
Parallel vectors in two and three dimensions
This lesson develops students’ ability to apply vector equations of lines to determine geometric relationships. Students use their knowledge of vectors to test whether lines are parallel in two and three dimensions (2D and 3D).
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
Learning intention
To be able to determine whether 2 lines in vector form are parallel.
Success criteria
I can identify 2 vectors that are scalar multiples of each other.
I can justify whether 2 lines are parallel in 2D and 3D. 


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
uses vectors to model lines and curves, solve problems, and prove results involving geometry and coordinate geometry ME2-12-02
Content
Vector equations of lines and curves
Determine when two lines in vector form are parallel in two dimensions and three dimensions
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students determine the equation of the line shown on slide 4 of the PowerPoint Parallel vectors in two and three dimensions, then identify equations of lines parallel to it after the slide is animated.
	
	This section reinforces students’ understanding of parallel lines in 2D and activates prior fluency of linear equations. 

	Activating prior knowledge
	Students view the aircraft video on slide 6, then use the prompts on slide 7 to explore why 2 paths can head in the same direction without being the same line.
	Notice and wonder
Pose-Pause-Pounce-Bounce
	Students connect the aircraft context to the idea that ‘same direction’ is a structural property, not a visual judgement. This primes them to compare direction vectors rather than relying on appearance, bridging their prior gradient knowledge to vector equations.

	Connecting learning
	Students use Activity 1 in Lesson 3 from the GeoGebra book (bit.ly/Linesandcurves) to complete Appendix A, then justify which vector equations are parallel on slide 9. They next explore Activity 2 to determine direction vectors, list parallel vector equations on slide 10 and identify when lines are coincident on slide 11.
	Think-Pair-Share
	Students generalise from 2D to 3D by recognising that parallel lines share proportional direction vectors. Working across both applets reinforces that vector equations encode a point and a direction and that coincident lines require both the same direction and aligned position vectors.

	Releasing responsibility
	Students review the formal definition of parallel vector lines on slide 13, then work through the modelled worked examples on slides 14–15. They then practise from an existing resource before completing Four quadrant notes using Appendix B.
	Think-Pair-Share
Worked example (Your turn)
Four quadrant notes
Vertical non-permanent surfaces
	Students consolidate the formal definition by applying it to worked examples, focusing on identifying proportional direction vectors and distinguishing parallel from coincident lines. The modelling shows how to structure a clear justification using the components of a vector equation, preparing students to apply the definition independently.

	Independent practice
	Students independently solve the vector-line questions on slides 17–18, compare solutions with a partner and view the animated answers. They then explain the relationships between lines on slide 19 and complete the final justification task on slide 20.
	Think-Pair-Share
	Students apply the formal definition independently by comparing direction vectors and justifying whether lines are parallel or coincident. 
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Activity structure
Please use the associated PowerPoint Parallel vectors in two and three dimensions to display images in this lesson.
Retrieval practice
Display slide 4 of the PowerPoint and have students determine the equation of the line. 
Animate slide 4 and, in a class discussion, have students provide equations of lines that are parallel to the displayed line. 
Conclude with students that the gradient is common across the parallel lines whereas the constant term changes. 
Activating prior knowledge
Students have previously established the condition for 2 vectors to be parallel in Mathematics Extension 1. This lesson extends that understanding to lines in vector form, applying the same scalar‑multiple reasoning in both 2D and 3D.
1. Display slide 6 and play the embedded video (0:16).
1. Discuss with students what they notice and wonder (bit.ly/noticewonderstrategy) about the video.
Students may notice that of the 3 planes, 2 are heading to the same destination. Students may also notice that the planes are travelling in the same direction and that the information on the left-hand side of the video. Students may wonder why one of the planes is on the same path as the other 2, despite having a different destination.
1. Progress to slide 7 and, using the Pose-Pause-Pounce-Bounce (bit.ly/P-P-P-B) questioning strategy, lead students through the following questions to draw out a need for direction vectors and parallel lines.
Air‑traffic control sees 2 aircraft moving in the same direction. Does that mean they are on the same flight path? (Note that ‘flight path’ has both the direction the plane is flying and its altitude.)
What is it called when aircraft are not on the same path, but they’re heading in the same direction?
What limitations does a radar like this have?
From these responses students should hypothesise that the 2 aircraft could be on different paths, potentially heading the same way but not towards each other. They should conclude that 2 aircraft are on a parallel path to each other when they are not on the same path but heading in the same direction. Finally, the limitation of a radar is that it only shows a 2-dimensional image. 
1. Conclude with students that the aim for the lesson is to be able to determine, using vector equations, when 2 paths are parallel. 
Connecting learning
1. With at least one device between 2, have students access the GeoGebra book ‘Extension 2 – Unit 2 – Vector equations of lines and curves’ (bit.ly/Linesandcurves). Have students use the Table of Contents to navigate ’Activity 1 – Parallel vectors’ in Lesson 3.
This GeoGebra book contains the activities for all lessons in Unit 2 – Vector equations of lines and curves
1. Give students time to adjust the sliders and observe how each parameter affects the representation.
1. Confirm with students that the function of the applet is to compare 2 vectors and see their path. Students can move the position vector, adjust the direction vectors, increase and decrease the value of  and observe the path of the vectors.
Distribute Appendix A ‘Determining parallel lines in 2D’ and have students complete the activity using the GeoGebra applet. 
Display slide 9 and have students indicate which vector equations are parallel.
The first 2 lines are parallel as their direction vectors are scalar multiples of each other. 
Ask a non-volunteer student to justify why they believe their selected vectors are parallel. 
Still in pairs, have students navigate to the GeoGebra applet ‘Activity 2 – 3D parallel vectors’.
Give students time to manipulate the parallel lines and observe the changes to the equations when the position and direction vectors are altered.
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to use their understanding of 2D parallel lines in vector form to determine a method for proving if 2 lines are parallel in 3D.
Display slide 10 and provide students with an opportunity to list vector equations that are parallel to 
Gather student responses and animate slide 10 to provide some possible parallel vectors.
Animate slide 10 again and in a Think-Pair-Share, have students generalise the parallel relationship between 2 vectors in 3D. Animate the slide to provide a parallel relationship. 
Progress to slide 11 and in a Think-Pair-Share have students consider the following question, ‘If 2 lines share the same position vector and their direction vectors are multiples, what does that tell us about their relationship?’
Animate slide 11 to provide a summary response. 
Students may need the term ‘coincident’ defined as vectors that lie directly on top of each other, sharing the exact same line of action. They point in the same direction and share an infinite number of common points in space, although they may have different magnitudes
Releasing responsibility
1. Use slide 13 to formalise the condition for 2 vector lines to be parallel.
In a Think-Pair-Share, have students state the definition of the condition for 2 vector lines to be parallel in plain English. Then, animate slide 13 to provide an example statement. 
Animate the self-explanation prompts on slide 13 and allow students time to discuss and share their answers.
Students should justify that it does not matter whether the vectors have 2 components (2D) or 3 components (3D), the condition is identical.
Use slides 14–15 from the PowerPoint to model worked examples of proving 2 vector lines are parallel using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Students would benefit from practising questions from an existing resource. 
Assign students to visibly random groups of 3 and ask them to complete four quadrant notes to their future forgetful self (bit.ly/supportingstrategies) from Appendix B ‘Four quadrant notes’ on a vertical non-permanent surface (bit.ly/VNPSstrategy).
Independent practice
1. Display slides 17—20 and have students independently solve the questions and then discuss their solutions in pairs to agree on a solution. 
Note: each slide animates to display a solution.
Slide 18: this has 2 correct solutions, A and C. Solution A is the more obvious solution and will be discussed first, then consideration of C will follow.
Animate slide 20 a second time to pose the statement, for students to consider the statement ‘Because these lines are not parallel, they must intersect.’ 
Lead a class discussion with students about whether they agree with the statement and why. 
Slide 20: this question aims to leave students with the consideration that in a 3D space, lines are not restricted to being parallel or intersecting and that a third case arises where lines are neither parallel nor intersecting, but completely ‘miss’ each other. This notion of skew lines will be addressed in lesson 5.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Prompt students to remember key steps in finding the equation of a line.
Extend students by asking for a generalised equation for lines parallel to AB. 
Activating prior knowledge 
Offer sentence starters to support students articulating why 2 paths may appear parallel.
Challenge students by having them express the aircraft paths as informal direction vectors.
Connecting learning 
Provide students with a table scaffold for them to compare direction vectors across 2D and 3D.
Extend students by asking them to explain why identical direction vectors do not guarantee coincidence.
Releasing responsibility
Offer partially completed steps for students needing support applying the formal definition.
Independent practice
Provide optional checkpoints reminding students to test proportionality and compare position vectors.
Extend students by asking them to construct their own parallel or coincident lines and justify the relationship.

Suggested opportunities for assessment
Retrieval practice
Check student responses for clarity and completeness.
Listen for students demonstrating understanding of the link between gradient and parallel lines.
Activating prior knowledge 
Listen for students correctly describing the meaning of same direction in their own words.
Gauge whether students can justify why appearance alone cannot confirm parallelism.
Connecting learning 
Observe whether students accurately identify proportional direction vectors in 2D and 3D.
Check if students can explain why identical direction vectors may still produce distinct lines.
Releasing responsibility
Evaluate how clearly students articulate the steps for determining parallel or coincident lines.
Check whether students correctly apply the formal definition using vector components.
Independent practice
Review students’ solutions for correct proportionality checks and relationship statements.
Assess how well students justify their conclusions using the structure of a vector equation.

[bookmark: _Appendix_A]Appendix A 
Determining parallel vectors in 2D
Complete the following table using the GeoGebra applet ‘Activity 1 – Parallel vectors’ to summarise a condition for 2 vector equations of lines to be parallel.
	Equation of vector A
	Position vector of B
	List 3 equations of vector B such that vector A  vector B

	
	
	1.  

1.  

1. 

	
	
	1. 

1.  

1. 


Looking at the vector equations that you have created, what always seems to be true when 2 lines are parallel? 


[bookmark: _Appendix_B]Appendix B 
Four quadrant notes
	Example 1
Prove that the line  is parallel to the line 
To show 2 lines are parallel, compare their __________ vectors
, 
Check if one is a scalar multiple of the other,
 
Since , these lines have the same direction and hence are parallel. 
	Example 2
Show that  is parallel to 

	Things to remember
	Example 3




Sample solutions
Appendix A – determining parallel vectors in 2D
	Equation of vector A
	Position vector of B
	List 3 equations of vector B such that vector A  vector B

	
	
	Any 3 direction vectors that are multiples of  with any position vector that is not 

	
	
	Any 3 direction vectors that are multiples of  with any position vector that is not 


Looking at the vector equations that you have created, what always seems to be true when 2 lines are parallel?
	When 2 lines are parallel, their direction vectors are scalar multiples of each other. The position vectors differ, showing the lines are in different places but share the same orientation. So, parallel lines always have matching direction ratios.




Appendix B – Four quadrant notes
	Example 1
Prove that the line  is parallel to the line 
To show 2 lines are parallel, compare their direction vectors
, 
Check if one is a scalar multiple of the other,
 
Since , these lines have the same direction and hence are parallel. 
	Example 2
Show that  is parallel to 
, 
Check if one is a scalar multiple of the other,
 
Since , these lines have the same direction and hence are parallel.
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