
Parallel and perpendicular vectors using the scalar product
Students investigate how the scalar (dot) product can be used to determine whether 2 non-zero vectors are parallel or perpendicular, developing and justifying these conditions from both forms of the scalar product, then applying these rules to solve problems.
The learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To be able to use the scalar product to determine if 2 vectors are parallel or perpendicular.
Success criteria
I can use the scalar product to determine whether 2 non-zero vectors are perpendicular.
I can select an appropriate method for determining whether vectors are parallel and explain why it is efficient.
I can justify whether 2 vectors are parallel, perpendicular or neither.
I can find unknown components or vectors using properties of parallel and perpendicular vectors.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
operates with 2D and 3D vectors and uses 2D vectors to solve problems involving motion in two dimensions ME1-12-02
Content
Further operations with vectors
Establish  as a condition for two non-zero vectors  and  to be perpendicular to each other and use it to determine if two vectors are perpendicular
Establish  as another way to determine if two non-zero vectors  and  are parallel
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students analyse pairs of 2D and 3D vectors on slides 3–4 of the PowerPoint Parallel and perpendicular vectors using the scalar product to recall conditions for parallel and perpendicular vectors and consider how the angle between vectors could be used. Reveal the learning intention and success criteria on slide 5.
	Pose-Pause-Pounce-Bounce
	Recall parallel vectors as scalar multiples and understand perpendicular vectors in 2D and 3D, and the relationship between vector angles and scalar products.

	Connecting learning
	Students complete Appendix A to investigate how the scalar product behaves for parallel and perpendicular vectors and conjecture conditions for non-zero vectors before sharing and consolidating their findings.
	Pose-Pause-Pounce-Bounce
	Students investigate conditions for vectors to be perpendicular or parallel, considering the angles ,  and  and .

	Releasing responsibility
	Display slides 7–8 to formalise the parallel and perpendicular vector properties and consider why the zero vector is excluded. Display slide 9 to compare methods for determining whether vectors are parallel. Students complete banner tasks in Appendix B then create notes using Appendix C.
	Worked examples – comparison
Pose-Pause-Pounce-Bounce
Think-Pair-Share
Banner tasks
Visibly random groups of 3
Vertical non-permanent surfaces
Four quadrant notes
	Formalise parallel () and perpendicular () conditions. Reinforce that they apply only to non-zero vectors because the zero vector has no direction. Emphasise that both methods for determining parallel vectors are valid, with  generally being more efficient when components are provided.

	Independent practice
	Students complete Appendix D and discuss the multiple possible solutions to the final question. Students review and add to their earlier notes.
	
	The focus is on applying scalar product conditions to solve vector problems.




Activity structure
Please use the associated PowerPoint Parallel and perpendicular vectors using the scalar product to display images in this lesson.
Activating prior knowledge
Display the 3 pairs of vectors on slide 3 of the PowerPoint for students to discuss in pairs.
Animate the slide to reveal diagrams of the vectors.
In Lesson 9 – parallel and perpendicular vectors, it was established that 2 vectors are parallel if they are scalar multiples of each other and that 2 vectors are perpendicular with equal magnitudes if their components are reversed with one component opposite in sign.
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to revise student knowledge of parallel and perpendicular vectors by posing the following question: What mathematical relationships or conditions could you use to justify your answers?
Allow students to explain their reasoning before revealing or consolidating the formal relationships:
· Parallel vectors can be written as .
· If , the vectors point in the same direction and if , they point in opposite directions.
· If , then vectors  or  are of equal magnitude but perpendicular to .
· The angle between 2 perpendicular vectors is .
Display the 2 pairs of 3D vectors on slide 4 and ask students how they could tell whether these pairs of vectors are parallel or perpendicular. Prompting questions could include:
What strategies from 2D could we use that work in 3D?
Could the angle between vectors help us?
How could we determine the angle between 2 vectors without having to draw them?
Vectors in 3D can be identified as parallel using the same strategies as 2D vectors, that is, if they are scalar multiples of each other. For perpendicular vectors in 3D, a different strategy is needed since 3D vectors have 3 components. Students could consider determining the angle between the vectors using the formula introduced in Lesson 12 – angles between vectors, noting that the angle between 2 perpendicular vectors would be .
Animate slide 4 to reveal a discussion prompt.
Give students time to suggest strategies, then explain that they will investigate whether the scalar product provides a way to determine whether vectors are parallel or perpendicular, including when the vectors are in 3D.
Reveal and unpack the learning intention and success criteria on slide 5.
Connecting learning
1. Distribute Appendix A ‘Investigation’ for students to complete the guided investigation in pairs.
Students will investigate how the scalar product behaves for perpendicular and parallel vectors to conjecture conditions for determining whether 2 vectors are perpendicular or parallel.
Consideration around why the zero vector must be excluded will occur in the ‘Releasing responsibility’ section of this lesson.
Use the Pose-Pause-Pounce-Bounce questioning strategy to facilitate a class discussion for students to share and consolidate their findings. Possible question prompts include: 
What have you discovered about using the scalar product to identify perpendicular and parallel vectors?
How is this supported by our prior knowledge of the scalar product?
Discussion should include conditions for vectors to be perpendicular () and parallel 
(), connecting both to  and the angles ,  and .
Releasing responsibility
1. Display slides 7–8 to formalise the parallel and perpendicular vector properties.
The conditions can also be used to determine if 2 vectors are parallel or perpendicular.
Animate slide 8 and use the Pose-Pause-Pounce-Bounce questioning strategy to facilitate a discussion that considers the zero vector.
Emphasise that these conditions apply only to non-zero vectors, as the zero vector has zero magnitude and no direction. Syllabus considerations state that in component form, the scalar product between 2 vectors, where one (or both) is the zero vector, will yield a result of zero. This means that the zero vector is perpendicular to all vectors.
Display slide 9 to compare 2 methods for determining if 2 non-zero vectors are parallel using the Worked examples – comparison strategy (bit.ly/supportingstrategies).
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss which method students would choose and why. A follow-up question could include:
In which situations would each method be used?
Both methods are valid, but  is much more efficient when the components are provided.
Animate slide 9 to reveal a prompt for students to answer and reason in a Think-Pair-Share (bit.ly/thinkpairsharestrategy).
Distribute Appendix B ’Parallel, perpendicular or neither’ to each student and have them work through the questions in pairs.
Distribute Appendix C ‘Four quadrant notes’ (bit.ly/supportingstrategies) for students to complete.
Independent practice
1. Distribute Appendix D ‘HSC-style questions’ for students to attempt individually or in pairs.
Question 3 involves solving a polynomial equation. Students should be familiar with finding factors of a polynomial from the Year 11 Mathematics Extension 1, Polynomials, outcome ME1-11-02.
Once most students have attempted the final question, facilitate a whole-class discussion about the number of possible solutions. Suggested prompts include:
Did everyone get the same vector?
Why are there multiple possible vectors?
How many possible vectors might there be?
Why can we choose one value?
Highlight that the conditions  and  produce 2 equations with 3 unknowns. One component can therefore be chosen, allowing the remaining components to be determined. There are infinitely many vectors perpendicular to both  and , but they are all scalar multiples of the same vector direction.
Encourage students to review and, if necessary, add to the ‘Things to remember’ section of their Four quadrant notes.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Students may need to be prompted to consider parallel and perpendicular vectors when discussing the vector pairs on slide 3 of the PowerPoint.
Ask students to explain why reversing components and switching signs in 2D produces a perpendicular vector and to predict how this might extend (or not) to 3D vectors.
Connecting learning
Remind students about key points on the cosine graph if they require help with their explanations. 
Encourage students to extend conditions for vector relationships beyond the cases studied.
Releasing responsibility
Encourage students to justify the exclusion of the zero vector explicitly.
Provide students who need support with a prepared decision-making flowchart for determining whether vector pairs are parallel, perpendicular or neither. For example: Are the vectors scalar multiples? If not, calculate the scalar product. Is the scalar product zero? What does this tell you?
Students could be asked to prepare a decision-making flowchart for determining whether vector pairs are parallel, perpendicular or neither. 
Invite confident students to compare the efficiency and applicability of different methods and lead peer discussions on their preferences and reasoning.
Independent practice
The HSC-style question in Appendix D could be scaffolded with prompts to identify the relevant vector relationships for students needing support.
Ask students to investigate the infinite set of vectors perpendicular to 2 given vectors and to explain why they differ only by scalar multiples, possibly exploring applications.

Suggested opportunities for assessment
Activating prior knowledge
Observe student explanations and reasoning during discussions to assess their conceptual understanding of parallel and perpendicular vectors. Listen for whether students can explain the mathematical relationship rather than relying solely on visual observations.
Review student answers discussing vector relationships on slides 3–4 of the PowerPoint for accuracy and depth.
Connecting learning
Collect and analyse findings from the Appendix A investigation responses for correct identification of scalar product conditions.
Observe class discussions, noting students’ ability to connect prior knowledge to new scalar product conditions.
Releasing responsibility
Note student participation and reasoning in pair and group discussions on exclusion of the zero vector and methods for confirming parallel and perpendicular vectors, focusing on justification quality.
Review students’ completed Appendix C for thoroughness and conceptual clarity.
Independent practice
Collect and assess student responses to Appendix D questions for procedural accuracy and conceptual understanding, particularly in polynomial solving and vector relationships.
Facilitate and observe discussions on solution multiplicity and the reasoning behind choosing specific vector components, checking for conceptual insights.


[bookmark: _Appendix_A]Appendix A
Investigation
Part A – investigating perpendicular vectors
1. [image: Blank 5 cm by 5 cm grid.]Consider  and .
Sketch the vectors tail to tail.
Calculate  using components.
Consider  and .
1. Sketch the vectors tail to tail.
Calculate  using components.
What do you notice in the Questions 1 and 2 above?
Apply this observation to confirm that the 3D vectors  and  are perpendicular. 
What conjecture can you make about the scalar product of perpendicular vectors?
Recall the formula . Use this formula and your knowledge of the angle between perpendicular vectors to explain your conjecture above.


Part B – investigating parallel vectors
1. Complete the table below.
	Vectors
	 and 

	 and 

	 and 

	 and 


	Show that the vectors are parallel using .
	
	
	
	

	 
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


What relationship do you notice between  and ? 
What changes when the vectors point in opposite directions?
Does the relationship depend on whether the vectors are 2D or 3D?
What conjecture can you make about the scalar product of parallel vectors?
Recall the formula . Use this formula and your knowledge of the possible angles between parallel vectors to explain your conjecture above.
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Parallel, perpendicular or neither
Set 1
	Question
	Determine if parallel, perpendicular or neither.

	1
	 and 

	2
	 and 

	3
	 and 

	4
	 and 

	5
	 and 

	6
	 and 

	7
	 and  


Set 2
	Question
	Find the missing value.

	1
	 and  are perpendicular.

	2
	 and  are parallel.

	3
	 and  are perpendicular.

	4
	 and  are perpendicular.

	5
	 and  are perpendicular.




[bookmark: _Appendix_C]Appendix C
Four quadrant notes
	Example 1
Given that  and  are perpendicular, find .

	Example 2
Vectors  and  are parallel and point in the same direction.
Find | given , .

	Things to remember
	Example 3


[bookmark: _Appendix_D]

Appendix D
HSC-style questions
1. Show whether  and  are parallel, perpendicular or neither.
Find  such that and  are perpendicular.
Find all possible values of  if  and  are perpendicular.

1. Show that a non-zero vector  is perpendicular to a non-zero vector .
Show that  and  have the same magnitude.
Find another vector perpendicular to  with the same magnitude.
Find  and  if  is perpendicular to both  and .
Given that  and , find a possible non-zero vector, 
, which is perpendicular to both  and .


Sample solutions
Appendix A – investigation
Part A – investigating perpendicular vectors
Below is the sketch showing vectors for Questions 1(a) and 2(a).
[image: A 5×5 grid showing 4 labelled vectors: a points one unit right and b points one unit up from a shared starting point, while c points one unit right and one up and d points one unit right and one down from another shared starting point.]
1. (b) 
(b) 
 and . The scalar product of perpendicular vectors is equal to 0.
, hence, perpendicular.
The scalar product of perpendicular vectors is equal to 0.
The angle between perpendicular vectors is .
Therefore .


Part B – investigating parallel vectors
1. Complete the table below.
	Vectors
	 and 

	 and 

	 and 

	 and 


	Show that the vectors are parallel using .
	
	
	
	

	 
	
	
	

	


	
	
	
	

	


	
	
	
	

	


	
	
	
	
	


They have the same magnitude.
The magnitude becomes positive.
No, they are the same.


The angle between parallel lines is either 0 or 180. Since  and , this supports that .

Appendix B – parallel, perpendicular or neither
Set 1
	Question
	Determine if parallel, perpendicular or neither.
	Solution

	1
	 and 
	Parallel

	2
	 and 
	Perpendicular

	3
	 and 
	Neither

	4
	 and 
	Neither

	5
	 and 
	Parallel

	6
	 and 
	Perpendicular

	7
	 and  
	Perpendicular


Set 2
	Question
	Find the missing value.
	Solution

	1
	 and  are perpendicular.
	

	2
	 and  are parallel.
	

	3
	 and  are perpendicular.
	

	4
	 and  are perpendicular.
	

	5
	 and  are perpendicular.
	




Appendix C – Four quadrant notes
	Example 1
Given that  and  are perpendicular, find .

	Example 2
Vectors  and  are parallel and point in the same direction.
Find | given , .





Appendix D – HSC-style questions
 Lesson name | 1
1. 
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1. , 
and are parallel






1. 

andare perpendicular




Let 

andare perpendicular

 
 (1)

 (2)
From (2):
 (3)
Substitute (3) into (1): 

Substitute into (3): 
 
 (1)

 (2)
(1) :
 (3)
(3) + (2)

Substitute into (2):

We can choose a convenient value.
Say .
Then: 
So, one possible vector is .
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