
Scalar multiples
Using contextual problems involving drone movement, students develop an understanding that multiplying a vector by a scalar changes its magnitude and may reverse its direction. Students formalise scalar multiplication algebraically using component form and connect geometric and algebraic representations.
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
Learning intention
To understand the effect of scalar multiplication on vectors in two dimensions (2D) and three dimensions (3D).
Success criteria
I can identify a scalar and describe its effect on a vector.
I can represent scalar multiples of vectors geometrically.
I can multiply vectors by scalars algebraically in component form.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
operates with 2D and 3D vectors and uses 2D vectors to solve problems involving motion in two dimensions ME1-12-02
Content
Operating with vectors
Define a scalar as a real number that is used to multiply a vector
Represent geometrically a scalar multiple of a vector in two dimensions and three dimensions with and without graphing applications
Perform multiplication of vectors by a scalar algebraically in component form
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slide 4 of the PowerPoint Scalar multiples to show a drone path vector and discuss the prompts. Reveal a drone show image and discuss making the movement larger or smaller informally, creating the need for scalar multiplication.
	Think-Pair-Share
Mini whiteboards
Pose-Pause-Pounce-Bounce 
	Students should understand the informal concept of scaling vectors, recall vector notation and realise the need for a formal mathematical approach for scaling.

	Connecting learning
	Using GeoGebra (bit.ly/Ext1Unit1Vectors), students complete 2 activities to observe effects of multiplying 2D and 3D vectors by positive, negative, zero scalars and changes to components, then discuss to consolidate observations. Distribute Appendix A followed by Appendix B for students to draw scaled 2D and 3D vectors, followed by a class discussion.
	Pose-Pause-Pounce-Bounce 
Think-Pair-Share

	Students explore and develop intuitive language before formal introduction of ‘scalar’. Students should recognise the effects of multiplying a vector by scalars that are positive, negative, fractional and zero.

	Releasing responsibility
	Display slides 6 to formally define scalar and consider the geometric meaning of scalar multiplication. Use slide 7 to check understanding of scalar quantities. Distribute Appendix C for algebraic scalar multiplication practice in component form. Students annotate Appendix C to create notes.
	Notes to future forgetful selves
	Emphasise the difference between scalar and vector quantities. Students practise performing scalar multiplication in component form and understand its geometric interpretation.

	Independent practice
	Distribute Appendix D with 4 incorrect scalar multiplication attempts for pairs to identify errors and correct them. Reveal solutions on slide 9. Show HSC-style questions on slide 10 for practice and peer comparison; solutions animated for feedback. Students add to previous notes, identifying how to avoid common errors, to consolidate learning.
	Notes to future forgetful selves
	Students apply scalar multiplication correctly, identify and correct common errors and reinforce understanding through practice and reflection.
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Activity structure
Please use the associated PowerPoint Scalar multiples to display images in this lesson.
Activating prior knowledge
1. Display slide 4 of the PowerPoint to show the path of a drone given by the vector .
1. Animate the slide and have students answer the prompts that appear in a Think-Pair-Share (bit.ly/thinkpairsharestrategy).
1. On mini whiteboards (bit.ly/miniwhiteboards), ask students to write the movement:
as a worded description
as an ordered pair
in column vector notation.
Animate the slide to reveal a photo of a drone light show in the sky and read the following scenario to students:
A drone light show is displayed at concert performances around the country. The organiser wants to create the same image but make it larger or smaller based on the size of the concert venue. 
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to ask students what the organiser could do to make the drone’s movement smaller or larger. Prompts could include:
What does it mean to make the movement larger or smaller in terms of vectors?
How could you make the drone’s path longer or shorter while keeping the direction unchanged?
If you wanted the drone to travel twice as far or half as far, what would you do to the vector?
The purpose of this activity is to informally discuss possible methods of scaling vectors without formalising scalar multiplication, creating the need for an effective mathematical process.
Connecting learning
1. With at least one digital device per pair, direct students to the GeoGebra book ‘Extension 1 – Unit 1 – Vectors’ (bit.ly/Ext1Unit1Vectors) and instruct them to use the Table of Contents to navigate to ‘Lesson 4 – Scalar multiples’.
This GeoGebra book contains the activities for all lessons in Unit 1 – Vectors. 
You may choose to assign this book or any individual activity to students as a lesson through GeoGebra Classroom (bit.ly/LearnGeoGebraClassroom).
GeoGebra Classroom provides the opportunity for immediate feedback as well as tailored feedback from the teacher. Use Lesson Overview for live updates on student progress and navigate to each task to see student answers.
Lessons can be paused at any time to interrupt the work of students to explain certain tasks, return focus to the classroom or limit student access outside class time.
Instruct students to complete ‘Activity 1: 2D scalar multipliers’, moving the vector  and slider  to consider the effect on the position vector , then answer the questions below the applet.
Students may need to be informed that, in this context,  is a real number used to multiply a vector and not the unit vector  which was introduced in Lesson 3 – vector notations.
Students should be reminded that they can rotate a 3D image to consider all angles.
Instruct students to complete ‘Activity 2: 3D scalar multipliers’, moving vector  and slider  to check whether its effects on the position vector remain true for vectors in 3D.
Use the Pose-Pause-Pounce-Bounce questioning strategy to consolidate student thinking. Possible questions include:
What patterns did you notice about the effect of multiplying the 2D and 3D vectors by different values ()?
How were the 2D and 3D vectors affected when multiplied by a positive value, negative value or zero?
What happened to the vector components when multiplying the 2D and 3D vectors by different values ()?
How was the vector v in 2D and 3D affected when the vector u was moved?
Allow students to use intuitive language, for example: ‘number we multiply’, ‘multiplier’, ‘scale factor’. 
Students should recognise that multiplying a vector by  stretches or shrinks the vector along its direction, with negative values of  reversing direction and multiplication by zero giving the zero vector. They should also notice that the components of the vector are all multiplied by .
Introduce the term ‘scalar’ by informing students that the vectors are being scaled by the scalar .
Distribute Appendix A ‘Drone movements’ for students to draw and label scaled versions of a given vector, comparing their work with a partner.
The grid does not have any reference points. Encourage students to consider the position of the drones. The drones do not have to be in the same location.
Initiate a class discussion using the following prompts:
What do you notice about the vectors representing drones that travel a fraction or a multiple of the distance travelled by Drone 1?
Does changing where Drone 1 starts affect the other drones?
How does the sign of the scalar affect the direction and magnitude of each of the other drones?
Distribute Appendix B ‘3D vectors’ for students to draw and label scaled versions of a given vector, comparing their work with a partner.
Facilitate a whole-class discussion using the following prompts:
What similarities and differences do you observe when multiplying vectors in 2D and 3D?
How do direction and length change with different scalars?
In a Think-Pair-Share, ask students when it is possible for 2 different scalars to produce the same vector.
Students should recognise that for non-zero vectors, only identical scalars produce identical scaled vectors. For the zero vector, any scalar produces the zero vector.
Releasing responsibility
1. Display the definition of ‘scalar’ on slide 6 and animate the slide to reveal a summary of the geometric meaning of scalar multiplication.
Use slide 7 to check for student understanding of scalar quantities by animating the slide to reveal the answer for each expression.
Emphasise to students that a scalar is a quantity that is completely described by its magnitude (numerical value) and has no associated direction. In contrast, a vector has both magnitude and direction. The number 5 is a scalar and  is a vector. Therefore,  is a scalar multiplication of the vector 
Distribute Appendix C ‘Vector multiplication’ for students to complete the scalar multiplications and describe the effects on magnitude and direction.
The syllabus requires students to perform multiplication of vectors by a scalar algebraically in component form only. In Lesson 5 – addition and subtraction of vectors, students will operate with vectors in ordered pairs/triples and column notation, including scalar multiplication. 
The syllabus teaching advice mentions that students should avoid using a multiplication sign between the scalar and vector as it can be confused with the cross product.
Ask students to annotate Appendix C to make notes to their future forgetful selves (bit.ly/notesstrategy). Students could be prompted to include:
what a ‘scalar’ is 
how to perform scalar multiplication
the geometric meaning of scalar multiplication.
Independent practice
1. Distribute Appendix D ‘Spot the error’ to pairs of students.
1. Reveal the solutions on slide 9 for pairs to discuss.
1. Display the HSC-style questions on slide 10 for students to complete, comparing their responses with a peer. 
1. Animate the slide to reveal the solutions.
Have students add to the notes they made earlier in the lesson, with a focus on including notes about common mistakes and how to avoid them when multiplying vectors by scalars.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Prior to students completing the mini whiteboard activity, an example could be modelled showing the translation from a vector into a verbal description, ordered pair and column vector notation.
Challenge students to explain the effect of scaling on vector magnitude and direction quantitatively without formal scalar multiplication terminology.
Extend student thinking when discussing possible methods of scaling vectors by asking questions such as:
Why is it important that the direction stays the same when resizing the drone image?
Is it possible to create a movement in the opposite direction? How?
Connecting learning 
The GeoGebra activities can be facilitated as a class demonstration by the teacher.
Encourage students to verbalise intuitive concepts as they interact with the GeoGebra activities.
Deliberately prompt students to explore negative and fractional slider values in GeoGebra, predicting and explaining the vector’s behaviour and direction before testing. 
Releasing responsibility
Use slide 7 of the PowerPoint to reinforce the difference between scalar and vector quantities clearly, revisiting any confusing points with direct questioning.
Challenge students to explore and explain why a scalar times a vector is still a vector, including the  example emphasising scalar multiplication.
After completing Appendix C, encourage students to create their own examples of scalar multiplication, including tricky cases such as negative scalars and zero, then explain the geometric meaning and algebraic process.
Independent practice
For the incorrect examples, ask students to justify why the solutions are correct with algebraic and geometric reasoning, or to identify additional potential errors not shown.
Extend students by modifying the HSC-style questions to include other vector forms, and have them create their own scalar multiplication problems to share with peers for solving.

Suggested opportunities for assessment
Activating prior knowledge 
Collect and observe mini whiteboard responses for correct translation between verbal description, ordered pair and column vector notation, noting misconceptions.
Monitor student discussions to assess their emerging intuitive understanding of vector scaling and factors affecting magnitude/direction.
Connecting learning 
Use Lesson Overview in GeoGebra Classroom for live updates on student progress and Task Overview to see student answers.
Observe student contributions to discussions to monitor students’ use of accurate mathematical language and conceptual connections. 
Releasing responsibility
Use questioning during slide 7 reveals to check conceptual understanding of scalar quantities and their distinction from vectors.
Review annotations on Appendix C to check students’ ability to summarise definitions, procedures, geometric interpretations and common errors.
Independent practice
Observe discussions and student explanations of errors when completing Appendix D to gauge depth of understanding regarding common scalar multiplication mistakes.
Check accuracy and reasoning in answers to HSC-style questions on slide 10.
Review added notes to ensure students consolidate learning and misconceptions are addressed.


[bookmark: _Appendix_A]Appendix A 
Drone movements
A drone show uses programmed movement vectors. Given Drone 1 has the vector :
Write each of the other drones’ movement vectors as scalar multiples of .
Write each scaled vector in component form.
For each drone, draw its movement vector on the grid below (including Drone 1).
	Drone movements
	Scalar multiple of 
	Scaled vector in component form 

	Drone 2 – twice as far as 1
	
	

	Drone 3 – one quarter as far 1
	
	

	Drone 4 – same distance as Drone 1 in the reverse direction
	
	

	Drone 5 – stationary
	
	



[image: An empty grid for students to draw the drone movement.]

[bookmark: _Appendix_B]Appendix B 
3D vectors
Given , sketch the following:


.
[image: A 3D coordinate grid with vector u marked at (1, 2, 3). Students use the grid to draw the vectors indicated.]

[bookmark: _Appendix_C]Appendix C 
Vector multiplication
Perform the scalar multiplication on the central vectors and describe the effect in terms of magnitude and direction. 

[image: Two central vectors (−4i + 5j and 2i − j + 4k) with scalars 8, 0, −3/4, −1 and −2 extending from each.]
[image: Two central vectors (−4i + 5j and 2i − j + 4k) with scalars 8, 0, −3/4, −1 and −2 extending from each.]

[bookmark: _Appendix_D]Appendix D 
Spot the error
Explain the errors made and determine the correctly scaled vectors.
	Original vector
	Scalar
	Incorrectly scaled vector
	Explain the error
	Correctly scaled vector

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	



Sample solutions
Appendix A – drone movements
	Drone movements
	Scalar multiple of 
	Scaled vector in component form 

	Drone 2 – twice as far as 1
	
	

	Drone 3 – one quarter as far 1
	
	

	Drone 4 – same distance as Drone 1 in the reverse direction
	
	

	Drone 5 – stationary
	
	



[image: Diagram showing the positions and flight directions of five drones on a grid. Drones 1, 2, 3 and 4 have arrows indicating southwest, southeast, northwest and northeast directions respectively, while Drone 5 is stationary.]

Appendix B – 3D vectors

[image: 3D vector diagram illustrating vectors u, 2u, and one-half u originating from origin on a coordinate system with x, y, z axes labeled and grid lines. Vectors show their components along axes, highlighting scalar multiplication effects on vector length and direction.]

Appendix C – vector multiplication
[image: Two central vectors (−4i + 5j and 2i − j + 4k) with scalars 8, 0, −3/4, −1 and −2 extending from each, providing the solution of scalar multiplication and a description of the effect on magnitude and direction for each scaled vector.]
[image: Two central vectors (−4i + 5j and 2i − j + 4k) with scalars 8, 0, −3/4, −1 and −2 extending from each, providing the solution of scalar multiplication and a description of the effect on magnitude and direction for each scaled vector.]
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