
Vector projection
Students develop an understanding of vector projection as the component of one vector in the direction of another, interpreting it geometrically as a ‘shadow’ cast onto a vector. They derive and apply the vector projection formula and then apply the formula to solve problems in 2D and 3D contexts.
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
Learning intention
To be able to apply the formula for vector projection.
Success criteria
I can define the projection of one vector onto another vector.
I can explain the meaning of vector projection in terms of direction and magnitude. 
I can use the formula to find the projection of one vector onto another vector.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
operates with 2D and 3D vectors and uses 2D vectors to solve problems involving motion in two dimensions ME1-12-02
Content
Further operations with vectors
Define the projection of a vector  onto a vector , denoted by , to be the vector component of  in the direction of vector 
Examine the proof of the formula  and use the formula to solve problems
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students discuss and answer questions using slides 4–5 of the PowerPoint Vector projection. Students complete the questions on slides 6–7 and discuss the horizontal component of a vector.
	Pose-Pause-Pounce-Bounce
	Revise components of a vector and refresh trigonometry and the vector scalar product.

	Connecting learning
	Use slide 9 to introduce terminology and notation. Students complete Appendix A, using Activities 1–3 from Lesson 15 from the GeoGebra book (bit.ly/Ext1Unit1Vectors) before discussing the results. Students complete Appendix B to find the vector projection in a specific and general case.
	Pose-Pause-Pounce-Bounce
	Develop conceptual understanding of vector projection. Emphasise that only the direction of the second vector contributes. 

	Releasing responsibility
	Use slides 11–12 to examine the proof of the vector projection formula before finding it on the HSC reference sheet. On slide 13, ask students to convert from one version of the formula to the other. Model worked examples using slides 14–15. Students practise the procedure using Appendix C and discuss the solutions using slide 16. They create notes by annotating Appendix C.
	Think-Pair-Share
Worked examples (Your turn)
Faded examples
Notice and wonder
Notes to their future forgetful selves
	Consolidate student understanding with the proof of the formula. Explicitly model how to apply vector projection to solve questions.

	Independent practice
	Students complete a practical question on slide 19 before comparing the projection of a onto b and the reverse using Appendix D and then completing a mixture of questions in Appendix E.
	Think-Pair-Share
	Students apply their knowledge to a variety of questions.




Activity structure
Please use the associated PowerPoint Vector projection to display images in this lesson.
Activating prior knowledge
Display slide 4 of the PowerPoint and ask students to calculate the length of the shadow.
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to discuss the scenario. A prompting question could include:
What information did you use to calculate the length of the shadow?
Students should recognise that they need to use the angle and the length of the tower for their calculations.
Note background knowledge: the maximum lean of the Leaning Tower of Pisa was  in the 1990s. It is currently about . We chose a lean of  in the scenario so that the lengths in the triangle would be easier to work with. 
Display slide 5 to model the solution.
Display slide 6 and ask students to complete the questions to verify that vectors can be used to represent the same situation.
Animate the slide to model the solutions.
Display slide 7 and ask students to find the length of the horizontal component of the tower vector. Animate the slide and model the solution.
Animate slide 7 again and discuss the question prompts using the Pose-Pause-Pounce-Bounce questioning strategy.
Students should recognise that because the sun’s rays are perpendicular to the ground, the component along the ground and the shadow are the same. 
They should recognise that the triangle and vector pictures represent the same situation.
Connecting learning
1. Explain to students that they already know how to find the horizontal and vertical components of a vector and now they are going to learn how to find the component of a vector in the direction of another vector.
1. Use slide 9 from the PowerPoint and explain to students that the component of vector a in the direction of vector b is called the vector projection and it uses the notation: .
2. Distribute a copy of Appendix A ‘Investigating vector projection’ and have students complete it in pairs using the applets from the GeoGebra book ‘Extension 1 – Unit 1 – Vectors’ (bit.ly/Ext1Unit1Vectors):
‘Lesson 15 Activity 1: Vector projection’
‘Lesson 15 Activity 2: Vector projection with displacement vectors’
‘Lesson 15 Activity 3: Vector projection 3D’.
This GeoGebra book contains the activities for all lessons in Unit 1 – Vectors. 
You may choose to assign this book or any individual activity to students as a lesson through GeoGebra Classroom (bit.ly/LearnGeoGebraClassroom).
GeoGebra Classroom provides the opportunity for immediate feedback, as well as tailored feedback from the teacher. Use Lesson Overview for live updates on student progress and navigate to each task to see student answers.
Lessons can be paused at any time to interrupt the work of students to explain certain tasks, return focus to the classroom or limit student access outside class time.
3. Use the Pose-Pause-Pounce-Bounce questioning strategy to check for understanding of vector projection. Suggested prompts include:
How is the vector projection similar to the shadow of the tower? How is it different?
What happened to the vector projection as each of the vectors changed?
How is vector projection in 3D similar or different to vector projection in 2D?
4. Distribute a copy of Appendix B ‘The component of a vector in the direction of another’ to each student for them to complete in pairs.
Releasing responsibility
1. Ask students to find the vector projection formula on their Mathematics Extension 1 – HSC reference sheet and note the forms given. 
Display slide 11, showing the relevant section of the HSC reference sheet.
Display slide 12 and animate the slide to progressively explain the proof of the vector projection formula. 
Display slide 13 and ask students to work in pairs to derive the other version of the formula, starting from the version with unit vectors. Animate the slide and model the solution. 
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to consider when they would use each form of the vector projection formula. 
The unit vector form is used in the proof of the vector projection formula.
The vectors a and b are directly substituted into the form , making it more efficient for many calculations. 
Use slides 14–15 to model worked examples of finding the vector projection using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Students complete faded worked examples (bit.ly/fadedexamplesstrategy) using Appendix C ‘Faded examples’. 
Display slide 16 and ask students what they notice and wonder (bit.ly/noticewonderstrategy) when comparing the orientation of the vectors and their solutions to Appendix C.
Students should notice that the process for calculating the vector projection is the same, no matter the orientation of the vectors.
Students are to create notes to their future forgetful selves (bit.ly/notestofutureself) on the scalar and vector projections by annotating their copy of Appendix D.
Independent practice
1. Review the ‘Approaching questions scaffold’ on slide 18 of the PowerPoint if required. 
Display slide 19 and ask students to complete the question, applying vector projection to a real-world context.
Animate the slide and model the solution.
Ask students as a Think-Pair-Share:
Interpret the sign and direction of the answer. Is the wind helping or hindering the rider? 
Would the projection of vector  onto  be the same as the projection they found in this question? Explain your reasoning.
Explain to students that it’s a common problem in physics to split forces into components that are parallel and perpendicular to another vector and that they do this for the ground when they learn about projectile motion.
If teachers have students undertaking the Mathematics Extension 2 course, they may wish to note that students will continue to study this in the Extension 2, Further work with vectors, outcome ME2-12-02. 
In a Think-Pair-Share, ask students to consider if the projection of a onto b will be the same as b onto a.
Distribute Appendix D ‘Comparing vector projections’ to each student and allow time for them to complete the questions. 
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss the results of Appendix D. Suggested prompts include:
What did you notice about your results?
Why were they different? 
How can you remember which vector is being projected onto the other in the formula?
Distribute one copy each of Appendix E ‘Vector projection questions’ for students to complete.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
To support students, draw a diagram of the tower with the vectors overlaid to assist in linking the model to the scenario.
Challenge students to consider what would happen to the shadow as the lean increased.
Connecting learning
Support students by allowing them time to familiarise themselves with the GeoGebra applets before attempting the questions.
Assist students completing Appendix B by prompting them to consider whether they can find a numerical expression for the magnitude of a vector or whether they can only express it as a magnitude, such as .
Challenge students to brainstorm other situations where vector projection may apply. 
Releasing responsibility
Challenge students to attempt the proof of the vector projection formula independently.
Support students by encouraging them to have their HSC reference sheet available while completing questions.
Challenge students to sketch the vectors and projections from the faded examples in Appendix C before revealing the solutions. 
Independent practice
Support students by asking them to consider which multiple choice answers can be excluded easily. 
Challenge students to design another practical scenario where using vector projection to break a vector into components applies, such as a boat crossing a river or a plane travelling with a cross wind.

Suggested opportunities for assessment
Activating prior knowledge
Use student responses to the discussion to assess understanding of modelling the scenario using vectors. 
Using student responses to the discussion to assess understanding of the shadow interpretation of vector projection.
Connecting learning
Use student responses to the discussion to assess understanding of the key points of vector projection. 
Observe student responses to Appendix B to assess understanding of the link between trigonometry and the vector scalar product.
Releasing responsibility
Use student annotations on their Your turn question to assess understanding of the difference between the scalar projection and the vector projection.
Independent practice
Use student responses to the Think-Pair-Share to assess understanding of the vector component in the direction of another. 
Use Appendix E as a formative assessment opportunity to determine students' ability to independently apply and interpret vector projection.


[bookmark: _Appendix_A]Appendix A
Investigating vector projection
Part A – 2D position vectors
Open the GeoGebra book ‘Extension 1 – Unit 1 – Vectors’ (bit.ly/Ext1Unit1Vectors). Then use the table of contents to navigate to ‘Lesson 15 Activity 1: Vector projection’. 
Drag the points to change the magnitude and direction of vectors  and .
1. How is the vector projection, , similar to the shadow of the tower? How is it different?
What happens to the vector projection of  onto  in each case?
The magnitude of vector  increases and decreases.
The magnitude of vector  increases and decreases.
The angle between the vectors increases from  to .
The angle between the vectors increases from  to .
Can the angle between the vectors be larger than ?

Part B – displacement vectors
Use the ‘Next’ button or the table of contents to navigate to ‘Lesson 15 Activity 2: Vector projection with displacement vectors’.
1. How does vector projection of vectors that are not attached compare with the projection of vectors that are attached at the tail?
Part C – 3D
Use the ‘Next’ button to navigate to ‘Lesson 15 Activity 3: Vector projection 3D’.
Drag the points to change the magnitude and direction of vectors  and . 
1. How is vector projection in 3D similar or different to vector projection in 2D?


[bookmark: _Appendix_B]Appendix B
The component of a vector in the direction of another
Part A
Consider the vectors  and , as shown in the diagram. 
The vector component of  in the direction of vector  is represented by vector . 
[image: A diagram of vectors a=(5,12), b=(3,4) and c, the component of a in the direction of b. ]
1. Find ,  and .
Find an expression for  in the triangle using the magnitudes of vectors  and .
Find the value of  using the scalar product of  and .
By equating the expressions for , find the magnitude of vector .
Find vector c, the vector component of  in the direction of vector .

Part B
Consider the general vectors  and  as shown in the diagram. 
The vector component of  in the direction of vector  is represented by vector .
[image: A diagram of vectors a, b and c, the component of a in the direction of b. ]
1. Find an expression for  in the triangle using the magnitudes of vectors  and .
Find an expression for  using the scalar product of  and .
By equating the expressions for , find an expression for the magnitude of vector .
Find a general expression for vector c, the vector component of  in the direction of vector .
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[bookmark: _Appendix_C]Appendix C
Faded examples
Find the projection of vector  onto vector .
	 and 
	 and 
	 and 
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[bookmark: _Appendix_D]Appendix D
Comparing vector projections
1. Draw each vector projection, indicating any right angle. Then, calculate the vector projection in the table below.
	 onto b

	b onto 


	[image: A diagram of vectors a and b with a grid to measure coordinates. ]
	[image: A diagram of vectors a and b with a grid to measure coordinates.]

	
	


Is the vector projection of  onto  the same as the vector projection of  onto ? Why/why not?

[bookmark: _Appendix_E]Appendix E
Vector projection questions
1. Find the component of the vector  parallel to each vector:
1. 
j

Which of the following is the projection of  onto ? (multiple choice)
A.	
B.	
C.	
D.	
Given 2 non-zero vectors  and , let  be the projection of  onto . 
Which of the following is the projection of  onto ? (multiple choice)
A.	
B.	
C.	
D.	
a. What is the projection of  onto ?
b. Interpret the meaning of your result.
Let  and  if , find the value of .

Sample solutions
Appendix A – investigating vector projection
Part A – 2D position vectors
1. The vector projection is the same when the sun is directly overhead and the ground is horizontal. It is different to a shadow, as the ‘rays of the sun’ and the ‘ground’ always have to be perpendicular.

1. The vector projection of  onto  increases and decreases with a.
The vector projection of  onto  does not change with the magnitude of b.
The vector projection of  onto  decreases as the angle between vectors increases from  to .
The vector projection of  onto  increases as the angle between vectors increases from to  and points in the opposite direction of .
No, because then the angle between the vectors will be on the opposite side and will be smaller than .
Part B – displacement vectors
1. The 2 vectors do not need to be connected for vector projection to work. 
Part C – 3D
1. The vector projection works the same way in 2D and 3D. 


Appendix B – the component of a vector in the direction of another
Part A
1.  
 






Unit vector in the direction of :

Vector with magnitude 12.6 in the direction of :



Part B
1. 




Unit vector in the direction of :

Vector with magnitude  in the direction of :



Appendix C – faded examples
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Appendix D – comparing vector projections 
1. 
	 onto b
	b onto 

	[image: A diagram of vectors a, b and the projection of a onto b.]
	[image: A diagram of vectors a, b and the projection of b onto a.]
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	 and 





They have different magnitudes and point in different directions. They are not the same.


Appendix E – vector projection questions
1. 
1. 

 
(B) 
(A) 

1. 


The vectors are perpendicular (orthogonal).
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