
Angles between vectors
Students use their knowledge of finding an angle with the cosine rule to develop the second form of the scalar product, recognising that the scalar (dot) product formula emerges naturally from triangle geometry. They then apply this relationship in two dimensions (2D) and three dimensions (3D) to find the angle between vectors.
The learning intention and success criteria will be shared at the end of the ‘Activating prior knowledge’ section of the lesson.
Learning intention
To be able to find the angle between 2 vectors in 2D and 3D.
Success criteria
I can use the cosine rule to express the scalar product using an angle.
I can calculate the angle between 2 vectors in 2D.
I can calculate the angle between 2 vectors in 3D.
I can apply both forms of the scalar product to vectors in 2D and 3D.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
operates with 2D and 3D vectors and uses 2D vectors to solve problems involving motion in two dimensions ME1-12-02
Content
Further operations with vectors
Use  as a geometric expression of the scalar product of non-zero vectors  and  in two dimensions and three dimensions, where  is the angle between the vectors and .
Verify the equivalence of  with the algebraic definition of the scalar product,  for two dimensions and  for three dimensions
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students find the largest angle of the triangle on slide 3 of the PowerPoint Angles between vectors using the cosine rule before repeating the process using the vectors on slide 4.
	Think-Pair-Share
	Reveal the learning intention and success criteria after students have found the angle between the vectors.

	Connecting learning
	Use Appendix A to derive  using the cosine rule by finding the angle between 2 numerical vectors and 2 algebraic vectors. The rule is displayed using slide 7, before modelling how the rule works for 3D vectors, using pens as vectors.
	Think-Pair-Share
	The activity is modelled from the video ‘Dot Product (2 of 2: Extending into 3D)’ (from 11:30–14:25) (bit.ly/penmodel3D).

	Releasing responsibility
	Use slide 9 to reveal the 2 different rules for finding the scalar product and have students find them on the HSC reference sheet. Use slides 10–11 to model worked examples before students practise and write notes using Appendix B.
	Worked examples (Your turn)
Faded examples
Notes to future forgetful selves
	The prompting questions on the slides help students recognise when they will have an obtuse or acute angle and why the rule does not produce a reflex angle. 

	Independent practice
	Students practise HSC-style questions using Appendix C.
	
	The marking criteria of each question should be unpacked with students.




Activity structure
Please use the associated PowerPoint Angles between vectors to display images in this lesson.
Activating prior knowledge
Display slide 3 of the PowerPoint and have students independently use the cosine rule to calculate the size of the largest angle.
Animate the slide to model the solution.
Display slide 4 and have students use a Think-Pair-Share (bit.ly/thinkpairsharestrategy) to discuss how the cosine rule could be applied to find the angle between the 2 vectors.
Students should identify that they need to determine the third side of the triangle and the magnitude of each vector before substituting into the cosine rule.
Allow students time to calculate the angle between the 2 vectors, then animate the slide to model the solution. 
Using a Think-Pair-Share, allow students time to discuss whether using  would produce the same angle between the vectors. A prompting question can be animated on slide 4.
Display slide 5 to reveal the learning intention and success criteria for the lesson and explain that students will be learning a shorter method for finding the angle between vectors.
Connecting learning
1. Distribute Appendix A ‘Finding the rule’ to students.
1. In pairs, have students work through the 2 examples, using the numerical example to support their reasoning in the algebraic example.
Display slide 7 to model the cosine rule for vectors using components, based on the information that students determined from Appendix A. Ask students, through a Think-Pair-Share, to discuss how they could simplify the rule further.
Students should recognise that the 2’s can be cancelled and that the numerator represents the scalar product of vectors  and , as introduced in Lesson 10 – the scalar product.
Animate the slide to model the rule for finding the angle between 2 vectors.
Animate the slide again to display the prompt and in a Think-Pair-Share, have students consider how we can use this rule to find the scalar product. Animate the slide to reveal the manipulated rule.
In another Think-Pair-Share, have students consider if the rules will work for 3D vectors.
Have students model 3D vectors using pens to demonstrate why the rule still holds in three dimensions, using the following steps.
Ask students to place 2 pens on their desk, joining tail to tail at an angle, and describe the planes represented in the model.
Have students lift and move the joined pens into the air to create a different 3D example.
Ask one student to use their book or a sheet of paper to create a flat plane like the desk in this free space model.
In a Think-Pair-Share, ask students to consider whether there is any position in which the 2 pens can be placed where the sheet of paper cannot sit flat against them in the same way as the desk.
Students should recognise that the plane can always be positioned flat, because any 2 vectors define a plane in 3D.
Releasing responsibility
1. Display slide 9 to model the 2 different methods to find the scalar product. Animate the slide again to display the prompt and, in a Think-Pair-Share, ask students to consider when each method would be used.
Draw out that the choice of method depends on the information provided in the question and what the question is asking them to find.
Ask students to find the rules on their Mathematics Extension 1 – HSC reference sheet and discuss what is missing. Animate the slide to model the relevant section and the formula for 3D vectors, which is not included on the HSC reference sheet.
Ask students to annotate their own reference sheet to include the 3D vector version of the rule.
Use slides 10–11 to model a worked example of finding the angle between 2 vectors using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Distribute Appendix B ‘Faded examples’ (bit.ly/fadedexamplesstrategy) and have students work through the scaffolded task. 
Have students annotate Appendix B to create notes to their future forgetful selves (bit.ly/notestofutureself) on how to find the angle between vectors.
Independent practice
1. Distribute Appendix C ‘HSC-style questions’ to each student and have them work independently or in pairs to complete it. 
Unpack the marking criteria for each question with students.
Ask students to self and peer mark responses using the marking criteria.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Students may need reminding that the largest angle is always opposite the largest side.
Students may need prompting on how to determine the third side of the triangle formed by the 2 vectors.
More ready students may be challenged by going straight to the vector form example.
Connecting learning
Provide a partially completed version of Appendix A to support students. 
Provide prompting questions to help students recognise that the scalar product appears in the numerator of the cosine rule. 
Students who are not spatially aware may benefit from the teacher modelling the 3D example.
To extend students, remove the numerical example from Appendix A.
To extend students, provide a final expression for  and ask them to reconstruct the geometric reasoning that leads to it.
Releasing responsibility
Students may need reminding that vectors can be named using any letter of the alphabet when using the HSC reference sheet. The HSC reference sheet uses u and v, but the glossary uses a and b.
Students may benefit from a visual representation that links a negative value for  to obtuse angles. 
A visual representation may also help explain why the angle produced by the formula will never exceed 180°.
Remove fading from Appendix B for more ready students.
Students could confirm their answers with a diagram or by using the cosine rule to find the angle, like in the ‘Activating prior knowledge’ section of the lesson.
Independent practice
Encourage students to use their faded examples to identify the steps required to find the angle between 2 vectors.
A sketch of the vectors may support students who need additional visual scaffolding.


Suggested opportunities for assessment
Activating prior knowledge
Use students’ responses to assess their understanding of finding the magnitude of vectors, noting whether they recall the process and apply it accurately.
Connecting learning
Listen for how students justify the link between the numerical and algebraic examples during group discussion.
Listen for students’ explanations of why the cosine rule applies in 3D, checking whether they recognise that any 2 vectors define a plane. 
Observe how students position and manipulate the pens to represent vectors and planes, checking for correct tail-to-tail placement and accurate interpretation of the plane formed.
Releasing responsibility
Listen for students’ explanations during the Think-Pair-Share on when to use each scalar-product method, noting whether they correctly link method choice to the information given. 
Evaluate students’ ability to find the angle between vectors when completing the faded examples in Appendix B.
Independent practice
Collect a question of choice as an exit ticket to assess students’ confidence with more abstract questions and their ability to find the angle between 2 vectors independently.


[bookmark: _Appendix_A]Appendix A
Finding the rule
	Find the angle between the 2 vectors  and .
	Find an expression for the cosine of the angle, , between the 2 vectors  and .

	Find the third side of the triangle.
	Find the third side of the triangle.

	Find 
	Find 

	Find  and 
	Find  and 

	Apply the cosine rule.
	Simplify the numerator of the cosine rule.

	Find the angle.
	Apply the cosine rule.
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Appendix B
Faded examples
Find the angle between the 2 vectors. Give your answer to the nearest degree in the table below.
	 

	 

	 

	 


	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	




Appendix C
HSC-style questions
Question 1
Find the angle between  and . Give your answer in radians, correct to 1 decimal place. 
	Criteria
	Marks

	Provides correct solution
	2

	Finds , or equivalent merit
	1


Question 2
A triangle is formed in a 3-dimensional space with vertices  and . Find the size of , giving your answer to the nearest degree. 
	Criteria
	Marks

	Provides correct solution
	3

	Obtains correct scalar product OR attempts to use the cosine rule using 3 correct lengths
	2

	Obtains one relevant vector OR obtains one relevant length
	1


Question 3
Consider the 2 vectors  and . Find all possible values of  if the angle between the vectors  and  is .
	Criteria
	Marks

	Provides correct solution
	3

	Correctly obtains , or equivalent merit
	2

	Obtains ( and  or equivalent merit
	1


Question 4
The diagram below shows the lines AB and CD. Line AB passes through the points  and  and line CD passes through  and . Use vector methods to find the angle between the 2 lines. Write your answer to the nearest degree. 
[image: The diagram below shows the lines AB and CD. Line AB passes through the points A(3, −5) and B(−2, 6) and line CD passes through C(−7, −3) and D(5, 6). ]
	Criteria
	Marks

	Provides correct solution using vector methods
	3

	Calculates the scalar product and a magnitude for the vectors
	2

	Correctly obtains a direction vector
	1




Sample solutions
Appendix A – finding the rule
	Find the angle between the 2 vectors  and .
	Find an expression for the cosine of the angle,  between the 2 vectors  and .

	Find the third side of the triangle.

	Find the third side of the triangle.


	Find 
	Find


	Find  and 

	Find  and 



	Apply the cosine rule.

	Simplify the numerator of the cosine rule.



	Find the angle.

	Apply the cosine rule.





Appendix B – faded examples

	 

	 

	 

	 


	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	




Appendix C – HSC-style questions
Question 1

Question 2


Question 3

Question 4
[image: The diagram below shows the lines AB and CD. Line AB passes through the points A(3, −5) and B(−2, 6) and line CD passes through C(−7, −3) and D(5, 6). ]
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