
Further angles between vectors
Computer graphics are used to develop the need for the angle between 2 vectors to be expressed using unit vectors. Students develop the relationship  before practising questions in both two dimensions (2D) and three dimensions (3D).
The learning intention and success criteria should be shared with students in the ‘Connecting learning’ section of this lesson.
Learning intention
To understand how to calculate the angle between 2 unit vectors.
Success criteria
I can find the angle between 2 unit vectors.
I can explain why  using 
I can solve problems in both 2D and 3D using the relationship 


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
operates with 2D and 3D vectors and uses 2D vectors to solve problems involving motion in two dimensions ME1-12-02
Content
Further operations with vectors
Calculate the angle between two non-zero vectors  and , in both two dimensions and three dimensions, using the scalar product by deriving and applying the relationship 
.
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Use slide 3 of the PowerPoint Further angles between vectors and have students find the unit vectors for both the 2D and 3D vectors.
	
	Remind students of the notation used to indicate a unit vector.

	Activating prior knowledge
	Use slide 5 to remind students of how the unit vector is used in animation and extend this understanding, using the video ‘The real world applications of the dot product’ (from 2:46–3:41) (bit.ly/usingunitvectors), to how the scalar product is used with the unit vector.
	
	The unit vector is used in animation to represent the direction of a light source. Programmers use unit vectors to simplify lighting calculations when only direction, not intensity, is needed.

	Connecting learning
	Students calculate the angle between two 3D vectors before repeating using unit vectors. Groups discuss what they notice about their answers. Use slide 7 to display a student’s claim and have students evaluate whether it is true or not. Use slide 8 to reveal the rules and slide 9 to reveal the learning intention and success criteria. Have students derive the formula . 
	Visibly random groups of 3
Vertical non-permanent surfaces
Gallery walk
Think-Pair-Share
Pose-Pause-Pounce-Bounce
	Students should notice that the angles are the same whether they use the unit vectors or the original vectors.

	Releasing responsibility
	Reveal the proof of the rule on slide 11 before discussing why this rule might be useful. Use slides 12–13 to model finding angles between unit vectors, then have students practise using Appendix A. Students use Appendix B to write notes.
	Worked examples (Your turn)
Four quadrant notes
	Students may need to be reminded that  when proving . The new format is useful as it removes effect of the vectors' magnitudes and leaves the relationship between their directions

	Independent practice
	Use Appendix C to expose students to HSC-style questions.
	
	These questions incorporate trigonometry and vectors.




Activity structure
Please use the associated PowerPoint Further angles between vectors to display images in this lesson.
Retrieval practice
Display slide 3 of the PowerPoint and ask students to find the unit vector for each of the vectors.
Animate the slide to model the solutions. 
Students were first introduced to unit vectors in Lesson 8 – the unit vector.
Activating prior knowledge
1. Use slide 5 to remind students of where the unit vector is used in animation.
Students should be familiar with this example from Lesson 8 – the unit vector.
The unit vector is used in animation to represent the direction of a light source. Because the computer only needs the direction and not the intensity, programmers simplify calculations by using a unit vector when determining how light interacts with surfaces.
Show students the video ‘The real world applications of the dot product’ (12:48) (bit.ly/usingunitvectors) from 2:46 to 3:41 to provide background knowledge of where the scalar (dot) product and unit vectors are used in video games.
Connecting learning
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Ask groups to create two 3D vectors that could be used in animation and use to calculate the angle between them.
Have students find the corresponding unit vectors and substitute these into the same formula to calculate the angle again.
Ask students to compare their answers and discuss what they notice.
Students should notice that the angles are the same whether they use the unit vectors or the original vectors.
Allow students time to perform a gallery walk (bit.ly/DLSgallerywalk) to observe other groups’ work. 
Display slide 7 to present Jan’s claim that  will always equal the scalar product of the unit vectors  and .
Use a Think-Pair-Share (bit.ly/thinkpairsharestrategy) to evaluate whether Jan’s statement holds true.
Students should identify that a unit vector has magnitude 1, so dividing by its magnitude has no effect.
Use slide 8 to reveal the 2 forms of the rule and slide 9 to reveal the learning intention and success criteria for the lesson. 
Ask students to use their knowledge of unit vectors and scalar products to derive 
.
Releasing responsibility
1. Show slide 11 to model the proof. Allow students time to read the proof and compare it to their own reasoning before animating to discuss the prompting question in a Think-Pair-Share.
Multiplying a vector by a scalar multiplies the scalar product by that scalar, which is why  and can be brought out as a common factor of the scalar product. To reinforce this idea, students could test different vectors to verify that 
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to discuss why using unit vectors is useful when finding the angle between 2 vectors. Prompting questions could include:
What does a unit vector tell us?
Why would I want to know the angle between unit vectors?
If a triangle is joined using 3 unit vectors, what type of triangle is it? How do you know?
Unit vectors have magnitude 1, so they remove the effect of the vectors' magnitudes and leave the relationship between their directions.
Display slides 12–13 to model worked examples of finding an angle between 2 unit vectors using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Distribute Appendix A ‘Using unit vectors’ and allow students time to work through the problems in pairs.
Distribute Appendix B ‘Four quadrant notes’ (bit.ly/supportingstrategies) for students to complete.
Independent practice
1. Distribute Appendix C ‘HSC-style questions’ and have students work in pairs to answer the questions.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
To support students, provide the magnitude and ask students only to divide each component, keeping the focus on the concept of scaling to length one.
To extend students, provide a unit vector and have them find a possible original vector of a given magnitude, reinforcing the scaling relationship.
Connecting learning
Encourage students to present the vectors as column vectors.
Less ready students may benefit from calculating the scalar product using 2D vectors so that they can graph them to create a visual representation.
Encourage students to use graphical software to provide a visual model of the 3D vectors.
To extend students, invite them to find examples that approach −1 and 1 and explain geometrically why these values represent the opposite direction and the same direction.
Releasing responsibility
To assist students, outline 3 key steps to prove the result.
Write  and .
Substitute into .
Factor out .
Give students explicit values for  and , such as , , and a simple vector pair to verify .
Challenge students by having them explain why the identity holds for any non-zero vectors and how it relates to normalisation in higher dimensions.
Students may benefit from the questions in Appendix A being scaffolded.
Ask students to find the value given an angle of .
Challenge students to compute the angle using both the unit vector scalar product formula and the cosine rule for vectors in 2D, then explain why the results match.
Challenge students to sketch the vectors in 2D or 3D and check their angle for reasonableness.
Challenge students by giving them an angle and asking them to construct 2 vectors whose scalar product produces that angle. Then, normalise and verify.
Independent practice
Students may benefit from prompts or a scaffold to help them begin the problem and recognise the mathematical process required.
Encourage deeper reasoning in Question 1 by asking students to consider ‘If the ‑component were , what values could the ‑component take?’ This pushes students to generalise the unit-vector condition and explore how constraints affect possible directions.
In Question 3, extend students by having them create their own similar question using exact-value ratios and vectors.

Suggested opportunities for assessment
Retrieval practice
View students’ solutions to the problems on slide 4 to check they understand how to find a unit vector.
Connecting learning
During the group work activity, check whether groups correctly apply the scalar product formula and maintain accuracy with signs and arithmetic.
Listen for students’ ability to articulate why the angle calculated between the vectors and the unit vectors might be the same.
Listen for students’ ability to explain why the identity  holds, focusing on scalar multiplication and normalisation.
Releasing responsibility
During Pose‑Pause‑Pounce‑Bounce questioning, check that students understand that unit vectors isolate direction and that angles depend only on direction, not magnitude.
Check Appendix A for correct scalar product arithmetic, correct magnitudes and correct substitution into the angle formula.
Independent practice
Collect as an exit ticket to assess students’ ability to solve problems across various topics.


[bookmark: _Appendix_A]Appendix A
Using unit vectors
1. Calculate the angle between  and .
Calculate the angle between  and .
Calculate the angle between the directional vector  and the unit vector .
If ,  and , find the angle between  and each of the other vectors. 
Let  be a vector whose direction makes a  angle with . Find the value of 
If vector  makes a  angle with the unit vector , find the value of 
[bookmark: _Appendix_B]

Appendix B
Four quadrant notes
	Example 1
Find the angle between the unit vectors
 and 

	Example 2
Find the angle between the unit vector
 and the direction vector .

	Things to remember
	Example 3




[bookmark: _Appendix_C]Appendix C
HSC-style questions
Question 1
An animation has 2 light sources to illuminate an object. One light source has the direction vector . A second light source,  must have its  component fixed at :
1. Show that the unit vector for the second light source can be  or .
Hence, find the 2 possible angles between the 2 light sources. 
Question 2
1. Show that  is a unit vector for any value of . 
Show that the angle between the vector  and the unit vector  is equal to  or  for .
Hence, find the values of  if the angle between the vectors is 
Question 3
Vector  Find vector  if the angle between and  is .
[image: Unit vector a in the first quadrant and unit vector b in the 4th quadrant with the angle between them 75 degrees. ]


Sample solutions
Appendix A – using unit vectors 
1. 


















Appendix B – Four quadrant notes
	Example 1
Find the angle between the unit vectors 
 and 

	Example 2
Find the angle between the unit vector 
 and the direction vector .






Appendix C – HSC-style questions
Question 1
a.
and 
b.

Question 2
a.

b. 


c. 

Question 3
The angle between the -axis and  is . Therefore, the angle between the -axis and  is 30.
[image: Two exact value triangles with angles 45 and 30 and vectors marked a and b as the hypotenuse of the respective triangles. ]
Using the exact ratio, triangles  and .
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