
Transformations of inverse trigonometric graphs
Students use technology to apply graph transformations to inverse trigonometric functions, identifying how the transformations affect key features such as domain and range and any intercepts or asymptotes.
Students will need at least one digital device per pair to interact with Amplify Classroom during this lesson.
[bookmark: _Toc144284346][bookmark: _Toc149036889]Learning intention
To be able to apply graph transformations to inverse trigonometric functions.
Success criteria
I can describe transformations applied to an inverse trigonometric graph.
I can sketch transformations of inverse trigonometric functions.
I can determine the domain, range, intercepts and asymptotes of transformed inverse trigonometric functions.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
solves problems involving inverse trigonometric functions ME1-12-03
Content
Graphs of inverse trigonometric functions
Use graphing applications to explore reflections, translations and dilations of the functions ,  and , and confirm that the principles of transformations hold for the inverse trigonometric functions
Apply the principles of transformations to inverse trigonometric functions to determine the function rule and graph the function, finding the domain and range of the transformed graph and determining any intercepts and asymptotes where appropriate
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Use slide 4 of the PowerPoint Transformations of inverse trigonometric graphs. Have students write the equation and sketch the transformed function, then consider why the graphs differ despite having the same transformations.
	
	Remind students that the order of transformations matters when the transformation is in the same direction and one is additive and the other multiplicative. 

	Activating prior knowledge
	Students recall transformations of familiar functions using the Amplify Classroom activity (bit.ly/TransformInverseTrig), restricting screens to 1–4. Students consider which transformations can affect the domain and range.
	Think-Pair-Share
	Draw out that horizontal transformations can affect the domain, while vertical transformations can affect the range.

	Connecting learning
	Students use the Amplify Classroom activity, screens 5–11 to explore reflections, translations and dilations of inverse sine, cosine and tangent graphs and connect these to their prior understanding of transformations.
	Pose-Pause-Pounce-Bounce
	Highlight that the principles of graph transformations apply to inverse trigonometric functions. Negative dilation factors involve a reflection. 
Horizontal transformations can affect domain and vertical transformations can affect range. These may remain unchanged when the domain or range is already all real numbers.

	Releasing responsibility
	Use slides 6–8 of the PowerPoint to model applying transformations to determine the transformed function, and its domain, range and graph. Students practise using questions from Appendix A, then consolidate their understanding by making notes in Appendix B.
	Worked example (Your turn)
Worked example – comparison
Variation Theory
Four quadrant notes
	Students apply transformations consistently to the graph, domain and range. Different valid methods can be used to sketch transformed inverse trigonometric functions. Consider their effectiveness and efficiency.

	Independent practice
	Use slide 10 for students to sketch a transformed inverse trigonometric function and identify its relationship with another inverse trigonometric function. Use slide 11 to revisit the Approaching questions scaffold before students complete the HSC-style question on slide 12. Review solutions using slides 13–14.
	Think-Pair-Share
	Transformed inverse trigonometric functions can reveal relationships between inverse trigonometric functions. Students interpret information, select and apply appropriate mathematical processes, and communicate mathematical reasoning.



Activity structure
Please use the associated PowerPoint Transformations of inverse trigonometric graphs to display images in this lesson.
Retrieval practice 
Display slide 4 of the PowerPoint and have students write the equation of the transformed function and sketch the graph. 
There are 2 animations on the screen – one to display question 2 and then a second animation to display the solutions to both questions.
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students consider why the graphs are different, but the individual transformations are the same.
Remind students that the order of transformations matters when the transformation is in the same direction and one is additive and the other multiplicative. 
Students have studied graph transformations in the Year 11 Mathematics Advanced, Graph transformations, outcome MAV-11-03 and should be aware of when the order of transformations matter.
Activating prior knowledge
Before completing this activity, you will need to set up an Amplify Classroom (bit.ly/createamplifyclassroom).
· You can use the Amplify Classroom dashboard to anonymise and display student responses.
· Use the teacher dashboard features to assess student responses as they progress and pause the activity to discuss student responses to different screens as needed.
1. With at least one digital device per pair of students, assign the Amplify Classroom activity ‘Transformations of inverse trigonometric functions’ (bit.ly/TransformInverseTrig) for students to review transformations of familiar functions. Use the pacing feature to restrict students to screens 1–4.
Use the teacher dashboard in Amplify Classroom to review student responses to screen 4 to check student understanding of how vertical and horizontal transformations affect trigonometric graphs.
In a Think-Pair-Share, have students consider which transformation can affect the domain and which will affect the range.
Students have studied trigonometric transformations in the Year 12 Mathematics Advanced, Further graph transformations and modelling, outcome MAV-12-01 and should be able to describe horizontal transformations as affecting the domain, while vertical transformations affect the range.
Connecting learning
1. Extend the pacing to screens 5–11 in the Amplify Classroom activity for students to examine the effect of transformations on the graphs: ,  and .
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to help students verify that the principles of graph transformations apply to inverse trigonometric graphs. Some possible prompts include:
How might a transformation affect the domain and range of an inverse trigonometric function?
How might you determine whether a transformation will change the domain or range?
Why might a transformation change the graph of an inverse trigonometric function without changing its domain or range? Give an example.
Draw out that horizontal transformations can affect the domain, while vertical transformations can affect the range. Encourage students to consider the original domain and range when determining whether a transformation will result in a change. Emphasise that a transformation may change the graph without changing its domain or range, particularly where the domain or range is the set of all real numbers.
Releasing responsibility
1. Confirm with students that the transformation rules they have used previously also apply to inverse trigonometric functions.
Use slides 6–8 to model how to apply transformations to inverse trigonometric functions to determine the equation and graph the function using the Worked example (Your turn) method (bit.ly/supportingstrategies).
Distribute Appendix A ‘Sketching inverse trigonometric functions’, which uses Variation Theory (variationtheory.com/introduction/), for students to practise graphing transformed functions in their workbooks.
Students can use screen 12 of the Amplify Classroom activity to check their sketches.
Distribute Appendix B ‘Four quadrant notes’ (bit.ly/supportingstrategies) for students to make notes about how to apply graph transformations to inverse trigonometric functions.
Independent practice
1. Display slide 10 and provide time for students to sketch the function.
Teachers may wish to animate slide 10 to reveal the graph, either before or after step 2, depending on how accurately students have sketched the function.
In a Think-Pair-Share, ask students to consider the function they drew and whether they recognise it as an alternate function.
Students should recognise that the sketch they drew is also . Students will study this inverse trigonometric property further in Lesson 4 – proving and applying inverse trigonometric properties.
Display slide 11 to remind students of the Approaching questions scaffold before using slide 12 to provide students with an HSC-style question and time to complete it.
Solutions to the problem are shown on slides 13–14.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Support students to describe the transformation on screen 3 of the Amplify Classroom activity before asking them to identify whether the transformation affects the domain or range.
Connecting learning
Use student responses to the Amplify Classroom activity to identify transformations requiring further support. Pause the pacing at these points to consolidate student understanding of the effect of the transformation on the graph, domain and range before continuing with the Amplify Classroom activity.
Releasing responsibility
Adjust the number of variation questions from Appendix A based on students’ demonstrated understanding and readiness.
Independent practice
After students have sketched the function on slide 10, direct students requiring additional support to the original graphs in Appendix A to help them compare the graphs and identify the relationship between them.


Suggested opportunities for assessment
Activating prior knowledge
Use student responses in the Amplify Classroom activity to assess their understanding of reflections, translations and dilations of familiar functions.
Listen to student explanations during the Think-Pair-Share to assess their understanding of which transformations can affect the domain and range.
Connecting learning
Use student responses in the Amplify Classroom activity and class discussions to assess their understanding of how reflections, translations and dilations affect inverse trigonometric graphs, including their domain and range.
Releasing responsibility
Student responses to self-explanation prompts during the worked example provide an opportunity to assess their reasoning when applying transformations to the function, domain and range.
Monitor student responses to the ‘Your turn’ and variation questions in Appendix A to assess their increasing independence in applying transformations and sketching inverse trigonometric functions.
Independent practice
Listen to student explanations during the Think-Pair-Share to assess whether they can identify and explain the relationship between the inverse sine and inverse cosine graphs.
Monitor student responses to the HSC-style question to assess their ability to interpret the problem, select and apply appropriate mathematical processes and communicate their reasoning.


[bookmark: _Appendix_A]Appendix A
Sketching inverse trigonometric functions
For each function, describe the transformation and determine the domain and range. Then, sketch the new function.

[image: Graph of y equals arccos x, decreasing from pi at x equals negative 1 to 0 at x equals 1, with range from 0 to pi.]

[image: Graph of y equals arctan x, increasing through the origin, with horizontal asymptotes at y equals negative pi over 2 and pi over 2.]
1. 













[bookmark: _Appendix_B]Appendix B
Four quadrant notes
	[image: Graph of y equals cosine inverse of x, decreasing from negative 1, pi to 1, 0, with domain from negative 1 to 1 and range from 0 to pi.]Example 1:
 is translated  unit to the left, reflected in the -axis and translated  units up. Determine the transformed function, domain and range, and the graph the function.
Solution:
Apply transformations:
 Apply transformations to domain and range:
	Example 2:
 is horizontally dilated by a factor of , reflected in the -axis and translated  units up. Determine the transformed function, domain and range, and graph the function.

	Things to remember:
	Example 3:



Sample solutions
Appendix B – four quadrant notes
	[image: Graphs of y equals cosine inverse of x and y equals negative 2 cosine inverse of x plus 3. 

The transformed graph is reflected in the x-axis, vertically dilated by a factor of 2 and translated 3 units left.]Example 1:
 is translated  unit to the left, reflected in the -axis and translated  units up. Determine the transformed function, domain and range, and the graph the function.
Solution:
Apply transformations:
 Apply transformations to domain and range: 
	[image: Graphs of y equals tangent inverse of x and y equals negative tangent inverse of x over 2 plus pi over 2. 

The transformed graph is reflected in the x-axis, horizontally dilated by a factor of 2 and translated pi over 2 units up.]Example 2:
 is horizontally dilated by a factor of , reflected in the -axis and translated  units up. Determine the transformed function, domain and range, and graph the function.
Solution:
Apply transformation:
Apply transformations to domain and range:
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