
Proving inverse trigonometric results
Students apply inverse trigonometric properties and their understanding of composite trigonometric and inverse trigonometric functions to prove results, selecting appropriate strategies and justifying each step.
[bookmark: _Toc144284346][bookmark: _Toc149036889]Learning intention
To be able to apply inverse trigonometric properties to prove results.
Success criteria
I can select and apply inverse trigonometric properties to prove a result.
I can explain and justify my reasoning when proving inverse trigonometric results.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
solves problems involving inverse trigonometric functions ME1-12-03
Content
Definitions of inverse trigonometric functions
Evaluate and simplify expressions, and prove results using the definitions of ,  and 
Graphs of inverse trigonometric functions
Use the properties , , 
and  to solve problems, simplify expressions and prove results
Examine the graphs of the composite functions ,  and 
, establish the values of  for which the formulas ,  and  are true, and apply the formulas to solve problems, simplify expressions and prove results
Examine the graphs of the composite functions ,  and , establish the values of  for which the formulas , and  are true, and apply the formulas to solve problems, simplify expressions and prove results
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Display slides 4–6 of the PowerPoint Proving inverse trigonometric results for students to recall inverse trigonometric properties and formulas and examine the role of the associated intervals. Display slide 7 and ask students to prove 2 Year 11 identities.
	Mini whiteboards
	The purpose of this activity is to activate prior knowledge of properties and formulas. Emphasise that some restrictions are built into the definitions and others must be checked before applying a formula.

	Connecting learning
	Display slide 9 and have groups construct, compare and refine an inverse trigonometric proof before completing increasingly complex proofs in Appendix A.
	Visibly random groups of 3
Vertical non-permanent surfaces
Banner task
	Students choose an efficient starting side and justify each step using appropriate identities, properties and formulas.

	Releasing responsibility
	Students give peer feedback and revise their proofs. Use slides 11–13 to model proving multi-step proofs before students consolidate their learning in Appendix B.
	TAG peer feedback 
Worked example (Your turn)
Four quadrant notes
	The purpose is for students to recognise and construct valid proofs by justifying each step and any required intervals.

	Independent practice
	Students match sample proofs to feedback in Appendix C. Use slide 15 to display 2 HSC-style questions. Students complete these independently before refining their reasoning in groups.
	
	The purpose of this section is for students to apply proven results, inverse trigonometric ranges and properties to solve HSC-style problems.



Activity structure
Please use the associated PowerPoint Proving inverse trigonometric results to display images in this lesson.
Activating prior knowledge
Use slides 4–6 of the PowerPoint to recall the inverse trigonometric properties and composite formulas. Have students respond to the questions and prompts using mini whiteboards (bit.ly/miniwhiteboards) or another suitable response method before animating each slide to reveal the solutions.
Use the prompts on slides 5 and 6 to facilitate a class discussion about why the intervals must be checked explicitly for the formulas on slide 6 but are implicit for those on slide 5.
· On slides 4 and 5, the values of  for which the properties and formulas are true are determined by the domains and ranges of the inverse trigonometric functions.
· By contrast, on slide 6, the composite functions are defined for other values of , but equal  only for the stated values of . These values must be checked before applying each formula.
Display slide 7 and ask students to independently prove the 2 Year 11 trigonometric identities. Have students consider which side of the equation is the most efficient place to begin and why. Animate to reveal the solution. 
Connecting learning
1. Organise students into visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (VNPS) (bit.ly/VNPSstrategy).
Display slide 9 and have all groups complete the same proof. Encourage students to record each step clearly and justify the properties they use.
Progressively reveal the worked solution and prompt on slide 9. Discuss why beginning with the left-hand side (LHS) is productive and which property justifies the substitution. Have groups compare, correct or annotate their proofs.
Have groups continue practising the application of inverse trigonometric properties and formulas by completing the proofs in Appendix A ‘Banner task – proving results activity’ (bit.ly/supportingstrategies). As groups progress, direct them to increasingly complex proofs.
Have students leave their final proof visible on their VNPS and review a neighbouring group’s proof.
Ask students to use the TAG (Tell, Ask, Give) feedback strategy (bit.ly/DLSpeerfeedback) to record feedback beside the proof, focusing on its clarity, completeness and validity. Have groups return to their own proof, consider the feedback and make any revisions.
Releasing responsibility
1. Display slide 11 and progressively reveal the prompts to model a valid and complete proof. Use student responses to formalise the conventions for proving an inverse trigonometric result.
Students may suggest beginning with the left-hand side in this example because it can be transformed using known inverse trigonometric properties.
· Students should identify the property and formula 
· The restriction  is required because  must lie within the range of inverse cosine. Outside this interval,  does not necessarily equal 
Ask students to revise their final proof on their VNPS to ensure it is valid and complete. Solutions should clearly indicate the side of the statement they are starting from, justify each step and be structured vertically. Where necessary, students should state the values of  for which the result is valid.
Use slides 12–13 and the Worked example (Your turn) method (bit.ly/supportingstrategies) to model multi-step proofs that combine inverse trigonometric properties and formulas with familiar trigonometric identities. Animate the slides to reveal self-explanation prompts and the worked solution.
Distribute Appendix B ‘Four quadrant notes’ (bit.ly/supportingstrategies) for students to make notes. Direct students requiring further practice to appropriate questions from an existing resource. 
Independent practice
1. Distribute Appendix C ‘Matching feedback workshop’ to each group of 3. Have students analyse the sample solutions, match each solution to the most appropriate feedback and justify their decisions to the group. 
Confirm the matches as a class, inviting students to explain why each proof is valid, incomplete or incorrect.
Reinforce to students that a result proved in the first part of a question may be applied to solve a related problem in a later part.
Display slide 15, which presents 2 HSC-style questions. Have students select and apply appropriate properties, identities and previously proved results to solve the problems, beginning each independently before comparing their reasoning and refining their responses in groups of 3. 
Use slides 16 and 17 to reveal the corresponding solutions and have students check and correct their work.
Question 2 draws on the right-angled triangle method reviewed in Lesson 4 – proving and applying inverse trigonometric properties.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Provide students requiring support with the graphs of the composite functions to help them identify the intervals over which each composite equals .
Challenge students to choose an angle outside a stated interval on slide 6 and show that the composite function does not return the original angle.
Connecting learning
Provide an inverse trigonometric property and formula bank as a scaffold for students requiring additional support.
Challenge students to find alternative proofs or identify the largest interval over which a result is valid.
Releasing responsibility
Provide a checklist prompting students to check that each step is valid, relevant properties and formulas are identified and required intervals are justified. 
Challenge students to construct an alternative proof by beginning with the other side of the identity, then compare the clarity and efficiency of the 2 approaches.
Independent practice
Prompt students requiring support to let  and construct a right-angled triangle in Question 2.
Challenge students to extend the result in Question 2 to all real numbers by considering the fourth quadrant, then identify any additional solutions to the equation.


Suggested opportunities for assessment
Activating prior knowledge
Use mini-whiteboard responses to assess students’ recall of inverse trigonometric properties, composite formulas and their associated intervals.
Listen to student explanations to assess whether they can distinguish between the domain of a composite function and the interval over which the composite equals .
Connecting learning
Observe groups’ proofs at the VNPS to assess whether students apply properties and formulas correctly, justify each step and check required intervals.
Use contributions during the gallery walk to identify misconceptions about the validity, completeness and efficiency of proofs.
Releasing responsibility
Review students’ TAG feedback and subsequent revisions to assess their ability to identify and correct incomplete or invalid reasoning.
Use responses to the prompts on slide 11 to assess students’ understanding of the conventions of a valid and complete proof.
Independent practice
Use explanations from the matching feedback workshop to assess students’ ability to distinguish between valid, incomplete and incorrect proofs.
Review students’ initial independent responses to the HSC-style questions to assess their ability to apply inverse trigonometric ranges, properties and proven results without group support.

[bookmark: _Appendix_A]Appendix A
Banner task – proving results activity
Proofs involving one inverse trigonometric property or formula



, for 
for 
Proofs combining 2 or more properties, identities or formulas
1. 

, for 
sin⁻¹(sin ) + cos⁻¹(cos ) = 2 , for 0 ≤  ≤ 

, for 

for 
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Four quadrant notes
	Example 1
Prove the following. 



	Example 2
Prove the following is true for 


	Things to remember
	Example 3
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Appendix C
Matching feedback workshop
Prove

Match each solution in the table below to the most appropriate feedback in the second table. Be prepared to justify each match.
	Solution 1
	Solution 2

	
For composite formula: 
 (given)
	



	Solution 3
	Solution 4

	
For composite formula: 
 (given)
	



	Feedback A
	Feedback B

	Equal cosine values do not necessarily imply equal angles. Both sides must first be shown to lie in an interval where cosine is one-to-one.
	Applies  without establishing that   lies in .

	Feedback C
	Feedback D

	This proof is valid and complete. It uses the given values of  to justify applying the composite formula.
	Applies complementary identity correctly, then incorrectly separates the inverse cosine expression. The composite formula must be applied to the entire angle.




Sample solutions
Appendix A – banner task – proving results activity
Proofs involving one inverse trigonometric property or formula
1. 





, for 

for 

Proofs combining 2 or more properties, identities or formulas
1. 



, for 



sin⁻¹(sin ) + cos⁻¹(cos ) = 2 , for 0 ≤  ≤ 



, for 



for 

Since




Appendix B – Four quadrant notes
	Example 1
Prove the following.


	Example 2
Prove the following is true for 


Since






Appendix C – matching feedback workshop
1D
2A
3C
4B
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