
Defining inverse trigonometric functions
Students recall their understanding of inverse functions and determine the required domain restriction for a trigonometric function to have an inverse. Students consider different possible domain restrictions.
Students will need at least one digital device per pair to interact with Amplify Classroom during this lesson.
[bookmark: _Toc144284346][bookmark: _Toc149036889]Learning intentions
To understand why trigonometric functions require a restricted domain before an inverse function can exist.
To understand how inverse trigonometric functions are defined and used.
Success criteria
I can explain why a trigonometric function must be restricted before it has an inverse.
I can identify an appropriate restricted domain for  and  for an inverse to exist.
I can evaluate inverse trigonometric functions.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
solves problems involving inverse trigonometric functions ME1-12-03
Content
Definitions of inverse trigonometric functions
Graph ,  and , for  using graphing applications and recognise that these three functions fail the horizontal line test
Examine possible domain restrictions of ,  and  to obtain the corresponding inverse functions using graphing applications
Define  or  to be the inverse function of  restricted to , and determine the domain and range of
Define  or  to be the inverse function of  restricted to , and determine the domain and range of
Define  or  to be the inverse function of  restricted to , and determine the domain and range of
Evaluate and simplify expressions, and prove results using the definitions of ,  and 
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Use slides 4–5 of the PowerPoint Defining inverse trigonometric functions to determine whether inverse functions exist and restrict domains where required.
	Pose-Pause-Pounce-Bounce
	Reinforce the use of the horizontal line test to identify one-to-one functions and the use of domain restrictions to create one-to-one functions.
Highlight that more than one suitable restriction may exist.

	Activating prior knowledge
	Students use the Amplify Classroom activity (bit.ly/DomainRestrictions) and screens 1–7 to investigate why trigonometric functions require restricted domains before inverse functions can exist.
	Pose-Pause-Pounce-Bounce
	Draw attention to the periodic nature of trigonometric functions and how repeated outputs prevent them from having inverses over their existing domains.

	Connecting learning
	Students continue in the Amplify Classroom activity to compare possible domain restrictions of the trigonometric functions. Use slides 7–9 to establish suitable restrictions for  and , and determine the corresponding domains and ranges of their inverses. 
	
	Highlight considerations used to select suitable domain restrictions, including continuity, whether the function is increasing or decreasing and applications involving right-angled triangles. Reinforce that the domain and range interchange when an inverse function is formed.

	Releasing responsibility
	Use slides 11–12 to define the inverse trigonometric functions and formalise their notation. Use slides 13–14 to model the evaluation of inverse trigonometric functions and slide 15 to compare questions. Students complete Appendix A and create notes.
	Worked examples (Your turn)
Faded worked examples
Notes to future forgetful selves
	Draw attention to the domains and ranges of inverse trigonometric functions and their role in determining an angle. Support students to use exact trigonometric values, related angles and quadrants when evaluating expressions.

	Independent practice
	Use Appendix B for students to complete a banner task involving harder inverse trigonometric expressions.
	Visibly random groups of 3
Vertical non-permanent surfaces
Banner task
	Reinforce the accurate evaluation and simplification of inverse trigonometric expressions. Support students to identify efficient approaches using exact values and related angles.



Activity structure
Please use the associated PowerPoint Defining inverse trigonometric functions to display images in this lesson.
Retrieval practice
Display slide 4 of the PowerPoint and have students consider which functions have an inverse function.
Animate slide 4 to display the answer.
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to assess student understanding of inverse functions. Some possible prompts include:
What test can be applied to quickly check whether a graph has an inverse?
What does this test tell you about the function?
For functions that do not pass the horizontal line test, how could they be restricted so that they can pass the test?
Students should be familiar with using the horizontal line test to check that an inverse function exists for one-to-one functions and how to apply domain restrictions from the Year 11 Mathematics Extension 1, Further work with functions, outcome ME1-11-01.
Provide time for students to restrict the domains of the functions that did not have an inverse so that an inverse function exists.
For graph A, the possible domain restriction could be either  or .
For graph F, the possible domain restrictions are  or .
Display slide 5 and lead a discussion using the prompts on the slide, highlighting the need for a function to be one-to-one for its inverse function to exist.
Activating prior knowledge
Before completing this activity, you will need to set up an Amplify Classroom (bit.ly/createamplifyclassroom).
· You can use the Amplify Classroom dashboard to anonymise and display student responses.
· Use the teacher dashboard features to check student responses as they progress and pause the activity to discuss student responses to different screens as needed.
1. With at least one digital device per pair of students, assign the Amplify Classroom activity ‘Examining domain restrictions’ (bit.ly/DomainRestrictions) for students to complete and use the pacing feature to restrict students to screens 1–7.
Use the Pose-Pause-Pounce-Bounce questioning strategy to check for any student misconceptions of why trigonometric functions do not have an inverse function over their current domains and establish the need to restrict the domain. Some possible prompts include:
For the trigonometric functions, how many solutions were there between 
For a function to have an inverse, how many -values can produce the same output?
Could there be more than one possible domain restriction so that the horizontal line test passes?
Teachers may wish to use the teacher dashboard to share different student responses to screens 3, 5 and 7 and provide students with time to reattempt screens 3, 5 and 7 to try different domains; however, this will be further unpacked later in the lesson.
Connecting learning
1. Extend the pacing to screens 8–11 for students to consider possible quadrant pairs for 
 so that it is a one-to-one function.
Display slide 7 and/or use student responses from screen 11 to discuss the most convenient domain restriction for .
Teachers may wish students to consider the following:
· how easy or difficult it would be to reflect the function in  over a chosen domain to graph the inverse
· how a discontinuous domain will lead to challenges when differentiating the inverse
· the function passes the horizontal line test because it is entirely increasing in this interval
· the importance of including  in the chosen domain
· the importance of selecting a domain that includes the first quadrant when applying right-angled trigonometry.
Clarify with students that the domain restriction of  is the most convenient when forming the inverse function for .
Extend the pacing to screens 12–15 where students consider possible quadrant pairs for 
 so that it is a one-to-one function.
Display slide 8 and/or use student responses from screen 15 to discuss the most convenient domain restriction for .
Clarify with students that the domain restriction of  is the most convenient when forming the inverse function .
Extend the pacing to screens 16–18 where students consider possible quadrant pairs for  so that it is a one-to-one function.
Display slide 9 and/or use student responses from screen 18 to discuss the most convenient domain restriction for .
Clarify with students that the domain restriction of  is the most convenient when forming the inverse function .
Remove the pacing to provide time for students to complete screens 19–21 where they consider how to find the inverse function and its domain and range. 
Teachers may wish to show students the inverse trigonometric graphs. However, this will be studied further in Lesson 2 – graphs of inverse trigonometric functions.
Releasing responsibility
1. Display slide 11 which shows the domain and range of  and 
 and formalise the notation used for inverse trigonometric functions.
Display slide 12 and, in a Think-Pair-Share, have students discuss the prompts on the slide.
Teachers may wish to use this example to model for students where the misinterpretation can arise:

Teachers can explain to students that both forms of writing the inverse trigonometric functions are in the syllabus and the HSC may use either form. Often when students are asked to solve problems involving inverse trigonometric functions, they are written as  and  while when asked to differentiate, they can be written as  and  to avoid misinterpretation.
Use slides 13–14 to model how to solve inverse trigonometric problems using the Worked example (Your turn) method (bit.ly/supportingstrategies).
Display slide 15 and provide time for students, in pairs, to compare the 2 questions and lead a discussion to answer the prompt on the screen.
The purpose of this comparison is to highlight the relationship between solving a trigonometric equation and evaluating an inverse trigonometric function.
Students are to complete the faded worked examples (bit.ly/fadedexamplesstrategy) in Appendix A ‘Evaluating inverse trigonometric problems’.
Have students annotate Appendix A to create notes to their future forgetful selves (bit.ly/notestofutureself).
Independent practice
1. Place students in visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy) to complete the banner task (bit.ly/supportingstrategies) activity in Appendix B ‘Harder inverse trigonometric problems’.
After the first few questions, students may wish to leave up their exact triangles or use their HSC Reference sheet and consider a more efficient way to determine the related angle.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Support students by reminding them how to apply the vertical line test for a function and the horizontal line test for an inverse function.
Extend students by having them identify multiple possible domain restrictions for a function and justify why each restriction results in a one-to-one function.
Activating prior knowledge
Support students in the Amplify Classroom activity to determine a suitable domain restriction by identifying repeated -values on the graph, then selecting a section where each -value occurs only once.
Using the teacher dashboard features ‘Anonymise’ and ‘Snapshots view’ in Amplify Classroom, model domain restrictions that do and do not produce a one-to-one function, allowing students to review their responses.
Extend students by having them find multiple valid domain restrictions and determine whether each restriction can be enlarged while maintaining a one-to-one function.
Connecting learning
Support students who have difficulty identifying a suitable domain restriction by providing 2 possible quadrant pairs to compare using the horizontal line test before returning to the full Amplify Classroom activity.
Challenge students to predict the domain and range of each inverse trigonometric function once they have determined the restricted domain, prior to completing screens 19–21 of the Amplify Classroom activity.
Releasing responsibility
Support students by adjusting the rate at which scaffolds are faded in Appendix A, retaining or removing prompts based on student understanding.
Independent practice
Support students by prompting them to use their HSC Reference sheet to use exact triangles while completing the banner task.


Suggested opportunities for assessment
Retrieval practice
Monitor student responses to identify their understanding of the horizontal line test and whether students can determine a suitable domain restriction for a function to have an inverse.
Activating prior knowledge
Use Amplify Classroom activity responses to assess whether students can explain why the unrestricted trigonometric functions do not have inverse functions and determine domain restrictions that result in one-to-one functions.
Connecting learning
Use student responses and class discussion to assess whether students can justify why a particular domain restriction is appropriate when defining each inverse trigonometric function.
Releasing responsibility
Student responses to the self-explanation prompts and ‘Your turn’ provide an opportunity to assess student reasoning and understanding when evaluating inverse trigonometric expressions.
Monitor student responses to Appendix A to assess their increasing independence in evaluating inverse trigonometric expressions as scaffolds are progressively removed.
Independent practice
Observe student reasoning during the banner task, using questioning to assess whether students can independently select and apply an appropriate strategy to evaluate inverse trigonometric expressions.
[bookmark: _Appendix_A]

Appendix A
Evaluating inverse trigonometric problems
	Find the exact value of 

	Find the exact value of 


	Determine the range:

	Determine the range:


	Rearrange the inverse function and determine the quadrant.

	Rearrange the inverse function and determine the quadrant.


	Draw the triangle in the correct quadrant.
[image: Coordinate plane showing a right-angled triangle in quadrant 4. The horizontal side has length 1, the vertical side has length square root of 3 and the hypotenuse has length 2.]
	Draw the triangle in the correct quadrant.
[image: Coordinate plane showing a right-angled triangle in quadrant 4. The horizontal and vertical sides each have length 1 and the hypotenuse has length square root of 2.]

	Determine the related angle and solve.

	Determine the related angle and solve.



	Find the exact value of 
	Find the exact value of 

	Determine the range:

	Determine the range:

	Rearrange the inverse function and determine the quadrant.

	Rearrange the inverse function and determine the quadrant.

	Draw the triangle in the correct quadrant.
[image: Coordinate plane showing the x-axis and y-axis, dividing the plane into 4 quadrants.]
	Draw the triangle in the correct quadrant.
[image: Coordinate plane showing the x-axis and y-axis, dividing the plane into 4 quadrants.]

	Determine the related angle and solve.
	Determine the related angle and solve.


[bookmark: _Appendix_B]

Appendix B
Harder inverse trigonometric problems
Find the exact value of the following questions in the table below.
	Question
	Answer

	1. 
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	




Sample solutions
Appendix A – evaluating inverse trigonometric problems
	Find the exact value of 

	Find the exact value of 


	Determine the range:

	Determine the range:


	Rearrange the inverse function and determine the quadrant.

	Rearrange the inverse function and determine the quadrant.


	Draw the triangle in the correct quadrant.
[image: Coordinate plane showing a right-angled triangle in quadrant 4. The horizontal side has length 1, the vertical side has length square root of 3 and the hypotenuse has length 2.]
	Draw the triangle in the correct quadrant.
[image: Coordinate plane showing a right-angled triangle in quadrant 4. The horizontal and vertical sides each have length 1 and the hypotenuse has length square root of 2.]

	Determine the related angle and solve.

	Determine the related angle and solve.




	Find the exact value of 
	Find the exact value of 

	Determine the range:

	Determine the range:


	Rearrange the inverse function and determine the quadrant.

	Rearrange the inverse function and determine the quadrant.


	Draw the triangle in the correct quadrant.
[image: Coordinate plane showing a right-angled triangle in quadrant 1. The horizontal side has length square root of 3, the vertical side has length 1 and the hypotenuse has length 2.]
	Draw the triangle in the correct quadrant.
[image: Coordinate plane showing a right-angled triangle in quadrant 1. The horizontal side has length square root of 3, the vertical side has length 1 and the hypotenuse has length 2.]

	Determine the related angle and solve.

	Determine the related angle and solve.
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