? 
Can we see enough of the road to identify a model that would be accurate for the whole road?
Students begin building their skills in considering components of a curve independently and linking them to the range of known functions. They should identify that the -coordinate could be modelled with a trigonometric or a polynomial function, while the y-coordinate changes linearly. 
Display slide 9 which shows the model of the car’s journey in both Cartesian and parametric forms. Ask students to choose which of the equations gives a more realistic representation of the scenario and why.
Drawing on their knowledge from Extension 1 – Unit 5 – Parametric form, students should realise that parametric form is more realistic because both and  are functions of time. 
Connecting learning
Vector equations in 2D
1. Display slide 11 and read the following scenario to students. 
A vehicle is travelling north on the West Side Highway in New York and enters the George Washington Bridge, travelling west. Traffic engineers wish to create a model of traffic flow and need to model the path of the vehicle in 2D and 3D.
1. Animate the slide to show the path of a vehicle entering the bridge. The link on the slide shows the location of the actual bridge.
Display slide 12 and explain that one simple model of the path of a vehicle in 2D uses the parametric equations shown. 
Animate the slide and ask students to find the approximate position of the given vehicles at their respective times. Animate the slide again to show each of the solutions. 
Teachers may wish to show students the model in GeoGebra book Extension 2 – Unit 2 – Vector equations of lines and curves’ (bit.ly/Linesandcurves). Have students use the Table of Contents to navigate to ‘Activity 1 – George Washington Bridge’ of Lesson 7. The slider can be used to show the path of the vehicle.
Animate slide 12 again and in a Think-Pair-Share have students consider whether they could find the location of the van given .
Discuss students’ thoughts and their reasons. Animate the slide to show the 2 possible positions of the vehicle. 
Students should recognise that in this situation considering only the - and -coordinates makes it impossible to find a unique location of a vehicle.
Display slide 13 and explain to students that in this lesson we are connecting prior learning to discover a new way of expressing relationships. 
Animate the slide to reveal that we are learning vector equations of curves and show the example. Ask students to predict what the general form for a 2D vector equation might be.
Display slide 14 to reveal the definition of vector equations for curves in 2D.
Vector equations in 3D
Display slide 15 to revisit the image of George Washington Bridge and discuss with students whether they would recommend traffic engineers stick with the 2D model, giving reasons for their answers. 
Encourage students to recognise that a 2D model will provide misleading information when cars pass under or travel over the bridge. 
Display slide 16 and explain to students that vector equations can also be used in 3D. 
Ask students to predict how the vector equation will change if we consider a third dimension. Animate to reveal the answer. Let students know that they will be learning more about this in a future lesson.
Students will examine 3D curves in Lesson 9 – identifying vector equations of curves in 3 dimensions.
Releasing responsibility
1. Use slides 18–23 to model worked examples of expressing vector equations as parametric and Cartesian equations and graphing the curve using the Worked examples (Your turn) method (bit.ly/supportingstrategies). Animate the slides to see solutions and self-explanation prompts.
Although students will not be familiar with the Cartesian equation for an ellipse and hyperbola, the components of the vector equations are within the scope of the course.
1. Distribute Appendix A ‘Faded examples’. In this task, students express vector equations in parametric and Cartesian forms before sketching the curve. 
1. Distribute Appendix B ‘Making connections,’ which contains a summary of the forms covered in this lesson, for students to annotate with examples and notes to their future forgetful selves (bit.ly/notestofutureself). Students could be prompted to include notes about: 
when and why each form of the equations is useful
the directed arrows indicating which forms they can convert between and how
the key steps and errors to avoid when sketching graphs from vector equations.
Independent practice
1. Display slide 25 and review the Approaching questions scaffold with students.
Students work individually or in pairs to complete the HSC-style question on slide 26.
Have students swap their solutions with a partner or other pairs to compare and discuss their methods, setting out and results.
Animate slide 26 to reveal the solutions and display slide 27 to view the marking criteria. Have students discuss their solutions and reflect on improvements with their partners.
Encourage students to add to their notes in Appendix B following their discussions.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Support students by reviewing the definition of correlation and types of relationships. 
Extend students by having them consider other possible relationships between variables that show correlation.
Activating prior knowledge 
Support students by providing guiding questions or visual aids to help consider components individually.
Extend students by asking for other possible models that might fit the visible section of road.
Connecting learning 
Support students in understanding the scenario by displaying the Google Maps page and/or the GeoGebra applet.
Extend students by asking them to find the Cartesian equation(s) of the curve on slide 12.
Releasing responsibility
Support students by providing hints and guidance to recognise the hyperbola. The teacher may suggest values of t to consider.
Discuss the significance of values of t with students who are having difficulty connecting variables.
Extend students by asking them to justify the connections they identify in their notes.
Independent practice
Support students by prompting them to consider trigonometric identities when solving the equations.
Support students to exclude a solution by suggesting the interpretation of solutions within the original parametric model.
Extend students by having them explain why  is not a solution.

Suggested opportunities for assessment
Retrieval practice
Review student responses to the questions to assess understanding of key lesson concepts.
Activating prior knowledge 
Listen to student responses for understanding of the relationship between variables.
Note whether students can apply spatial reasoning to components of a curve.
Connecting learning 
Use student responses to assess understanding of the applications of parametric equations.
Observe whether responses identify the issues with using Cartesian form in this scenario.
Releasing responsibility
Listen to student responses for the development of appropriate mathematical terminology.
Monitor responses to Appendix A for fluency.
Review student notes for clarity, accuracy and completeness.
Independent practice
Monitor student discussions for understanding, reasoning and fluency.
Review responses for correct use of vector and Cartesian equations.

[bookmark: _Appendix_A]Appendix A 
Faded examples
	Vector equation
	Parametric equations
	Cartesian equation
	Sketch

	
	
	
	[image: A Cartesian coordinate grid with x‑ and y‑axes marked from about –5 to 5. A red diagonal line with arrows at both ends runs from the lower left to the upper right, crossing at the origin and showing a straight linear relationship.]

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	





[bookmark: _Appendix_B]Appendix B 
Making connections
Complete the following, considering the connections between each quadrant. Include definitions and examples and consider:
when and why each form of the equations is useful
the directed arrows indicating which forms you can convert between and how
the key steps and errors to avoid when sketching graphs from vector equations.
	Vector form

	Parametric form


	Cartesian form

	Sketch




Sample solutions
Appendix A – faded examples
	Vector equation
	Parametric equations
	Cartesian equation
	Sketch

	
	
	
	[image: A Cartesian coordinate grid with x‑ and y‑axes marked from about –5 to 5. A red diagonal line with arrows at both ends runs from the lower left to the upper right, crossing near the origin and showing a straight linear relationship.]

	
	
	
	[image: A coordinate grid showing a concave up parabola symmetric about the y‑axis. The vertex sits at (1, –2), and the curve extends upward on both sides with arrows indicating it continues beyond the visible window.]

	
	
	
	[image: A coordinate grid with x‑ and y‑axes marked. A red circle is drawn slightly to the right and above the origin. The circle is centred around the point (1, 2) and has a radius 2, touching the x axis at (1,0).]

	
	
	
	[image: A coordinate grid with labelled x‑ and y‑axes. A red curve begins very high near the y‑axis on the positive x side, drops steeply, and then flattens as it moves right, approaching but never touching the x‑axis. The shape shows a decreasing reciprocal‑style function with a vertical asymptote at the y‑axis and a horizontal asymptote along the x‑axis.]

	
	
	
	[image: A coordinate grid with labelled x‑ and y‑axes. A smooth red wave oscillates above and below the x‑axis, forming a regular repeating pattern. The curve shows several full cycles, with peaks at y = 1 and troughs at y = 0, extending from left to right across the graph.]





Sample solutions
Appendix B – making connections 
[image: A four‑column comparison chart summarises Vector form, Parametric form, Cartesian form, and Sketch. Each section lists key features, advantages, and limitations of that representation. Arrows between the sections indicate the steps for converting from vector form to parametric form and then to Cartesian form. The Sketch section outlines different ways to sketch curves, including recognising equations, using transformations, creating tables of values, and converting to another form.
]
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Vector form
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Can have more dimensions

Good way to understand how different
features of a curve relate

Easy to convert to parametric form

Can help with sketching and understanding
by tuming a relation into 2 functions

Helps to draw harder curves

Can be hard to understand what the curve
will ook like from looking at the equation

Step 1: Convert by

rewriting in this form

Parametric form
x=f(0)
y=f@©
« Very similar to vector form, similar benefits
and negatives
« Easier than vector form to convert to

Cartesian
«  Fanmiliar from Ext 1

_—

Step 2: Use simultaneous
equations to eliminate

Cartesian form

y=f

Good for functions
Useful for causative relationships

Helps show the overall shape of the curve
Fewer variables to worry about

Easy to understand

Hard to convert to other forms

Not very useful for curves that are not a
function, such as circles

Can make you think a relationship is more
simple than it really is

Sketch

« Shows how things relate clearly and easily
‘when it's a simple curve or a function

+ Can be confusing when the curve is
complicated o if there are values far apart
from each other

LOTS of ways to sketch

« Recognise the equation and know the
features (Cartesian, some parametic)

« Use transformations (Cartesian)

« Create atable of values to help see the
shape (allforms)

« Convertto an easier form (vector,
parametric)
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