
Further vector projection
Students determine the component of a vector that is perpendicular to another vector by subtracting its projection from the original vector. They then apply vector projection to solve problems.
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
Learning intention
To be able to find the component of a vector which is perpendicular to another vector.
Success criteria
I can calculate the projection of one vector onto another vector.
I can determine the component of one vector that is perpendicular to another vector.
I can solve problems involving the components of one vector which are parallel and perpendicular to another vector.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
operates with 2D and 3D vectors and uses 2D vectors to solve problems involving motion in two dimensions ME1-12-02
Content
Further operations with vectors
Examine the proof of the formula  and use the formula to solve problems 
Determine that the component of a vector  perpendicular to another vector  is 
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students discuss and answer questions using slides 4–5 of the PowerPoint Further vector projection.
	Pose-Pause-Pounce-Bounce
	Revise vector projection.

	Connecting learning
	Students complete Appendix A using activities 1–2 from Lesson 16 of the GeoGebra book (bit.ly/Ext1Unit1Vectors) to identify the vector component perpendicular to another vector and discuss. Students compare and discuss the perpendicular component in 3D using activity 3 from the GeoGebra book.
	Pose-Pause-Pounce-Bounce
Think-Pair-Share
	Emphasise that the vector projection is the component of a vector parallel to another vector.
Vector projection can be used to ‘resolve’ a vector into components parallel and perpendicular to another vector.

	Releasing responsibility
	Use slide 7 to show the parallel and perpendicular components of a vector. Use slides 8–9 to model worked examples. Students complete examples in Appendix B. Students make notes using Appendix C.
	Worked examples (Your turn)
Think-Pair-Share
Four quadrant notes
Faded examples
	Vector subtraction is used to find the component of a vector perpendicular to another vector.

	Independent practice
	Students complete Appendix D. They discuss how to approach multiple-choice questions using 
slides 14–15. 
	Think-Pair-Share
	Multiple-choice questions can sometimes be answered more efficiently than completing the whole question.




Activity structure
Please use the associated PowerPoint Further vector projection to display images in this lesson.
Activating prior knowledge
Display slide 4 of the PowerPoint and ask students to complete the questions. 
Students were first introduced to vector projection in Lesson 15 – vector projection.
Display slide 5 to model the solutions.
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to revise vector projection. Prompting questions include:
How is a vector projection similar to a shadow? How is it different?
What does the projection of a onto b represent?
From the previous lesson, students should be familiar with the idea that the projection of vector a onto b is the component of a in the direction of b (or parallel to the direction of b). 
Explain to students that in this lesson, they will be finding the components of a vector which are parallel and perpendicular to another vector.
Students were introduced to the idea of writing a vector as the sum of perpendicular components in Lesson 3 – vector notations.
Connecting learning
1. Distribute a copy of Appendix A ‘Component perpendicular to another vector’ to each student and have them complete it in pairs using the applets from the GeoGebra book ‘Extension 1 – Unit 1 – Vectors’ (bit.ly/Ext1Unit1Vectors). The applets are:
‘Lesson 16 Activity 1: Vector projection – perpendicular’. Students will identify that a vector can be thought of as the sum of its components, parallel and perpendicular to another vector. 
‘Lesson 16 Activity 2: Vector components with displacement vectors’. Students will identify the components of a vector parallel and perpendicular to another vector, when the vectors are not attached.
This GeoGebra book contains the activities for all lessons in Unit 1 – Vectors.
You may choose to assign this book or any individual activity to students as a lesson through GeoGebra Classroom (bit.ly/LearnGeoGebraClassroom).
GeoGebra Classroom provides the opportunity for immediate feedback as well as tailored feedback from the teacher. Use Lesson Overview for live updates on student progress and navigate to each task to see student answers.
Lessons can be paused at any time to interrupt the work of students to explain certain tasks, return focus to the classroom or limit student access outside class time.
Use the Pose-Pause-Pounce-Bounce questioning strategy to consolidate understanding that a vector can be written as the sum of components parallel and perpendicular to another vector. Prompting questions include:
How did you find the third side of the triangle?
How can you write this in vector form?
What did you notice about the vector sum of the parallel and perpendicular components?
Ask students to navigate to ‘Lesson 16 Activity 3: Vector projection 3D – perpendicular’ in the GeoGebra book ‘Extension 1 – Unit 1 – Vectors’ (bit.ly/Ext1Unit1Vectors).
In this applet, students can see the components of a vector parallel and perpendicular to another vector in 3D. 
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to describe how they would find the component of a vector perpendicular to another in 3D and how it compares to the method used in 2D.
Remind students that it is a common problem in physics to split forces into components parallel and perpendicular to another vector and that they will be doing this when they learn about projectile motion.
If teachers have students undertaking the Mathematics Extension 2 course, they may wish to note that students will continue to study this in the Extension 2, Further work with vectors, outcome ME2-12-02.
Releasing responsibility
1. Display slide 7 of the PowerPoint, which shows vector projection. 
1. Animate slide 7 and explain how a vector can be resolved into components parallel and perpendicular to another vector.
1. Use slides 8–9 to model worked examples of finding the component of a vector perpendicular to another vector using the Worked examples (Your turn) method (bit.ly/supportingstrategies). 
Students complete faded worked examples (bit.ly/fadedexamplesstrategy) using Appendix B ‘Faded examples’.
Display slide 10 of the PowerPoint and ask students to find the perpendicular component of the vectors from slide 4. Note to students that they will not need to find the vector projection again. Progress to slide 11 for the solutions.
Students complete Four quadrant notes using Appendix C ‘Four quadrant notes’ (bit.ly/supportingstrategies).
Independent practice
1. Review the ‘Approaching questions scaffold’ on slide 13 of the PowerPoint if required. 
1. Distribute, to each student, a copy of Appendix D ‘HSC-style questions’ on vector projection for students to complete. 
1. Use slides 14–15, which show Questions 1 and 2 from Appendix D as multiple-choice questions, and ask students in a Think-Pair-Share to discuss how their approach to answering the question would change.
Suggestions related to these multiple-choice questions could be:
· Would trial and error be efficient?
· Can you eliminate any options immediately, based on limits in the question?
· Can you draw a diagram?


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Support students with a prompt such as: The projection of a onto b is the component of a in the ______ of b.
Challenge students by including an example where the angle between the vectors is obtuse and ask students to predict the direction of the projection.
Connecting learning
Support students by providing a list of points to work through when considering the GeoGebra applets, such as ‘What happens when I increase:
the length of a?
the length of b?
the angle between a and b?’
Challenge students by asking them to predict what happens before manipulating the GeoGebra applets.
Releasing responsibility
Support students by providing a choice of possible formulas or methods and ask them to select the appropriate one.
Challenge students to solve the problem using more than one method and compare the efficiency of each.
Independent practice
Support students by providing a scaffold that identifies key steps to answer the problem.
Challenge students to identify and correct an incorrectly completed worked example where the student found the projection of the wrong vector, such as finding the projection of b onto a when trying to find .

Suggested opportunities for assessment
Activating prior knowledge
Use student responses to the questions to assess their ability to independently apply and interpret vector projection.
Connecting learning
Use student responses to discussion to assess understanding of resolving a vector into components parallel and perpendicular to another vector. 
Use student responses in the Think-Pair-Share to assess understanding of how it applies to 3D vectors. 
Releasing responsibility
Use students’ Four quadrant notes to assess understanding of the procedure for finding the component of a vector perpendicular to another vector.
Independent practice
Use student responses to Appendix D to check for their ability to independently apply and interpret the procedure for finding the component of a vector perpendicular to another vector. 


[bookmark: _Appendix_A]Appendix A
Component perpendicular to another vector
Part A – interactives
Open the GeoGebra book ‘Extension 1 – Unit 1 – Vectors’ (bit.ly/Ext1Unit1Vectors). Then use the Table of Contents to navigate to ‘Lesson 16 Activity 1: Vector projection – perpendicular’:
1. While  is aligned to the -axis: 
What do you notice about the vector  written in component form and the vector  written as the sum of components parallel and perpendicular to ? 
	


Drag the points to change the length and direction of vectors a and b. 
Move them to 3 different positions. 
What do you notice about vector a and the sum of the parallel and perpendicular vectors?
	


Use the Next button to navigate to ‘Lesson 16 Activity 2: Vector components with displacement vectors’. 
Drag the points to change the length and direction of vectors  and 
Compare finding the components parallel and perpendicular to another vector when the vectors are attached and not attached.
	




[image: A diagram of vectors a, b with a grid to measure the coordinates. ]Part B – diagram
1. State the values of vectors a and b from the diagram and calculate .
On the diagram, draw the vector projection of a onto b. 
Complete the triangle by drawing the vector from  to a.
Write a vector expression for the component of vector a which is perpendicular to vector b. 
[image: A diagram of vectors a, b with the angle in between them, labelled theta. ]Part C – general vectors
Consider the vectors  and , as shown in the diagram. 
1. On the diagram, draw the vector projection of a onto b. 
Draw the vector from the tip of  to the tip of vector a.
Using vector addition or subtraction, write an expression for the component of vector a perpendicular to the direction of vector b.


[bookmark: _Appendix_B]Appendix B
Faded examples
Find the component of vector a perpendicular to vector b.
	 and 
	 and  

	 
 

Perpendicular component: 

	 
 





Find the component of vector a perpendicular to vector b.
	 and 
	 and  

	 
 
	




[bookmark: _Appendix_C]Appendix C
Four quadrant notes
	Example 1
Find the component of vector  perpendicular to vector .
 
 
 
Perpendicular component:

	Example 2
Find the component of vector  perpendicular to vector .

	Things to remember
	Example 3




[bookmark: _Appendix_D]Appendix D
HSC-style questions
1. The diagram shows the vector  and the vectors  and . 
[image: A diagram, drawn to scale of the vectors u, i+j and −i+j.]
Find the components of , parallel and perpendicular to.
The projection of the vector  onto the line  is .
The point  is reflected in the line  to the point . 
What is the position vector of the point ?
The vectors a and b lie in a plane.  and  Find the shaded area. 
[image: A diagram of vectors a and b, with a shaded triangle and a dashed line perpendicular to the direction of b, reaching a. ]
The vector and the vector .
The projection of vector  onto the vector a is .
The projection of vector  onto the vector b is . 
Find the vector .

Sample solutions
Appendix A – component perpendicular to another vector
Part A – interactives
1. The component  is the same vector as . Similarly,  is the same vector as . It provides the same information. 
Each vector equals the vector sum of its components. 
The method is the same; however, when using attached vectors, the parallel component lies along the same line as the second vector. With vectors that are not attached, the parallel component does not necessarily have to lie on the same line as the second vector.
Part B – diagram
1. , , 
2. and 3. 
[image: A diagram of vectors a, b, the projection of a onto b, and the vector from the projection of a onto b, reaching a. ]

1. 
Part C – general vectors
1. and 2.
[image: A diagram of the vectors a, b and the projection of a onto b, and the component of a perpendicular to b. ] 
1. Component of vector a, perpendicular to the direction of vector b: 


Appendix B – faded examples
	 and 
	 and 
	 and 
	 and 

	
 

Perpendicular component:

	 
 

Perpendicular component: 

	 
 

Perpendicular component: 



	 
 

Perpendicular component: 





Appendix C – Four quadrant notes
	Example 1
 
 

Perpendicular component:

	Example 2
 
 

Perpendicular component:





Appendix D – HSC-style questions
1. 
[image: A diagram, drawn to scale, of the vectors u, i+j, −i+j, with dashed lines indicating the components of u, parallel and perpendicular to i+j.]
The components of u parallel and perpendicular to  are  and , respectively.
[image: A grid showing the line y=3x, and the points (6,8), (3,9) and (0,10). ]
 has direction vector  
 
Perpendicular component:
 
To reflect, subtract the perpendicular component twice. Once to get to the line, once more to continue to the new point. 
 
[image: A diagram showing the vectors a, b, the projection of a onto b and the vector a minus the projection of a onto b. ]



Triangle base: 
Triangle height: 

 and 
Let  


 		(1)
Similarly: 


	(2)
	From 

	Substitute into (1):
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