
Proving and applying inverse trigonometric properties
Students examine and prove properties of inverse trigonometric functions, then apply these properties to simplify expressions and solve problems.
Students will need at least one digital device per pair to interact with Amplify Classroom during this lesson.
[bookmark: _Toc144284346][bookmark: _Toc149036889]Learning intention
To be able to apply the properties of inverse trigonometric functions.
Success criteria
I can use graphs to explain the properties of inverse trigonometric functions.
I can prove inverse trigonometric properties algebraically.
I can use inverse trigonometric properties to simplify expressions.
I can apply inverse trigonometric properties to solve problems.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
solves problems involving inverse trigonometric functions ME1-12-03
Content
Graphs of inverse trigonometric functions
Examine the properties  ,  and  using graphing applications and prove them algebraically
Use the properties , , and  to solve problems, simplify expressions and prove results
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Display slide 4 of the PowerPoint Proving and applying inverse trigonometric properties to recall how to find a trigonometric ratio given another. 
	
	Reinforce quadrant reasoning to prepare students to work with the restricted ranges of inverse trigonometric functions.

	Activating prior knowledge
	Use slides 6–7 to complete revision of trigonometric identities and predict relationships for inverse functions.
	Think-Pair-Share
	Students recall trigonometric identities, connections to symmetry and complementary and supplementary angle relationships. 

	Connecting learning
	Use the Amplify Classroom activity (bit.ly/properties-invtrig) for students to investigate reflections and the sum of inverse sine and inverse cosine.
	Pose-Pause-Pounce-Bounce
	Students develop the 4 inverse trigonometric properties through graph relationships, including symmetry and ranges. 

	Releasing responsibility
	Use slides 9–10 to formalise the properties and check one with a numerical value. Use slide 11 to model an algebraic proof of one property. Have groups prove the remaining properties and compare with Appendix A. Use slides 12–15 to model applying the properties to simplify expressions and solve problems. 
	Think-Pair-Share
Visibly random groups of 3
Vertical non-permanent surfaces
Gallery walk and peer feedback
Worked examples (Your turn)
	Students prove the properties algebraically and apply them to simplify expressions and solve equations.

	Independent practice
	Students complete the questions in Appendix B, then compare and refine solutions with a partner. 
	
	Students select and combine properties to evaluate expressions and solve equations.



Activity structure
Please use the associated PowerPoint Proving and applying inverse trigonometric properties to display images in this lesson.
Retrieval practice
Display slide 4 of the PowerPoint for students to revise how to find a trigonometric ratio given another trigonometric ratio. Animate to reveal the solution.
Encourage students to draw a diagram and emphasise how the given sign condition determines the quadrant and therefore the signs of the trigonometric ratios.
Activating prior knowledge
1. Display slide 6 and encourage students to complete and justify each identity independently. Have students compare their responses in pairs, using the unit circle diagram as a scaffold to support their reasoning.
Animate the slide to reveal the solutions. Reveal the prompts and discuss how graph transformations justify the identities and why they also hold when  lies outside quadrant 1.
Display slide 7 and have students complete the complementary and supplementary identities, using the unit circle diagrams as a scaffold to justify their answers. Animate the slide to reveal the solutions.
Animate slide 7 again to reveal the prompt and ask students to consider the question in a Think-Pair-Share (bit.ly/thinkpairsharestrategy).
· Students may predict that the negative angle identities will also apply to inverse sine and inverse tangent because of their symmetry. 
· Students may initially predict that the identity for cosine will apply to inverse cosine. Encourage them to consider the restricted range of inverse cosine. 
· Students may also suggest that the complementary and supplementary relationships lead to relationships involving inverse sine and inverse cosine.
Accept predictions at this stage. Students will test and refine these relationships using graphs in the next activity. 
Connecting learning
Before completing this activity, you will need to set up an Amplify Classroom (bit.ly/createamplifyclassroom) and use the pacing feature to restrict students’ screens.
1. With at least one digital device per pair of students, assign screens 1–5 of the Amplify Classroom activity ‘Properties of inverse trigonometric functions’ (bit.ly/properties-invtrig).
Pause the activity and use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to consider why the inverse cosine function behaves differently from inverse sine and inverse tangent under these reflections. Suggested prompts may include:
How do the ranges of the 3 inverse trigonometric graphs differ?
Which graphs are centred at the origin?
Highlight that the graphs of  and  have point symmetry about the origin and are therefore odd functions. The graph of  has point symmetry of about  and is neither even nor odd. 
Extend pacing to screen 6 where students compare corresponding -values of  and  and investigate their sum. 
Summarise the 4 inverse trigonometric properties that students have studied in the activity. Explain that the next part of the lesson will establish these results algebraically before applying them to simplify expressions and solve problems.
Releasing responsibility
1. Display slide 9 and summarise the 4 inverse trigonometric properties observed graphically through the Amplify Classroom activity.
Display slide 10. In pairs, have students analyse the property using exact values.
Animate the prompt and use a Think-Pair-Share to discuss whether checking one value establishes the property for all values of , highlighting the need for an algebraic proof.
Display slide 11 and model the steps to the algebraic proof of  progressively. Use the prompts to ask students to justify the range condition when applying inverse sine and explain what the result confirms about the symmetry of 
· Emphasise that  implies . Therefore, also lies in this interval, justifying the step from  to .
· Students should connect the proof with the algebraic test for an odd function, 
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy). Assign each group one of the remaining inverse trigonometric properties to prove algebraically, distributing different properties across the groups. Support students by providing the prompts in the teacher box below as needed.
· For proving : let . How could the supplementary angle identity, , be used to express  in terms of ?
· For proving : let either  or equal . How could a complementary-angle identity be used to express the other in terms of ?
Have students complete a gallery walk (https://bit.ly/DLSgallerywalk) to compare proofs and provide peer feedback using the TAG (Tell, Ask, Give) strategy (bit.ly/DLSpeerfeedback). Tell students to identify a clearly justified step, ask a question about a step needing further explanation and suggest an improvement. 
Have groups return to their surfaces and use feedback to refine their initial proof, then prove the remaining properties.
Select a largely correct proof and discuss it with the class. Model your reasoning through a think-aloud, explaining the key steps, including how the range of the inverse trigonometric function justifies a step in the proof. Connect the completed proof to the relationship that students observed graphically.
Distribute Appendix A ‘Algebraic proofs’. Have students compare the completed proofs with their group solutions, identify and explain any differences or missing justifications, and annotate their own proofs with key reasoning, including links to symmetry where relevant.
Display slides 12–15 to model how to apply inverse trigonometric properties to simplify expressions and solve problems, using the Worked examples (Your turn) method (bit.ly/supportingstrategies). 
In Worked example 2, students solve an inverse trigonometric equation by first rewriting it using one of the established properties. Emphasise how the restricted ranges of inverse trigonometric functions determine the possible solutions.
Independent practice
1. Distribute Appendix B ‘Applying inverse trigonometric properties’ for students to independently practise applying properties to solve problems.
When completed, ask students to compare their solutions with a partner and make any necessary corrections or annotations.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Support students to compare the coordinates of the points at and on the unit circle to explain which ratios change sign.
Challenge students to use the symmetry of the unit circle to express  and  in terms of  and .
Connecting learning
Support students to investigate the sum of inverse sine and inverse cosine at  before considering .
Challenge students to use the property , to describe a reflection and translation that maps the inverse sine graph onto the inverse cosine graph.
Releasing responsibility
Provide students requiring support with prompts as a scaffold to select a property, rewrite the expression and combine like terms. For example, ‘For “Your turn example 2”, provide a labelled right-angled triangle scaffold.’
Challenge students to solve Worked example 2 using a different approach and compare their solutions.
Independent practice
Support students to select a useful property before beginning each question, providing a right-angled triangle scaffold where needed.
Challenge students to solve Question 2(c) using a different sequence of properties and compare the efficiency of their solutions.


Suggested opportunities for assessment
Activating prior knowledge
Use students’ completed identities and explanations to assess whether they can justify sign changes and complementary-angle relationships.
Use Think-Pair-Share responses to identify students’ predictions about whether these relationships extend to inverse trigonometric functions.
Connecting learning
Use student responses and completed properties to assess whether they can connect reflections in the coordinate axes to inverse trigonometric properties.
Use the table and completed property on screen 6 to assess whether students can add corresponding function values and identify the constant sum.
Releasing responsibility
Observe group proofs and Appendix A annotations to assess whether students can select relevant identities and explain their reasoning.
Monitor Worked examples (Your turn) self-explanation responses to assess whether students can select properties, combine like terms and solve equations.
Independent practice
Review Appendix B responses to assess whether students can select and combine properties to evaluate expressions and solve equations.
Listen to partner discussions to assess whether students can identify errors and justify corrections.


[bookmark: _Appendix_A]Appendix A
Algebraic proofs
Required to prove
Let 
Using the trigonometric identity Substituting  gives
	


Required to prove, for all real .
Let 
Using the trigonometric identity  gives
	


Required to prove
Let 
Using the trigonometric identity Substituting  gives
	


Required to prove, 
Let 
Using the trigonometric identity Substituting gives

	




[bookmark: _Appendix_B]Appendix B
Applying inverse trigonometric properties
1. Evaluate:

.
Solve:
1. 


Find the exact values of  and  which satisfy the simultaneous equations below:



Sample solutions
Appendix B – applying inverse trigonometric properties 
1. 
1. 

From the 3-4-5 right-angled triangle


From the 3-4-5 right-angled triangle. 

1. 

Using 

Since  is in Question 1, and the 5-12-13 right-angled triangle.
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