
Vectors in three dimensions
Students model a three-dimensional (3D) coordinate system using the classroom. They explore points and vectors in 3D space using GeoGebra and represent 3D points and vectors graphically and as ordered triples. 
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
Learning intention
· To be able to represent 3D vectors.
Success criteria
I can represent points in 3D space.
I can recognise the equations of the coordinate planes.
I can represent 3D vectors graphically.
I can express a 3D vector using appropriate notation.


Outcomes
A student:
· develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
· operates with 2D and 3D vectors and uses 2D vectors to solve problems involving motion in two dimensions ME1-12-02
Content
Vector representation and notation
· Identify and use notation for vectors in both two dimensions and three dimensions, including ,  and , where  is the vector with magnitude and direction those of the directed line segment from  to 
· Represent vectors graphically with and without graphing applications
Introduction to 2D and 3D vectors
· Use Cartesian coordinates to represent points in 2-dimensional (2D) and 3-dimensional (3D) space with and without graphing applications
· Identify that, in three dimensions, all points on the -plane have a -coordinate of 0, and deduce similar properties for points on the  and -planes and thus the equations of the three coordinate planes
· Recognise  as the vector associated with the directed line segment from  to  in three dimensions
Mathematics Extension 1 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.
NSW Department of Education	[image: NSW Government logo.]


Vectors in three dimensions | 2

education.nsw.gov.au	
© NSW Department of Education, Aug-26 	[image: Creative Commons Attribution license logo.]
Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Display slide 4 of the PowerPoint Vectors in 3 dimensions for students to analyse a 2D radar image and discuss the limitations of using only 2 coordinates to describe the position of aircraft. 
	Pose-Pause-Pounce-Bounce
	Students learn that ordered pairs describe position in a plane, while ordered triples are required to describe position in 3D space.

	Connecting learning
	Students model 3D coordinates using the classroom as a coordinate system before exploring points, coordinate planes and vectors in GeoGebra. Use slides 6–7 and Appendix A for students to represent 3D points and vectors on isometric grid paper.
	Pose-Pause-Pounce-Bounce
	Students develop an understanding that coordinates describe movement in 3 perpendicular directions, a zero coordinate places a point on a coordinate plane, and position vectors represent displacement from the origin.

	Releasing responsibility
	Use slides 9–10 to formalise the names and equations of coordinate planes and slides 11–13 to develop algebraic methods for finding vectors between points. Students complete Appendix B, finding vectors and initial and terminal points before creating notes by annotating Appendix B.
	Worked examples (Your turn)
Notes to future forgetful selves
	Students formally learn that the coordinate plane equations are found by setting the missing coordinate to zero. A vector between 2 points is found by subtracting corresponding coordinates.

	Independent practice
	Students complete Appendix C involving points, planes and vectors in 3D space and add to their earlier notes.
	Notes to future forgetful selves
	Equal vectors have the same magnitude and direction regardless of position. Students connect graphical and algebraic representations of points, planes and vectors in 3D space.
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Activity structure
Please use the associated PowerPoint Vectors in 3 dimensions to display images in this lesson.
Activating prior knowledge
1. Display slide 4 of the PowerPoint showing a 2D radar image of planes travelling over Australia and ask students to consider the 2 prompts on the slide. 
1. Animate a third prompt and use a Pose-Pause-Pounce-Bounce questioning strategy
(bit.ly/P-P-P-B) to discuss how we could describe the position of a plane more accurately.
Guide students to recognise that the radar image represents only 2D and does not show the altitudes of the planes. Establish that a third coordinate is needed to describe a plane's location accurately in space. Explain that coordinate systems allow us to describe position precisely in both 2D and 3D.
Connecting learning
The classroom as a 3D space
1. Model the 3D axes using the edges of the classroom, with the origin in one corner. Establish the axes and scale with students. For example:
one metre or large step in the direction of the front wall represents 1 unit along the -axis 
one metre or large step in the direction of the side wall represents 1 unit along the -axis 
the vertical direction (indicated by reaching upward) represents 1 unit along the -axis.
1. Invite 3–5 other students, one at a time, to position a marker or sticky note at positive coordinate triples (points) called out by the teacher. Select one student to remain at the origin throughout the activity as a reference point. For points with a non-zero -coordinate, students can hold their marker at the required height. Encourage the class to check each location and describe the movement using the ,  and  directions. Begin with points on the coordinate planes, for example (2,3,0). 
1. Ask the students with markers positioned at various locations around the room, including the marker at the origin, to translate their marker 2 units along the -axis, 3 units along the -axis and 1 unit along the -axis. Once the markers have been moved, discuss whether they all finished at the same location and why. Explain that a treasure is hidden at (2,3,1) and ask which student’s marker identifies the treasure location.
1. Facilitate a class discussion using the following question prompts:
What does the ordered triple (2,3,1) describe when starting from different locations?
If students follow directions in a different order, will they end up in the same position?
What happens when one coordinate is zero?
Which coordinate must be zero for an object to be on the floor, front wall or side wall?
Guide students to recognise that an ordered triple describes a vector from any starting point, but when starting from the origin, it represents a position vector. Reinforce that a coordinate of zero places the point on a coordinate plane.
With at least one device per pair, direct students to the GeoGebra book ‘Extension 1 – Unit 1 – Vectors’ (bit.ly/Ext1Unit1Vectors) and instruct them to use the Table of Contents to navigate to ‘Lesson 2 – Vectors in 3 dimensions’. 
This GeoGebra book contains the activities for all lessons in Unit 1 – Vectors. 
You may choose to assign this book or any individual activity to students as a lesson through GeoGebra Classroom (bit.ly/LearnGeoGebraClassroom).
GeoGebra Classroom provides the opportunity for immediate feedback as well as tailored feedback from the teacher. Use ‘Lesson Overview’ for live updates on student progress and navigate to each task to see student answers.
Lessons can be paused at any time to interrupt the work of students to explain certain tasks, return focus to the classroom or limit student access outside class time.
3D coordinates
1. Direct students to ‘Activity 1: finding 3D coordinates’. Instruct students to rotate the 3D axes in GeoGebra to determine the coordinates of marked points and correct the misplaced coordinates. 
1. Pause and use the Pose-Pause-Pounce-Bounce questioning strategy to ask students why changing the order of the coordinates changes the location of the point, while changing the orientation of the axes does not. 
Students should suggest that rotating the graph changes how we see the point, but changing the coordinates changes the location of the point relative to the axes. 
3D coordinate planes
1. Direct students to ‘Activity 2: 3D coordinate planes’ to rotate the 3D view to explore the 3 coloured coordinate planes and identify where the marked points lie. 
1. Facilitate a class discussion to define the term ‘coordinate plane’ using students' responses from the GeoGebra activity. 
Guide students to recognise that ‘coordinate planes’ are flat surfaces extending in 2 perpendicular directions, while the ‘axes’ are the lines formed where 2 coordinate planes intersect. Highlight that coordinate triples with one coordinate equal to zero lie on one of the coordinate planes, while coordinate triples with no zero coordinates do not lie on any coordinate plane. 
3D vectors 
1. Direct students to ‘Activity 3: position vector in 3D’ and ‘Activity 4: vectors in 3D’ to compare points and position vectors, identify equal vectors and construct equivalent displacement vectors.
1. As students are finalising Activities 3 and 4, lead a class discussion to answer the questions:
How can we distinguish between a point and a position vector if they are both represented by the ordered triple (1,2,3)?
How can 2 vectors in completely different locations still be considered the same vector?
Students may conclude that a position vector represents movement with direction from the origin, whereas a point represents a fixed location in space. Emphasise to students that when writing an ordered triple, it is important to indicate whether it represents a point or a vector. Students should also recognise that displacement vectors are defined by their size and direction only, not their position in space. If 2 vectors have the same components, they are equal because they represent the same movement in the same direction.
3D vectors on paper
1. Display slide 6 to introduce students to different orientations of the 3D coordinate axes and facilitate a class discussion using the prompts on the slide. 
These diagrams are from the Mathematics Extension 1 11–12 Syllabus (2024) teaching considerations and show the standard right-handed orientation of 3D axes.
Guide students to recognise that the axes remain in the same order in the 3 diagrams. Although the diagrams look different, each represents a valid right-hand configuration. Changing the viewing perspective changes the appearance of the axes, but not the location of points in 3D space. 
The video ‘Right-Handed 3D Coordinate Frame’ (2:25) (https://bit.ly/righthand3Daxes) can be shown to students to demonstrate how the 2D and 3D right-handed configurations of axes are related. It also includes an example of a left-hand configuration to illustrate why it is not used as the standard coordinate convention.
Display slide 7 to demonstrate how to plot the 3D points  and  on isometric grid paper. Animate the slide to reveal a self-explanation prompt. Emphasise that  and  have the same  and  coordinates while the third coordinate represents movement vertically away from the -plane.
1. Animate the slide again to reveal the position vector  and 2 more prompts to facilitate a discussion. 
Guide students to recognise that the point  and position vector  have the same ordered triple. Discuss that the ordered triple identifies point 's location, while position vector  represents the directed line from the origin to that location. If position vector  points below the -plane, the  coordinate would become negative. 
1. Distribute Appendix A ‘Points and vectors in 3D space’ to each student to complete independently. 
1. Have students compare their plotted points and vectors with a partner and discuss any differences. For example, a prompt could be:
How can the same objects appear different when the axes are orientated differently?
Student solutions may appear different depending on the orientation of the axes chosen. Encourage students to use GeoGebra to verify that diagrams with different orientations can still represent the same point in 3D space.
Releasing responsibility
1. Display slides 9–10 to formalise the names, zero coordinates and equations of the 3 coordinate planes. Use the prompts to initiate discussion.
Students may suggest that the equation of a coordinate plane is obtained by setting the coordinate not named in the plane equal to zero. Students should also recognise that the origin has coordinates  and is the intersection point for all 3 coordinate planes. Hence, the origin lies on all 3 coordinate planes. 
1. Ask students which coordinate planes were represented by the classroom walls and floor in ‘The classroom as a 3D space’ activity from ‘Connecting learning’.
Depending on the orientation used in your classroom, students should identify that the floor represented the plane formed by the -axis and -axis, the front wall represented the plane formed by the -axis and -axis and the side wall represented the plane formed by the -axis and -axis. Reinforce that points on each plane have one coordinate equal to zero.
1. Use slide 11 to formalise how to find a 3D vector between 2 points algebraically.
1. Use slides 12–13 to display a worked example of finding a vector between 2 points using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
1. Distribute Appendix B ‘3D vectors between 2 points’ for students to practise finding the vector as well as identifying the tip and tail points. 
Students should recognise that a vector describes the change from one point to another and is found by subtracting corresponding coordinates. Reversing the order of the points produces a vector of the same size, but in the opposite direction with coordinates of the opposite sign. 
1. Have students annotate Appendix B to create notes to their future forgetful selves (bit.ly/notesstrategy).
Independent practice
1. Distribute Appendix C ‘Connecting points, planes and vectors in 3D space’ for students to complete individually, applying prior learning to interpret points, coordinate planes and vectors in context.
1. Have students compare their answers and reasoning with a neighbouring student.
1. Following discussions, direct students to add any additional relevant information to their notes from earlier.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
· Demonstrate how 2 objects at different heights in 3D space can appear to occupy the same location when viewed in 2D by placing one marker on the floor and holding a second marker directly above it. 
· Provide additional support by allowing students to explore the NRICH game ‘Treasure Hunt’ (https://bit.ly/treasurehuntgame), beginning at Levels 2 or 3 to consolidate movement and location in 2D before progressing to Level 4 to apply these concepts in 3D.
· Challenge students to describe a location in the classroom using multiple equivalent pathways and explain why each pathway arrives at the same point.
Connecting learning 
· Provide labelled axes on Appendix A and encourage students to use perpendicular line segments from each axis to support accurate plotting of points and vectors.
· Challenge students to identify the coordinates of points that would lie on the intersection of 2 coordinate planes and explain how this is reflected in the ordered triple.
Releasing responsibility
· Provide students with a structured subtraction template when finding vectors between 2 points, highlighting the corresponding coordinates being subtracted.
· Challenge students to explain the process using vector notation for determining a missing point when given a vector and one point. 
Independent practice
· Encourage students to annotate the diagram in Appendix C with the coordinate triples of points and coordinate plane labels before answering the questions.
· Invite students to create an additional question for Appendix C involving points, vectors or coordinate planes and exchange it with a peer to solve. 

Suggested opportunities for assessment
Activating prior knowledge 
· Observe student responses to the prompts to assess students’ working mathematically skills as they reason and justify how multiple objects can appear to occupy the same location.
Connecting learning 
· Observe students as they model coordinates in the classroom and listen for accurate descriptions of movement in the ,  and  directions.
· Monitor student responses in GeoGebra to check whether students can identify which coordinate must be zero for a point to lie on a given coordinate plane.
Releasing responsibility
· Observe student responses to the self-explanation prompts to check for understanding.
· Circulate while students complete Appendix B and ask individuals to explain how they determined an unknown point or vector to assess their understanding of coordinate subtraction.
· Review students’ notes for accuracy and completeness.
Independent practice
· Monitor student reasoning during the turn and talk discussion about equal vectors in the rectangular prism to assess understanding of magnitude and direction.
· Review student responses in Appendix C during the lesson, focusing on their ability to connect graphical and algebraic representations of points, coordinate planes and vectors in 3D space.

[bookmark: _Appendix_A]Appendix A
Points and vectors in 3D space
1. Label the axes on the isometric grid below using any valid right-handed orientation. 
Plot and label the points  and .
Group the points based on whether they lie on the -plane, -plane or -plane, or on none of the coordinate planes. 
	-plane
	-plane
	-plane
	none

	
	
	
	


Draw and label position vector , starting from the origin and ending at point .
Draw and label vector .
[image: Isometric grid graph showing 3 coordinate unlabelled axes intersecting at origin.]
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3D vectors between 2 points
1. Complete the table below.
	Tail
	Tip
	Vector

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	


From the table above, compare vector  and vector . What stays the same and what changes? Explain how this relates to the direction of each vector.
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Connecting points, planes and vectors in 3D space
Below is a diagram of position vector , vector  and vector . 
[image: 3D vector diagram illustrating vectors OA, BC, and DE in a coordinate system.]
1. Which vector is a unit vector? Explain. 
Give the coordinate triple for vector .
Could vector  lie on the -plane? Why or why not. 
State the coordinates of point .
If the tip of vector  is lowered vertically until it reaches the -plane, what is the ordered triple of the resulting vector?
State the coordinates of points  and . 
Find vector  and write it as an ordered triple. 
If  was translated to start at the origin, what would the coordinates of its endpoint be?
Which vector has the greatest positive movement in the  direction? Explain how you know. 


Sample solutions
Appendix A – points and vectors in 3D space
	
	
	
	

	
	
	
	



[image: A 3D coordinate diagram showing points A(2,3,0), B(0,5,2), C(0,-3,2), D(6,0,-1), E(0,0,5), and F(2,3,1) plotted on labeled axes x, y and z. Vector b is drawn from the origin to B and vector CE is drawn from C to E. 
]

Appendix B – 3D vectors between 2 points
1. Complete the table below.
	Tail
	Tip
	Vector

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	


From the table above, compare vector  and vector . What stays the same and what changes? Explain how this relates to the direction of each vector. 
Vector  and . The component values are the same, but with opposite signs. Reversing the order of the tail and tip reverses the direction of the vector. 

Appendix C – connecting points, planes and vectors in 3D space
1.  is the unit vector as it has a length of 1 unit.
 
No, vector  points in the positive  direction. A vector lying in the -plane must have a  component of 0.
Point 

Point  and point 
Vector 

Vector  has the largest positive  component of 2. 
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