
Relationships between lines
Students investigate how 2 straight line paths can relate in two dimensions (2D) and three dimensions (3D) using vector equations. They determine points of intersection, decide whether a pair of 3D lines meet and classify when lines are skew.
Learning intentions
To be able to determine if 2 lines intersect.
To be able to find the point of intersection of 2 lines.
To understand what skew lines are.
Success criteria
I can find the point of intersection of 2 non-parallel lines in 2D.
I can determine whether 2 lines intersect in 3D.
I can find the point of intersection of 2 non-parallel lines in 3D.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
uses vectors to model lines and curves, solves problems, and proves results operates involving geometry and coordinate geometry ME2-12-02
Content
Vector equations of lines and curves
Determine the point of intersection of two non-parallel lines expressed as vector equations in two dimensions
Determine whether two distinct lines  and  in three dimensions intersect, and if so, find the unique value of either  or  corresponding to the point of intersection and determine its coordinates 
Define skew lines in three dimensions and apply vector methods to determine whether two lines in three dimensions are skew
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students revisit solving simultaneous equations by describing how to isolate variables and check consistent solutions, using slide 4 as the prompt for discussion.
	
	This section reinforces solving simultaneous components and shows that matching and values is essential for identifying a shared point on 2 vector lines.

	Activating prior knowledge
	Students examine the drone–bridge scenario on slide 6, identifying whether the paths are parallel or intersecting by recalling how to interpret vector equations and how to determine if a point lies on a line.
	Mini whiteboards
	This section revisits how vector equations represent straight‑line paths and the conditions for parallel direction vectors or point on a line. 

	Connecting learning
	Students use slides 8–12 to form and solve the component equations and determine the point of intersection of the drone and bridge paths in 2D and 3D. Using slides 13–15, students extend this reasoning to classify line relationships in three dimensions by comparing direction vectors and checking consistency of component equations to distinguish intersecting, parallel and skew lines.
	Think-Pair-Share
Mini whiteboards
Pose-Pause-Pounce-Bounce
	This section emphasises that intersection requires matching corresponding components, with parameter values identifying a single shared point. Extending to 3D shows how consistent parameters confirm intersection, while mismatched components distinguish parallel and skew lines.

	Releasing responsibility
	Students use slides 17–22 to work through examples that determine whether lines intersect or are skew and to find points of intersection in 3D. They then complete Appendix A and practise further questions from an existing resource to consolidate these classifications and calculations.
	Worked examples (Your turn)
Frayer diagram
	This section consolidates the method for determining intersecting and skew lines by focusing on parameter consistency across all components. The Frayer diagram helps students formalise the distinctions between intersecting, parallel and skew lines.

	Independent practice
	Students complete the HSC‑style questions in Appendix B, applying methods for determining whether 2 lines intersect, are parallel or are skew, and finding points of intersection where required. Slides 24–25 provide the solutions used to support students in checking their responses.
	Think-Pair-Share
	This section strengthens students’ ability to classify line relationships by independently comparing direction vectors, forming component equations, and checking parameter consistency, reinforcing accurate reasoning in 3D vector problems.
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Activity structure
Please use the associated PowerPoint Relationships between lines to display images in this lesson.
Retrieval practice
Display slide 4 of the PowerPoint and discuss the process of solving simultaneous equations. 
Students should recognise that they can equate both equations because they have the same subject. 
Activating prior knowledge
1. Display slide 6 and read the following scenario to students.
A drone is flying along a programmed path. Nearby, a bridge crosses a river. The drone’s navigation system needs to determine whether its flight path will intersect the bridge, run parallel to it or pass by it safely.
1. Check students’ understanding of vector equations of a line, determining parallel vectors, and whether a point lies on a line using the following questions:
How would you determine if the path of the drone is parallel to the bridge? 
How would you determine whether a point lies on a vector line?
Connecting learning
2D intersections
1. Progress to slide 8 which provides vector equations for the drone and the bridge. 
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students consider what they believe the correct method would be to determine if and where the drone and bridge would intersect within the 2D space. 
From the discussion in the ‘Retrieval practice’ section of the lesson, students should suspect that to determine the point of intersection they can equate both equations, which is: 

Using mini whiteboards (bit.ly/miniwhiteboards), have students write the equation for  
Students should be displaying equations such as:

Display slide 9 and using a Think-Pair-Share, have students explain which method will correctly determine  and  and why.
Animate slide 9 to reveal that option B is correct and lead a class discussion to confirm why option B is the correct method. 
Confirm with students that we solve for the same components because the intersection point must have identical  and  coordinates on both lines. Equating corresponding components ensures we’re finding one point that satisfies both vector equations simultaneously.
Allow students time to solve the equations, confirming with students the values for  and  on their mini whiteboard. (
Progress to slide 10 and again, using a Think-Pair-Share, have students consider the 2 methods and justify which method is correct.
Animate slide 10 to reveal that option B is correct. Allow students time to substitute values for  and into the vector equations  and . 
Display slide 11 to confirm the solution. 
3D intersections
Discuss with students if they think the drone’s path intersects the bridge in 3D, that is, will the drone actually hit the bridge in real life? 
Display slide 12. In a Think-Pair-Share, have students determine, using their understanding of intersecting lines in 2D, whether the drone’s path will intersect with the bridge when a  component is included. 
Students should determine that the drone and bridge do intersect when the component is included. 
Their solution should find that the  and  parameters are still  and  respectively. 
Students should also determine that the point of intersection is 
Skew lines
Display slide 13. Using the Pose-Pause-Pounce-Bounce questioning strategy 
(bit.ly/P-P-P-B), gather students’ views on the statements regarding vector lines only being parallel or intersecting in 2D and 3D. 
Students should outline that in 2D, lines can only be parallel or intersecting. However, in 3D, lines can be intersecting – parallel – but also ‘pass by’ each other and not intersect. 
Using 2 pieces of string, have students model a 3D line. 
Model a set of 3D axes using the edges of the classroom, with the origin in one corner. 
One of the strings will model a position vector. One end can be tied or held at the origin by a student, with the other end held by another student. 
Two students will hold the second string to model a direction vector.
Have students determine whether two lines in 3D space can be neither intersecting nor parallel. 
Animate slide 13 and define skew lines as 2 lines that are not parallel nor intersect in 3D.
Display slide 14 to show an example of skew lines in relation to the drone-bridge context. 
Releasing responsibility
1. Use slides 16–21 to model worked examples of determining intersecting and skew lines using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
1. To clarify the concept of intersecting and skew lines, have students complete Appendix A ‘Frayer diagram’ (bit.ly/frayerdiagram).
Encourage students to include ‘parallel lines’ and ‘skew lines’ in the ‘non-examples’ quadrant of the Frayer diagram.
Students should practise the skill of determining a point of intersection from an existing resource. 
Independent practice
1. Distribute Appendix B ‘HSC-style questions’ for students to complete independently. 
On completion, conduct a Think-Pair-Share with students to discuss their solutions to Appendix B. Slides 23–24 contain solutions to Appendix B and can be displayed to complement discussion. 


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Offer scaffolded questions for students who need support recalling vector equations, parallel vectors or point-on-line checks.
Challenge students with variations of the drone/bridge scenario requiring justification of parallelism or non-intersection.
Connecting learning 
Provide partially completed component equations for students needing help forming
  
Extend students by altering the -component or direction vectors to explore when lines become skew.
Releasing responsibility
Supply step prompts such as having them compare direction vectors or find the form component equations for students who need guided structure.
Encourage advanced students to critique or correct incorrect worked examples involving inconsistent parameters.
Independent practice
Offer an additional entry-level set of intersection/parallel/skew questions before Appendix B for students needing consolidation.
Provide optional questions requiring students to create their own pair of lines and classify their relationship with justification.


Suggested opportunities for assessment
Activating prior knowledge 
Assess students’ ability to recall vector equations, parallel vectors and point-on-line reasoning through quick responses.
Evaluate students’ ability to explain why 2 vectors are parallel or why a point lies on a line.
Connecting learning 
Check correctness of forming and solving component equations for and .
Assess students’ ability to classify lines as intersecting, parallel or skew using 3D components.
Releasing responsibility
Observe students’ ability to independently form component equations and verify parameter consistency. 
Evaluate precision in students’ definitions and examples of intersecting, parallel and skew lines.
Independent practice
Use students’ written solutions to gauge accuracy in classifying line relationships and finding intersection points. 
Assess reasoning during the Think-Pair-Share as students justify their answers against slides 24–25.


[bookmark: _Appendix_A]Appendix A 
Frayer diagram [image: Frayer diagram with 'intersecting lines' in the middle.
]
[bookmark: _Appendix_B]Appendix B 
HSC-style questions 
1. Which of the following is a true statement about the lines  and
  
1.  and  are the same line
 and  are not parallel and they intersect
 and  are parallel and they do not intersect
 and are not parallel and they do not intersect 

Find the point of intersection of the line through  and  and the  plane. 


Sample solutions
Appendix B – HSC-style questions 
1. Examining the direction vectors, and , of  and respectively.

So, the lines are parallel, or possibly the same line. 
Checking if the lines are the same, we need to see whether the point  from line  lies on the line 
 

All components give the same  value, so  lies on the line 
Hence,  and  are on the same line  option A.
2. Write the vector equation of the line through 2 points 
Direction vector: 
Equation of the line is: 
Hence, 
Intersection with the -plane
Defined by 
Hence, 
Substitute  into  and 
  
Therefore, the point of intersection of the line through  and  and the  plane is 
3. 
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