
Points on a line and collinearity in vector form
This lesson develops students’ ability to apply vector equations of lines to determine whether a point lies on a line and whether 3 points are collinear.
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
Learning intentions and success criteria should be shared with students later in the learning episode.
Learning intentions
To be able to determine whether a point lies on a line.
To be able to determine whether 3 points are collinear. 
Success criteria
I can check whether a point lies on a line by solving a vector equation for a parameter.
I can determine whether 3 points are collinear.
I can justify that 3 points are collinear using multiple methods. 


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
uses vectors to model lines and curves, solve problems, and prove results involving geometry and coordinate geometry ME2-12-02
Content
Vector equations of lines and curves
Determine whether a given point lies on a line in vector form
Determine using vector methods whether three points are collinear in two dimensions and three dimensions
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students recall the meaning of ‘collinear’, outline the steps for proving that a point lies on a vector line and how to determine if 2 vector lines are parallel, sharing responses after each prompt.
	Mini whiteboards
	This section reminds students of collinear lines and how to find them. 

	Activating prior knowledge
	Students are presented with a satellite sensor scenario from slide 3 of the PowerPoint Points on a line and collinearity in vector form and discuss how they might determine whether a point lies on a vector line. The scenario is extended to include additional sensors where students consider how they might show that 3 points lie on a line. Learning intentions and success criteria are shared (slide 4).
	Think-Pair-Share
	This section reinforces how a vector equation represents a straight line and activates the need for a process to prove points lie on a line. 

	Connecting learning
	Students use the GeoGebra workbook (bit.ly/Linesandcurves) to complete Activity 1 – Points on a line, exploring how changing the parameter scales the direction vector and moves the point along the line. They complete part of Appendix A, listing the steps for determining whether a point lies on a vector line. Slide 6 requires students to discuss linear relationship approaches, determine the vector equation through A and B, and solve for the value of  that makes , before considering how the same reasoning extends to 3D.
	Think-Pair-Share
	This section strengthens understanding that a vector line is generated by scaling a direction vector and that a consistent parameter confirms a point lies on the line. It extends this idea to collinearity by showing how vector equations and parameter consistency apply in both two and three dimensions.

	Releasing responsibility
	Students formalise the test for determining if a point lies on a line by examining slide 8, then work through modelled examples on slides 9–10. Slide 11 presents 2 methods for determining collinearity and slide 12 models determining collinearity. Students then complete Appendix A, followed by Appendix B.
	Worked example (Your turn) 
Worked example (comparison method) 
Four quadrant notes
	This section supports students to apply vector conditions for points on a line and for collinearity. It emphasises how comparing component equations and checking parameter consistency justifies alignment. It also strengthens students’ ability to choose between methods when working in two or three dimensions.

	Independent practice
	Students prove the satellite passes over the sensor using slides 14–15, then repeat the process with the second satellite question on slides 16–17. They complete Appendix C independently, then they use the marking criteria on slides 19–20 to assess a partner’s response.
	TAG feedback 
	This section reinforces independent application of vector methods and parameter checks and builds students’ evaluative skills through feedback and criteria-based marking.
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Activity structure
Please use the associated PowerPoint Points on a line and collinearity in vector form to display images in this lesson.
Retrieval practice
Using mini whiteboards (bit.ly/miniwhiteboards), ask students to complete the following, showing their response after each request. 
Define the term collinear. 
Write the steps used to prove that a point lies on a line. For example, how would you show  lies on the line .
How do you determine if 2 vector lines are parallel?
Activating prior knowledge
1. Display slide 3 of the PowerPoint and read the following scenario.
A satellite is sweeping across NSW on a straight scanning path. Its grid reference at time  is given by the vector equation,  A ground-based bushfire sensor is located at 
How can we determine if the satellite’s scan passes directly over the sensor? 
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students consider, without calculation, whether they think the sensor lies exactly on the satellite’s scanning path and to explain their reasoning. 
This prompt is designed to activate intuition, not computation. As students do not have the skills to test whether a point lies on a vector line, the goal is simply to raise ideas about position vectors and direction vectors. 
Animate slide 3 and extend the scenario.
Engineers want to place 2 more sensors along the same straight line for calibration. The new sensors have position, 


The engineers claim, ‘All 3 sensors lie on the same straight line as the satellite’s scanning path’
What steps could you take to determine if the sensors all lie on the same straight line? 
In a Think-Pair-Share, have students consider what may be required to prove the engineer’s statement to be true. 
Display slide 4 to reveal the learning intentions and success criteria for the lesson. 
Connecting learning
Points on a line
1. With a device between pairs, have students access the GeoGebra book ‘Extension 2 – Unit 2 – Vector equations of lines and curves’ (bit.ly/Linesandcurves). Have students navigate using the Table of Contents to ‘Activity 1 – Points on a line’ in Lesson 4.
This GeoGebra book contains the activities for all lessons in Unit 2 – Vector equations of lines and curves.
1. Allow students time to manipulate the applet and gain an understanding of what it is visualising.
1. In a Think-Pair-Share, have students describe what the applet is showing.
This applet models how a line is built from vectors. By moving the slider students see how changing the parameter  scales the direction vector  and shifts the point  along the line. It connects the algebraic form  to its geometric meaning.
Distribute Appendix A ‘Proving a point lies on a line’ for students to complete questions 1 and 2 in pairs.
On completion, have students discuss their method for determining if the point 
 is on a line. Encourage students to list the steps involved. 
To determine if a point lies on a vector line:
· Substitute the point’s  and  coordinates into the line’s component equations.
· Solve each for .
If both components give the same value of , the point lies on the line.
If the values differ, the point does not lie on the line.
Have students continue with questions 3–5 from Appendix A. 
On completion, lead a class discussion to discuss students’ answers to questions 3–5.
Collinearity 
Display slide 6 and lead a discussion on how students would prove the 3 points are collinear, using a linear relationships approach.
Students could outline approaches such as:
· Finding the equation between 2 points and then checking if the third point lies on that line.
· Finding there is an equivalence in the equation connecting points 1 and 2, and the equation connecting points 2 and 3. 
Animate slide 6 and in a Think-Pair-Share, have students determine the vector equation of the line through A and B in the form  and share the method they used.
Animate slide 6 again and, continuing in their pairs, have students determine the value of  that makes  and then decide whether  lies on the line through points A and B.
Students could determine that  for the line through A and B and determine that  to make  and hence, C would lie on the line through A and B. 
Discuss as a class whether the same the method would be applicable if the points were in 3D. 
Releasing responsibility
1. Display slide 8 to formalise the test to determine if points lie on a line in vector form.
1. Use slides 9–10 to model worked examples of proving that a point lies on a line, using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
1. Display slide 11 which shows 2 methods to determine collinearity.
Progress to slide 12 to model determining collinearity using the Worked examples – comparison method (bit.ly/supportingstrategies).
Have students’ complete questions 6–8 from Appendix A. 
Distribute Appendix B ‘Four quadrant notes’ (bit.ly/supportingstrategies) for students to complete. 
Independent practice
1. Display slide 14, which shows the satellite question from the ‘Activating prior knowledge’ section and have students prove that the satellite’s scan passes directly over the sensor. Use slide 15 to show the solution.
Display slide 16, which shows the extension of the satellite question from the ‘Activating prior knowledge’ section and have students prove that all 3 sensors lie on the same straight line as the satellite’s scanning path. Use slide 17 to show the solution.
Distribute Appendix C ‘HSC-style question’ for students to complete independently.
On completion, distribute the solution to Appendix C and have students swap with a partner, providing feedback using the TAG feedback strategy (bit.ly/DLSpeerfeedback)
Display the sample marking criteria from slides 19–20 of the PowerPoint and provide pairs with an opportunity to mark their partner’s solution and provide feedback aligned to the marking criteria. 


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Support students by unpacking the meaning of the terms ‘co’ and ‘linear’.
Extend students by asking them to predict what they might use to determine whether a point lies on a line defined by vectors.
Activating prior knowledge 
Provide prompts that help students remember what each component of a vector line represents before applying it to examples. 
Extend by asking students to sketch simple vector lines and predict whether given points could lie on the line.
Connecting learning 
Support students by giving partially structured working spaces for forming component equations and identifying the parameter. 
Extend by asking students to generalise the parameter‑consistency idea to 3D or to create their own collinearity test cases.
Releasing responsibility
Provide guided hints that direct students to identify which components to compare when checking alignment.
Extend by asking students to justify why their chosen method (component comparison or vector direction) is valid in all dimensions.
Independent practice
Offer sentence starters that help students articulate why a point lies on a line or why points are collinear.
Extend by asking students to create a new vector line and design a point-on-line or collinearity question for a peer to solve.
Suggested opportunities for assessment
Retrieval practice
Check student definitions and procedures for clarity and the use of mathematical language.
Note whether student responses display an understanding of the features of vector equations of lines.
Activating prior knowledge 
Listen for clear explanations of how a vector equation represents a straight line and how component comparison determines if a point lies on it.
Notice whether students can anticipate collinearity informally before applying the formal test.
Connecting learning 
Observe how accurately students form and compare component equations when checking for a consistent parameter.
Listen for precise justification of why parameter consistency confirms a point lies on a line or why points are collinear.
Releasing responsibility
Monitor whether students select the correct vector condition, component comparison or direction vector for the situation.
Check that students can clearly articulate each reasoning step when verifying alignment or collinearity.
Independent practice
Use students’ written explanations to assess whether they can independently apply parameter consistency and vector structure to new problems.
Listen for students’ ability to interpret their solutions and justify why their method confirms a point lies on a line or why points are collinear.


[bookmark: _Appendix_A]Appendix A 
[bookmark: _Proving_a_point]Proving a point lies on a line
Exploring how a line is generated
1. Given the position vector  and a direction vector  substitute the values of  to complete the following table to see the points that lie on the given line.

[image: A two‑row table showing values of λ and corresponding position vectors on a line.
Top row: λ values −2, −1, 0, 1, 2, …, …, 27.
Bottom row: labeled “Point P on the line (position vector r)” with the final entry showing the point (19, −4).]
How does changing  affect the position of the point on the line?
How is this process similar to substituting  and  into an equation like 
How might this strategy extend to a vector line in 3D?
Explain how the parameter,  controls movement along the line. How is this similar to the way the gradient controls the rate of change in?
Applying your understanding
Prove the point  lies on the line 
Prove that the point  does not lie on the line 
Prove the point  lies on the line 

[bookmark: _Appendix_B]Appendix B 
Four quadrant notes
	Example 1
3 points are given:

Determine whether the points are collinear.
Determine direction vectors:

Since 
The vectors are scalar multiples.
Therefore, the points  are collinear.
	Example 2
3 points are given:

Determine whether the points  are collinear. 

	Things to remember
	Example 3


[bookmark: _Appendix_C]

[bookmark: _Appendix_C_1]Appendix C 
HSC-style question
Consider 3 vectors

where  is the origin and the points  are distinct.
The point  is defined such that

Show that  lies on the line passing through  and .
The point  is defined such that 

Show that  lies on the line passing through  and  and determine whether the point  lies between  and 


Sample solutions
Appendix A – proving a point lies on a line
Exploring how a line is generated
1. Given the position vector  and a direction vector  substitute the values of lambda to complete the following table to see which points lie on the given line.
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	Point P on the line (position vector 
	
	
	
	
	
	…
	
	…
	


As  increases, the point moves along the line in the direction of the vector .
In both cases you are checking whether a point satisfies the rule that defines the line. For , you substitute  and see if the resulting  matches the given point. For the vector line, you substitute the point into the component equations and check whether there is a single value of  that makes both components true. In each case, if the equations are satisfied, the point lies on the line.
A 3D vector line has 3 component equations. To test a point , substitute its coordinates into all 3 equations and solve each for  and check if all 3 give the same  If they do, then the point lies on the line. 
A consistent parameter value is a single geometric point where the vector equations are satisfied. 
Applying your understanding
As each component provides a consistent solution for  then the point  lies on the line 

As each component provides an inconsistent solution for , then the point  does not lie on the line 

As each component provides a consistent solution for  then the point  lies on the line
 


Appendix B – Four quadrant notes
	Example 1
3 points are given:

Determine whether the points are collinear.
Determine direction vectors

Since 
The vectors are scalar multiples.
Therefore, the points  are collinear.
	Example 2
3 points are given:

Determine whether the points  are collinear. 
Determine direction vectors

Since
The vectors are scalar multiples.
Therefore, the points  are collinear.




Appendix C – HSC-style question
a. A general point on the line  has a vector:

For 

Comparing with 

So,

which is of the form of a point of line  Therefore,  lies on the line through  and 
b. A point on the line  can be written as 

Substitute: 
So, 

Expanding:

Comparing coefficients
From 

Checking  with 

However, we require 
So, no single value of  makes all 3 components match. Hence,  does not lie on the line through  and  and does not lie between  and 
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