
Triangle and parallelogram laws
Students use GeoGebra to discover the triangle and parallelogram laws and verify vector addition and subtraction geometrically. 
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
Learning intention
To understand the triangle and parallelogram laws for vector addition and subtraction.
Success criteria
I can use the triangle law to represent vector addition and subtraction geometrically.
I can use the parallelogram law to represent vector addition and subtraction geometrically.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
operates with 2D and 3D vectors and uses 2D vectors to solve problems involving motion in two dimensions ME1-12-02
Content
Operating with vectors
Perform addition and subtraction of vectors algebraically in component form, and verify, with and without graphing applications, that geometrically these are obtained using the triangle law or the parallelogram law
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slides 4–6 of the PowerPoint Triangle and parallelogram laws for students to analyse vector diagrams and predict methods for vector addition using vectors arranged in different positions.
	Pose-Pause-Pounce-Bounce
	Students recognise that vectors can be translated without changing their magnitude or direction and begin to develop geometric methods for vector addition.

	Connecting learning
	Students use GeoGebra (bit.ly/Ext1Unit1Vectors) and Appendix A to investigate geometric methods for vector addition and subtraction. Students propose the triangle and parallelogram laws from their observations.
	Pose-Pause-Pounce-Bounce
	Students discover that triangles and parallelograms can be used to represent vector addition and subtraction and that subtraction can be represented by adding the opposite vector.

	Releasing responsibility
	Use slides 8–9 to define and compare the triangle and parallelogram laws and prompt students to consider their application in 3D. Use slides 10–11 to model a worked example of subtracting vectors from a common point. Students apply vector addition and subtraction to position vectors on slide 12 then complete Appendix B to construct and verify vector addition and subtraction geometrically and algebraically.
	Think-Pair-Share
Worked examples (Your turn)
	Students develop an understanding of the triangle and parallelogram laws and connect geometric constructions with algebraic vector operations.

	Independent practice
	Review the Approaching questions scaffold on slide 14 before solving the rescue scenario problem in Appendix C, checking solutions on slides 15–16. Students annotate Appendix B to create summary notes.
	Notes to future forgetful selves
	Students apply geometric and algebraic methods for vector addition and subtraction in new contexts.
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Activity structure
Please use the associated PowerPoint Triangle and parallelogram laws to display images in this lesson.
Activating prior knowledge
1. Display slide 4 of the PowerPoint and ask students what the tip to tail vectors represent.
1. Animate to reveal the resultant vector and discuss how the diagram represents the sum of the 2 vectors. 
1. Display slides 5–6, showing 2 vectors arranged in different ways. Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) and the prompting questions on each slide to have students predict how the vectors could be added and to justify their reasoning.
Students may suggest translating one vector to connect tip to tail. They will test their predictions during the GeoGebra investigation. 
Connecting learning
1. With at least one device per pair, direct students to the GeoGebra book ‘Extension 1 – Unit 1 – Vectors’ (bit.ly/Ext1Unit1Vectors) and instruct them to use the Table of Contents to navigate to ‘Lesson 6 – Triangle and parallelogram laws’. 
This GeoGebra book contains the activities for all lessons in Unit 1 – Vectors. 
You may choose to assign this book or any individual activity to students as a lesson through GeoGebra Classroom (bit.ly/LearnGeoGebraClassroom).
GeoGebra Classroom provides the opportunity for immediate feedback as well as tailored feedback from the teacher. Use ‘Lesson Overview’ for live updates on student progress and navigate to each task to see student answers.
Lessons can be paused at any time to interrupt the work of students to explain certain tasks, return focus to the classroom or limit student access outside class time.
1. Distribute to each student a copy of Appendix A ‘GeoGebra investigation journal’.
1. Direct students to complete Activity 1, 2 and 3 in the GeoGebra book to investigate geometric methods for vector addition and subtraction, recording their observations, sketches and conclusions in Appendix A. 
Encourage students to discuss their observations with their partner before recording their responses to each investigation question.
Following the GeoGebra investigations, use the Pose-Pause-Pounce-Bounce questioning strategy to initiate a class discussion and consolidate students’ observations. Ask, ‘How can repositioning vectors help us determine the resultant vector?’
Explain to students that mathematicians have developed 2 geometric methods to represent vector addition (and subtraction), known as the triangle and parallelogram laws.
Ask students to suggest what they think the triangle and parallelogram laws are.
Releasing responsibility
1. Use slides 8–9 to display the syllabus definitions (NESA 2024) of the ‘triangle law’ and ‘parallelogram law’. 
1. Explain to students that both laws provide geometric methods for determining a resultant vector.
1. Use slide 10 to show a side-by-side comparison of the laws. Conduct a Think-Pair-Share (bit.ly/thinkpairsharestrategy) asking students to compare the triangle and parallelogram laws. What is the same and what is different between them?
Students may suggest that both laws produce the same resultant vector. The key difference is the way the vectors are arranged geometrically. Students may also state that vector subtraction can be represented as adding the opposite (negative) vector.
1. Animate slide 10 to reveal the self-explanation prompt. Initiate a class discussion and ask students to consider whether these laws also apply in 3D.
Guide students to recognise that these laws still hold in 3D, although the diagrams become harder to visualise. In 3D, any 2 vectors define a plane, so the triangle and parallelogram constructions lie within a single plane and the same geometric reasoning applies.
Use slides 11–14 to model worked examples of adding and subtracting vectors from a common point using the Worked examples (Your turn) method (bit.ly/supportingstrategies). 
Distribute Appendix B ‘Vector construction and verification task’ for students to independently construct geometric representations of vector addition and subtraction using both laws and to verify their results algebraically. 
Conduct a Think-Pair-Share to ask students:
How do the triangle and parallelogram laws connect with how we add and subtract vectors algebraically?
Students should recognise that the triangle and parallelogram laws provide a geometric representation of the same rules used in algebraic vector addition and subtraction. They may also observe that the parallelogram law verifies the commutative property of vector addition.
Display slide 15 and allow students time to answer the questions, applying their understanding of vector addition and subtraction to position vectors.
Animate the slide to reveal solutions.
Animate the slide again to reveal a question prompt for students to discuss.
Independent practice
1. Review the Approaching questions scaffold on slide 17.
Distribute Appendix C ‘Helicopter rescue’ for students to apply the relationship established on slide 18 to determine the direct flight path of a helicopter in a search-and-rescue scenario. 
After some time, animate the solution for part a on slide 18 and then display the solutions for parts b–d on slide 19.
Have students annotate Appendix B to create notes to their future forgetful selves (bit.ly/notestofutureself).

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Provide students with a reminder that vectors can be translated without changing their magnitude or direction before discussing how the vectors might be added.
Challenge students to predict the resultant vector before it is revealed and justify their reasoning using prior knowledge of vector addition. 
Connecting learning 
Provide students with partially completed sketches in Appendix A to support them in recording observations from the GeoGebra investigations.
Challenge students to explain why the triangle and parallelogram representations produce the same resultant vector despite using different geometric constructions.
Releasing responsibility
Provide students with a partially completed vector construction showing the placement of the first vector to support use of the triangle and parallelogram laws.
Challenge students to sketch a triangle or parallelogram law construction in 3D. 
Independent practice
Encourage students to check their graphical solutions against algebraic calculations to verify accuracy.
Invite students to create an additional real-world scenario that can be modelled using vector addition or subtraction.

Suggested opportunities for assessment
Activating prior knowledge 
Listen to student justifications during the Pose-Pause-Pounce-Bounce discussion to assess understanding that vectors can be translated while maintaining magnitude and direction. 
Monitor student predictions about how the vectors could be added and note the strategies used to justify their reasoning.
Connecting learning 
Review student responses in GeoGebra to assess understanding of geometric representations of vector addition and subtraction.
Circulate while students complete Appendix A and monitor the observations and conclusions they record from each investigation.
Releasing responsibility
Monitor student constructions in Appendix B to assess whether they can correctly represent vector addition and subtraction using the triangle and parallelogram laws. 
Circulate while students complete Appendix B and ask individuals to explain how their geometric constructions verify the algebraic vector calculations. 
Independent practice
Monitor student responses as they determine the direct flight path in the search-and-rescue scenario, looking for correct application of vector subtraction of position vectors.
Review students’ notes to their future forgetful selves to assess their understanding of the key features and applications of the triangle and parallelogram laws.

[bookmark: _Appendix_A]Appendix A 
GeoGebra investigation journal
As you explore each activity, record your observations, sketches and evidence. 
Use these notes to help answer the investigation questions and justify your conclusions.
	Activity 1

	How can vectors be added when they are not touching? 
Observations:

Sketch:


Response to investigation question (use evidence to justify your answer): 


	Activity 2

	How can subtraction be represented geometrically?
Observations:

Sketch:


Response to investigation question (use evidence to justify your answer): 



	Activity 3

	How can vectors arranged tail to tail be added? 
Observations:

Sketch:


Response to investigation question (use evidence to justify your answer): 





[bookmark: _Appendix_B]Appendix B
Vector construction and verification task
Given vectors  and  complete the vector constructions below. 
	1. Vector addition
	
	

	Construct  using the triangle law.

[image: Section of Cartesian plane.]
	Construct  using the parallelogram law.

[image: Section of Cartesian plane.]
	Calculate  using the vector components. Compare your result with parts 1a and 1b. 


	Vector subtraction 
	
	

	1. Rewrite the subtraction vector  as the addition of an opposite vector. 
	Construct  using either triangle or parallelogram law. 

[image: Section of Cartesian plane.]
	Calculate  using components. Compare your result with part 2b.




[bookmark: _Appendix_C]Appendix C
Helicopter rescue
Two rescue helicopters depart from the same base camp, , to search different areas of the Blue Mountains for a missing bushwalker. 
Helicopter Alpha travels to point . 
Helicopter Bravo travels to point . 
Helicopter Bravo locates the bushwalker and requests helicopter Alpha’s assistance.
1. Draw a sketch showing vectors  and .
Express the vector that represents the direct flight path from Alpha to Bravo in terms of  and .
Determine the direct flight path from Alpha to Bravo in component form.
Express the vector that represents the direct flight path from Bravo to Alpha in terms of 



Sample solutions
Appendix B – vector construction and verification task
	1. Vector addition
	
	

	1. Construct  using the triangle law.
Note: vector constructions can be drawn in different positions. 
[image: Construction of a+b using the triangle law.]
	Construct  using the parallelogram law.
Note: vector constructions can be drawn in different positions. 
[image: Construction of a+b using the parallelogram law.]
	Calculate  using the vector components. Compare your result with parts 1a and 1b. 

This result matches the resultant vector  constructed using both the triangle law and the parallelogram law.

	Vector subtraction 
	
	

	1. Rewrite the subtraction vector  as the addition of an opposite vector. 


	Construct  using either triangle or parallelogram law. 
Note: vector constructions can be drawn in different positions. 
[image: Construction of a-b using the triangle and parallelogram law.]
	Calculate  using components. Compare your result with part 2b.


This result matches the vector  constructed using the parallelogram law.
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