
Composite functions
Students investigate composite trigonometric and inverse trigonometric functions by considering their domains and ranges. They determine when composite functions simplify to , explain why this is not always the case, and apply these relationships to graph functions, simplify expressions and solve problems.
Students will need at least one digital device per pair to interact with Amplify Classroom during this lesson. 
[bookmark: _Toc144284346][bookmark: _Toc149036889]Learning intention
To understand composite trigonometric and inverse trigonometric functions.
Success criteria
I can determine when a trigonometric function and its inverse compose to give .
I can sketch composite trigonometric and inverse trigonometric functions.
I can explain how the domain and range of composite functions depend on the original functions.
I can simplify expressions and solve problems involving composite trigonometric and inverse trigonometric functions.

Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
solves problems involving inverse trigonometric functions ME1-12-03
Content
Graphs of inverse trigonometric functions
Graph the composite functions ,  and  by considering their domains and ranges
Examine the graphs of the composite functions ,  and 
, establish the values of  for which the formulas ,  and  are true, and apply the formulas to solve problems, simplify expressions and prove results
Graph the composite functions ,  and  by considering their domains and ranges
Examine the graphs of the composite functions ,  and , establish the values of  for which the formulas , and  are true, and apply the formulas to solve problems, simplify expressions and prove results
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Use slide 4 of the PowerPoint Composite functions to retrieve and apply the sum and difference trigonometric formulas using HSC Reference sheets.
	Mini whiteboards
	Reinforce relevant trigonometric identities and representations that students will draw on when simplifying composite trigonometric expressions.

	Activating prior knowledge
	Use slides 6–7 for students to revisit inverse functions through exponential and logarithmic functions, simplifying compositions and comparing their graphs. 
	Think-Pair-Share
	Draw connections between inverse functions and their compositions. Highlight that a composite of inverse functions simplifies to  only where the composition is defined, considering the domain of the inner function and the domain of the outer function.

	Connecting learning
	Use the Amplify Classroom activity (bit.ly/CompositeInverseTrig) and complete screens 1–7 to investigate  and . Use slide 9 to compare the 3 composite functions before students sketch them in Appendix A. Continue with screens 8–10 in the Amplify Classroom activity, using slides 10–12 to predict, compare and discuss the remaining composite functions. Students then complete the remaining graphs in Appendix A.
	Pose-Pause-Pounce-Bounce
Mini whiteboards
	Draw connections between the domain and range of the component functions, and the domain and behaviour of each composite function. Highlight why some composites simplify to  over a restricted domain while others produce periodic composite graphs.

	Releasing responsibility
	Use slide 14 to formalise the conditions under which each composite equals  Use slides 15–18 to model how to solve composite inverse trigonometric problems, then Appendix B for students to practise. Use slide 19 to compare the order of composition, distinguishing between a ratio and an angle and highlighting the restrictions required when solving. Students consolidate their learning by annotating Appendix A.
	Worked examples (Your turn)
Visibly random groups of 3
Vertical non-permanent surfaces
Banner tasks
Pose-Pause-Pounce-Bounce
Notes to future forgetful selves
	Reinforce the domain conditions required when simplifying composite trigonometric and inverse trigonometric expressions. Support students to select appropriate representations, including graphs and right-angled triangles and justify exact values and solutions.

	Independent practice
	Students complete Appendix C and compare solutions before adding to their notes.
	Visibly random groups of 3
Vertical non-permanent surfaces
Gallery walk
	Support students to select and apply appropriate identities, representations and domain restrictions when simplifying expressions and solving more complex composite function problems.



Activity structure
Please use the associated PowerPoint Composite functions to display images in this lesson.
Retrieval practice
Display slide 4 of the PowerPoint and using mini whiteboards (bit.ly/miniwhiteboards), have students revise the sum and difference trigonometric formulas.
There are 4 animations on slide 4 which reveal the solution and next question. After question 4 is revealed, provide time for students to answer the prompt.
Activating prior knowledge
1. Display slide 6 and ask students, in a Think-Pair-Share (bit.ly/thinkpairsharestrategy), what the relationship is between the 2 functions.
Students should recognise that the exponential and logarithmic functions are inverses of each other.
Click to animate slide 6 and have students simplify the functions.
In a Think-Pair-Share, ask students to consider how they know their answers are correct.
Students should be aware that  is the inverse of , which means . Students should be familiar with inverse functions from the Year 11 Mathematics Extension 1, Further work with functions, outcome ME1-11-01.
Display slide 7, which shows the graph of  and , and provide time for students to match each graph with the correct function.
Animate to reveal the graph labels and have students discuss the prompt in a Think-Pair-Share.
Highlight that while the composite of inverse functions is , the domain may be restricted. In a composite function , the domain of the composite function is equal to the domain of . Students should be familiar with composite functions from the Year 11 Mathematics Advanced, Working with functions, outcome MAV-11-02.
Connecting learning
Graphs of  and 
Before completing this activity, you will need to set up an Amplify classroom (bit.ly/createamplifyclassroom).
· You can use the Amplify Classroom dashboard to anonymise and display student responses.
· Use the teacher dashboard features to check student responses as they progress and pause the activity to discuss student responses to different screens as needed.
1. With at least one digital device per pair of students, assign the Amplify Classroom activity ‘Composite inverse trigonometric functions’ (bit.ly/CompositeInverseTrig) for students to complete and use the pacing feature to restrict students to screens 1–7.
Display slide 9 to show the 3 composite functions. Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to discuss the similarities and differences of the 3 functions. Some possible prompts include:
What is the same about all 3 composite functions?
What is different about their graphs and why?
How does the function applied first in each composition affect the domain of the composite function?
Students should recognise that all 3 composite functions give . However, the domains of  and  restrict the composite functions to , whereas the domain of  is all real , so  is not restricted, as the domain of the composite function is determined by the domain of the inside function.
Distribute Appendix A ‘Composite functions’ for students to sketch the functions of 
 and  in the first 3 Cartesian planes.
Graphs of  and 
Extend the pacing in the Amplify Classroom activity to screens 8–10 for students to consider the composite functions of the form .
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss how the properties of  and  explain the graph of  Some possible prompts include:
Why does  only equal to  for ?
Why does the graph of  change direction at  and ?
How does the range of  affect the graph of ?
How could the range of  help you predict the graph of ?
Provide time for students to sketch their prediction of the graph  on mini whiteboards.
Teachers may wish to provide students with a blank Cartesian plane in a plastic sleeve to support students to sketch graphs accurately.
Have students compare their sketch with a peer before using slide 10 to display the graph and some prompts for students to discuss.
Display slide 11 and lead a discussion around what information is required to sketch 
 Some possible prompts include:
What is the range of 
For what values of  is  undefined?
What would the graph look like between  Why?
How can the period of  help you predict what happens outside this interval?
Provide time for students to use this information to sketch a prediction of the graph  on mini whiteboards.
Teachers may wish to provide students with a blank Cartesian plane in a plastic sleeve to support students to sketch graphs accurately.
Have students share their sketches with a peer before animating slide 11 to display the graph and prompts for students to discuss.
Display slide 12 and use a Pose-Pause-Pounce-Bounce questioning strategy for students to consolidate their understanding of when the composite function has a restricted domain. Some possible prompts include:
What is similar about these graphs? What is different?
How does the domain of each inner function affect the domain of the composite function?
For which values of  does each composite function return ?
Have students return to Appendix A and sketch a copy of  and .
Releasing responsibility
1. Display slide 14 to identify the conditions under which a composite inverse trigonometric relationship gives . Provide time for students to match each composite function with the values of  for which the definition holds.
Animate slide 14 to show the solutions, matching the appropriate values of  with the composite functions.
Use slides 15–18 to model how to solve problems involving composite inverse trigonometric functions using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy) to complete the banner task activity in Appendix B ‘Banner task’.
Display slide 19 and provide time for students to compare the 2 equations and their solutions.
The purpose of this slide is to reinforce that the order of the functions in a composition matters –  returns a ratio, while  returns an angle. 
Use a Pose-Pause-Pounce-Bounce questioning strategy to draw out that the order of composition produces different types of answers. Some possible prompts include:
What type of answer does each composite equation produce? Why are the results different?
What needs to be true about the domain for each composite equation to simplify?
What would happen if  was outside the restricted domain 
Using Appendix A, students are to create notes to their future forgetful selves (bit.ly/notestofutureself) on composite inverse trigonometric functions through annotations.
Independent practice
1. Distribute Appendix C ‘Harder composite functions’ for students to complete in pairs.
Provide time for students to compare their solutions with other pairs before adding to their notes to their future forgetful selves.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Prompt students requiring additional support to identify and use relevant trigonometric identities from the Mathematics Extension 1 – HSC reference sheet.
Activating prior knowledge
Provide students requiring additional support with a function machine representation of the exponential and logarithmic functions to trace the order of each composition and identify the domain requirements of the inner and outer functions.
Connecting learning
Adjust the pacing of the Amplify Classroom activity to provide students with additional time to explore and discuss the composite functions before progressing to subsequent screens.
Provide students requiring additional support with the domain and range of the individual trigonometric and inverse trigonometric functions to support their predictions of the composite graphs.
Prompt students requiring additional support to identify the inner and outer functions and consider the range of the inner function before predicting the domain and behaviour of each composite function.
Releasing responsibility
Prompt students requiring additional support to refer to Appendix A when completing the ‘Your turn’ questions and banner task.
During the banner task, direct students requiring additional support to first identify the inner and outer functions and determine whether the relevant domain condition is satisfied before evaluating each expression.
Independent practice
Support students by providing them with a first-step prompt for selected questions in Appendix C.

Suggested opportunities for assessment
Retrieval practice
Monitor student responses on mini whiteboards to assess understanding of relevant trigonometric identities and address misconceptions before students apply these identities to composite functions.
Activating prior knowledge
Listen to student explanations during the Think-Pair-Share to assess their understanding of the order of composition and the domain requirements for a function and its inverse to simplify to .
Connecting learning
Use responses in the Amplify Classroom teacher dashboard to assess students’ understanding of how the domain and range of the component functions affect composite inverse trigonometric functions.
Monitor student graph predictions on mini whiteboards and subsequent explanations to assess their ability to connect the properties of the component functions to the behaviour of the composite graph.
Releasing responsibility
Student responses to self-explanation prompts during worked examples provide an opportunity to assess student reasoning about the domain requirements of composite trigonometric and inverse trigonometric functions.
Monitor student responses in the ‘Your turn’ sections to assess their ability to apply this reasoning when evaluating composite trigonometric and inverse trigonometric functions.
Use student reasoning during the banner task and question comparison to assess whether students can determine when a composite simplifies directly and justify the role of domain restrictions when solving equations.
Independent practice
[bookmark: _Appendix_A]Monitor student solutions to Appendix C to assess their ability to independently select and apply appropriate identities and domain restrictions when simplifying and solving composite function problems.

Appendix A
Composite functions
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[bookmark: _Appendix_B]Appendix B
Banner task
Find the exact value of each of the following:
	Question
	Answer

	Given that 

find 

	

	
	

	
	

	
	

	
	

	
	

	
	




[bookmark: _Appendix_C]Appendix C
Harder composite functions
Find the exact value of the following:
1. 



Find , given that

Find , given that

Find , given that


Simplify .
Hence, solve .


Sample solutions
Appendix C – harder composite functions
1. Let  and 
	
	Let 

	[image: Right-angled triangle with side lengths 5, 12 and 13. Angle a is at the lower-left vertex, with the right angle at the lower-right vertex.]


Let 
Let  and 
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