
The scalar product
Students will develop an understanding of the scalar (dot) product in 2-dimensional (2D) and 
3-dimensional (3D) scenarios. They will investigate how the dot product of both 2D and 3D vectors can be calculated using their components and use this to solve related problems.
The learning intentions and success criteria should be shared with students later in the learning episode.
Learning intentions
To understand the algebraic definition of the scalar product of 2D and 3D vectors.
To be able to calculate the scalar product of 2D and 3D vectors using their components.
Success criteria
I can calculate the scalar product of 2D vectors using the component formula.
I can calculate the scalar product of 3D vectors using the component formula.
I can solve numerical problems involving scalar products.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
operates with 2D and 3D vectors and uses 2D vectors to solve problems involving motion in two dimensions ME1-12-02
Content
Further operations with vectors
Define  as the scalar (dot) product of vectors  and 
 and use the scalar product to solve problems
Define  as the scalar product of vectors  and 
 and use the scalar product to solve problems
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students watch the video ‘Crazy Wind At The Faun Drôme Classic!’ (0:25) (https://bit.ly/crazywind) and discuss experiences of moving with or against the wind. 
Students analyse the cyclist and wind scenario on slide 3 of the PowerPoint The scalar product, then compare familiar vector operations before being introduced to the scalar product. Review the learning intentions and success criteria on slide 4.
	Pose-Pause-Pounce-Bounce
	Emphasise the distinction between scalar multiplication and the scalar product. Develop the need for an operation that combines 2 vectors to produce a scalar measuring their contribution in the direction of each other.

	Connecting learning
	Students complete Appendix A, in pairs, to determine whether the wind helps each bike move forward, then compare and refine their responses. Use slides 6–7 to reveal solutions and show scalar products to prompt reasoning about vector contributions.
	Variation Theory
Turn and talk
Think-Pair-Share
	The aim of this section is to develop an understanding of how vector components affect direction and movement. Use the scalar product to quantify contribution of the different wind vectors to each bike’s forward movement.

	Releasing responsibility
	Use slides 9–10 to establish the definition and formula for the scalar product of 2D and 3D vectors, then apply the method through worked examples on slides 11–14. Students consolidate their understanding through Appendix B, applying scalar product, vector addition and subtraction, and multiplication of a vector by a scalar.
	Worked examples (Your turn)
Scavenger hunt
	Reinforce that the scalar product, also called the dot product, combines 2 vectors to produce a scalar whose sign indicates whether the vectors contribute together or against each other overall.

	Independent practice
	Students complete the HSC-style questions on slide 16 and the Open Middle-style problems on slide 17, comparing solutions and justifying the strategies used. 
Students then complete Appendix C, considering statements in 2D and 3D contexts, discussing their reasoning and annotating the appendix with additional notes.
	Notes to future forgetful selves
	The focus is on applying the scalar product to solve problems, explain strategies and justify solutions, while recognising properties of the scalar product in both 2D and 3D contexts.
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Activity structure
Please use the associated PowerPoint The scalar product to display images in this lesson.
Activating prior knowledge
Play the video ‘Crazy Wind At The Faun Drôme Classic!’ (0:25) (https://bit.ly/crazywind). 
Ask students to share experiences of moving with or against the wind, for example, walking, cycling or a plane landing in windy conditions.
Display the scenario on slide 3 of the PowerPoint for students to discuss.
Students could be prompted to sketch the movement of the cyclist and the wind as a vector diagram.
Pose the question: What if the wind is not exactly north/south/east/west? How could we put a number on how much the wind is helping the bike move in its direction of travel?
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to discuss whether any vector operations that students already know give us a single scalar value that tells us how much the wind is helping the bike move in its direction of travel.
Students may consider vector addition or scalar multiplication. Discuss what each operation produces and whether this answers the question being asked. Vector addition gives us another vector that tells us the combined overall movement, while scalar multiplication requires a scalar to multiply a vector. 
If students suggest other vector relationships, emphasise that we are looking for one scalar value that quantifies the contribution of the wind in the direction of travel. Lead students to recognise the need for a new mathematical operation.
Explain to students that in this lesson they will be learning about a new operation called the scalar product, which allows us to combine 2 vectors to produce a single scalar value that measures their overall contribution in the direction of each other.
Clarify that the scalar product is different from scalar multiplication. Scalar multiplication involves multiplying a vector by a scalar to produce another vector, whereas the scalar product combines 2 vectors to produce a scalar.
Reveal and unpack the learning intentions and success criteria on slide 4.
Connecting learning
1. Distribute Appendix A ‘Bike and wind vectors’ for students to complete in pairs.
If students are experiencing difficulty, they should be encouraged to draw a vector diagram to explain if the wind is helping the bike move forward or not.
This activity uses Variation Theory (variationtheory.com/introduction/) to connect learning through a gradual release of small changes.
Have pairs turn and talk (bit.ly/classroomtalkmoves) to another pair to compare answers.
Facilitate a class discussion around how pairs determined if the wind was helping the bike move forward or not. Prompting questions could include:
How did you decide whether the wind was helping the bike move forward?
What is different between a wind that is helping and a wind that is not helping?
Can the wind be helping in one direction but not helping in another direction? How do we decide whether it is helping overall?
For the east-moving bike, vector (5,0), students should notice that only the -components contribute to forward movement. For the south-moving bike, vector (0,−5), only the -components contribute. When the bike is moving equally east and north, vector (5,5), students must consider the combined contributions from both directions.
Allow students an opportunity to review their answers and potentially make any changes.
Model solutions using slide 6 for students to compare to their own answers.
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to predict and reason which winds will have the greatest positive effect (meaning the wind is assisting the bike) and greatest negative effect (meaning the wind is providing resistance) on each of the 3 bikes. 
Encourage students to justify their predictions by considering the contribution of each component of the wind in the bike's direction of travel. The overall effect may not always be immediately obvious from the direction of the vectors alone, particularly when both vectors have components in more than one direction. This prepares students to interpret the scalar product as a numerical indication of the overall contribution of one vector in the direction of another.
Display slide 7 to reveal the scalar products and explain to students that the values give a numerical indication of how much one vector (wind) contributes in the direction of the other vector (bike).
Use a Think-Pair-Share for students to observe the scalar products and consider how they might have been determined. Encourage students to compare the values with their earlier predictions and discuss any results that were unexpected.
The scalar products have been calculated by adding the products of corresponding components (). The method will be formalised in the ‘Releasing responsibility’ section of the lesson.
Releasing responsibility
1. Use slide 9 to reveal the definition and formula for the scalar product of 2D vectors.
Ask students to predict the formula for the scalar product of 3D vectors before displaying slide 10 to reveal the formula and an example.
Emphasise to students that it is called a scalar product because it is an operation that combines 2 vectors to produce a scalar. It can also be called the dot product because the operation is represented by a dot ().
The scalar product can be thought of as a measure of how much one vector contributes in the direction of the other. The sign tells us whether the vectors are working together overall () or against each other overall (). A scalar product of zero means that there is no contribution in the direction of the other vector.
The scalar product () differs from the cross product (), which is not part of the Mathematics Extension 1 course.
Use slides 11–14 to model examples of finding the scalar product using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Have students work in pairs to complete the scavenger hunt task from Appendix B ‘Scavenger hunt’. In this task, students operate with vectors, including calculating scalar products, addition and subtraction of vectors, and multiplication of a vector by a scalar.
Print one set of question cards, separate each card and place the cards around the room. A vertical non-permanent surface could be useful at each card to assist the groups with their calculations and collaboration. Each group should start at one of the cards. The students work in their groups of 3 to solve the problem.
Once a group has solved the problem, they need to move around the room to find their solution on another card. Once they have found their solution, they should solve the question attached to the solution and repeat the process. The activity is finished once the group returns to their original card.
The set of cards contains 10 questions. The appendix shows the cards in order so that the solution to one question is printed at the top of the next card. Teachers may choose to use fewer questions in the scavenger hunt or stop the activity before each group has completed all questions.
Independent practice
1. Display the HSC-style questions on slide 16 for students to complete individually or in pairs.
Once students have completed the questions, animate the slide to model solutions.
Display the Open Middle-style problems on slide 17 for students to complete individually or in pairs. 
Ask students to compare their solutions with peers and discuss the strategies used.
There are multiple correct solutions. The focus should be on explaining the strategies used and justifying the solution, not simply on finding one correct answer.
A possible solution is: ,  and , , with a maximum scalar product of 134.
Distribute Appendix C ‘Scalar product statements’ to each student.
Have students work individually or in pairs to complete Appendix C. When complete, students should discuss their reasoning with their peers, negotiating if their answers differ.
Encourage students to consider each statement in both 2D and 3D contexts.
The statements include examples of properties of the scalar product, including commutativity, distributivity and scalar multiplication to allow students to apply their knowledge. However, these properties are content in the Mathematics Extension 2 course.
Have students annotate Appendix C to create notes to their future forgetful selves (bit.ly/notestofutureself).


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Provide a partially completed vector diagram as a scaffold or prompt students to label the direction of the bike and wind to support students in visualising how the vectors interact.
Extend students by asking them to justify their decisions and predictions using vector language.
Connecting learning
As students complete Appendix A, provide guiding prompts such as ‘Which components contribute to the bike’s direction of travel?’ and ‘Is the wind helping or working against the bike?’ to support students in identifying the contribution of each vector.
Extend students by asking them to compare the 3 bike scenarios and explain why both the -components and -components contribute when the bike is moving diagonally.
Releasing responsibility
Display the scalar product formula and a reminder of the corresponding components to support students who require assistance when applying the procedure to new examples.
Extend students by asking them to predict whether a scalar product will be positive, negative or zero before calculating it, and then justify their prediction.
Extend students by asking them to determine conditions under which the scalar product will be zero and explain what this means in the context of the 2 vectors.
Independent practice
Direct students with prompts to identify relevant information, select an appropriate operation and explain each step of their reasoning when completing the HSC-style questions.
The Open Middle-style problems could be modified to use integers from  to , or from 
 to .
Challenge students to find as many solutions as possible for the Open Middle-style problems within the constraints provided.
Extend students by asking them to create or modify a vector example that satisfies a given condition, such as having a positive, negative or zero scalar product, and justify their choice.
Suggested opportunities for assessment
Activating prior knowledge
Observe student responses during the discussion to assess whether they can distinguish between vector addition, scalar multiplication and an operation that produces a scalar.
Listen to student explanations about how the direction of the wind affects the bike's movement to assess their understanding of vectors and the contribution of vectors to movement.
Connecting learning
Observe student diagrams and pair discussions to assess whether students can identify when the wind is helping, opposing or having no overall contribution to the bike's direction of travel.
Check students’ responses to Appendix A to identify whether they can correctly relate the vector components to the direction of the bike's movement.
Releasing responsibility
Observe students as they calculate scalar products to assess whether they correctly multiply corresponding components and add the resulting products.
Use questioning during the scavenger hunt to check whether students can select and apply the appropriate vector operation rather than relying on a memorised procedure.
Ask students to interpret the sign of a scalar product and explain what positive, negative and zero values indicate about the contribution of one vector in the direction of the other.
Check responses during the prediction of the 3D scalar product formula to identify whether students recognise the extension of the 2D component relationship.
Independent practice
Review student responses to the HSC-style questions to assess their ability to accurately calculate and apply the scalar product in a familiar mathematical context.
Check students’ reasoning in the Open Middle-style problems, focusing on whether they can explain and justify their strategy rather than simply obtain an answer.
Review student annotations and discussions of the scalar product statements in Appendix C to assess whether students can recognise and explain relationships involving the scalar product in 2D and 3D contexts.
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Bike and wind vectors
Determine if the wind is helping the bike move forward or not for each scenario in the table below.
	Wind vector
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Scavenger hunt
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Scalar product statements
Determine whether each statement in the table below is always, sometimes or never true. Explain using mathematical reasoning.
	#
	Statement
	Always, sometimes or never true
	Reasoning

	1
	
	
	

	2
	A positive scalar product means that the vectors point in the same direction.
	
	

	3
	If , then either vector  or  is the zero vector.
	
	

	4
	
	
	

	5
	If  then 

	
	

	6
	For scalar , 

	
	

	7
	For scalars  and , 

	
	

	8
	
	
	

	9
	
	
	

	10
	If  and , then 
	
	



Sample solutions
Appendix A – bike and wind vectors
	Wind vector
	Bike 1 
	Bike 2 
	Bike 3 

	
	Not helping
	Not helping
	Helping

	
	Helping
	Not helping
	Helping

	
	Not helping
	Not helping
	Not helping

	
	Not helping
	Helping
	Not helping

	
	Not helping
	Helping
	Not helping

	
	Not helping
	Helping
	Not helping

	
	Not helping
	Not helping
	Not helping

	
	Helping
	Helping
	Not helping

	
	Helping
	Not helping
	Helping




Appendix C – scalar product statements
	#
	Statement
	Always, sometimes or never true
	Reasoning

	1
	
	Always
	. Since multiplication is commutative, the corresponding products are unchanged when the vectors are reversed.

	2
	A positive scalar product means that the vectors point in the same direction.
	Sometimes
	A positive scalar product means that the vectors are working together overall, but they do not have to point in the same direction.

	3
	If , then either vector  or  is the zero vector.
	Sometimes
	This is true if one or both vectors are the zero vector. However, 2 non-zero perpendicular vectors can also have a scalar product of zero because the positive and negative component contributions cancel.

	4
	
	Never
	 is a scalar, so  is not a defined scalar product. The scalar product is an operation between 2 vectors.

	5
	If  then 

	Always 
	Using the algebraic definition: 


	6
	For scalar , 

	Always 
	Scaling a vector by  scales each component by , so the scalar product is also scaled by .

	7
	For scalars  and , 

	Always 
	Scaling  by  and  by  scales each corresponding component product by . Therefore, the entire scalar product is multiplied by .

	8
	
	Always 
	Using the algebraic definition, both sides simplify to the same sum of component products. This can be demonstrated by letting ,  and .

	9
	
	Always
	This applies the result from the previous statement with .

	10
	If  and , then 
	Always
	From statement 8, . Both terms are positive, so their sum is positive.
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