
Change of base
Students prove and apply the change of base rule for logarithms.
Learning intention
To be able to solve problems involving logarithms with different bases.
Success criteria
I can change the base of a logarithm.
I can use a calculator to find the value of a logarithm involving different bases.
I can apply the logarithmic laws, including change of base, to solve problems.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
applies exponential and logarithmic laws to simplify expressions, solve equations and prove results MAV-11-07
Content
Logarithmic functions
Apply the logarithmic laws and results to simplify expressions, solve equations and prove results, using digital tools where necessary
Prove the change of base rule  and use it to solve problems
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Display slide 4 of the PowerPoint Change of base and ask students to sort the logarithms based on size. Pose the problem that they do not yet know how to place  into the list.
	Pose-Pause-Pounce-Bounce
	Identify the need for a method to evaluate logarithms with a base other than 10 or .

	Connecting learning
	Use slide 6 for students to match equivalent logarithms. Distribute Appendix A for students to investigate the change of base rule. Use slides 7–9 to explicitly teach taking the logarithm of both sides and its index equivalent. 
	Think-Pair-Share
	Emphasise the equivalence of exponential and logarithmic forms of an equation and related solution methods. 
Focus on clear logical steps when deriving results.

	Releasing responsibility
	Slides 10–13 show the proof of the change of base rule. Have students investigate whether their calculator will work with any base and teach its use. Use slides 14–17 to model worked examples of applying the change of base rule. Use slide 18 for students to sort logarithms using their new methods. Students should practise questions from an existing resource. Students use Appendix B to record notes. 
	Worked examples (Your turn)
Four quadrant notes to future forgetful selves
	Emphasise correct use of logarithmic laws and choosing efficient solution methods.

	Independent practice
	Students answer the questions on slide 20 with solutions on slides 21–23. 
	
	Focus on clear working, correct use of logarithmic laws and efficient methods.
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Activity structure
Please use the associated PowerPoint Change of base to display images in this lesson.
Activating prior knowledge
1. Display slide 4 of the PowerPoint and ask students to sort the logarithms from smallest to largest. 
Students should evaluate the logarithms using a mixture of mental and calculator methods.
1. Animate the slide to show the approximate values and ordering. 
1. Animate the slide again and have students consider how to evaluate  so it can be placed in the list. 
1. Lead a class discussion using the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce) with the prompt on the slide and the question:
Is there anything that we currently know how to do, to solve the problem?
Students may have different ideas but should conclude that we have not yet studied a method.
Connecting learning
1. Display slide 6 and ask students to match the equivalent logarithms. Animate the slide to see the solutions.
1. Animate the slide again and in a Think-Pair-Share (bit.ly/thinkpairsharestrategy) ask students to respond to the question prompt. 
Since the range of both logarithms is all real -values, there is always an equivalent logarithm in the other base.
Conclude that if we have a logarithm in a base that we can’t evaluate, we should try to find an equivalent logarithm in a base that we can work with. 
Some calculators on NESA’s ‘Approved calculators’ webpage (bit.ly/NESA-approved-calculators) have the ability to calculate values of logarithms of any base. These calculators will be addressed later in the lesson.
Distribute one copy of Appendix A ‘Change of base investigation’ to each student and ask them to complete it. 
6. Inform students that we will prove the rule that they investigated in Appendix A, however, they first need to learn another technique to complete the proof. 
7. Display slide 7 and explicitly teach ‘taking the logarithm of both sides’.
You may wish to mention that there is an equivalent method for exponents, called ‘raising both sides to the same power.’
8. Use a Think-Pair-Share with the questions on the self-explanation prompts.
Taking the logarithm of both sides does not change the solution, because there is a unique value of  for each value of which is why this process is possible.
 and  must be positive to apply the logarithms.
Importantly, the base of both logarithms must be the same.
1. Display slide 8 showing a worked example.
1. Animate the slide and lead a class discussion using the Pose-Pause-Pounce-Bounce questioning strategy and the self-explanation prompts:
Why did we choose base 10?
Why might we use brackets around the number 2?
In the example, base 10 is used because it can be easily evaluated. 
While the brackets are not necessary, they make the equation more readable. 
Releasing responsibility
1. Use slides 10–13 to lead students through the proof of the change of base law. For each slide, have students consider the proof so far and animate the slide to show a hint. Have students attempt the next line based on the hint and animate again to show it. 
1. Ask students to investigate whether their calculator can calculate values of logarithms that have a base other than  and 10. They can do this by either looking at the buttons on their calculator or consulting its manual.
Some calculators on NESA’s ‘Approved calculators’ webpage (bit.ly/NESA-approved-calculators) have the ability to calculate values of logarithms of any base. If students have a calculator with this functionality, explicitly teach them how to use it.
For detailed instructions, students should refer to their instruction manual for their specific brand and model of calculator.
1. Explain to students that even if their calculator evaluates any base, the HSC and other assessments can have questions that work with non-numerical bases.
1. Use slides 14–17 to model worked examples using the change of base rule using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Display slide 18 and have students evaluate and sort the logarithms from smallest to largest. Animate the slide to show the solutions.
Students should practise applying the change of base rule from an existing resource, including solving exponential and logarithmic equations.
Ask students in pairs to complete four quadrant notes to their future forgetful self (bit.ly/supportingstrategies) from Appendix B ‘Four quadrant notes’.
Independent practice
1. Display slide 20 and ask students to complete the questions in pairs. 
1. Ask students to compare their solutions with a neighbouring pair and update their solution if required. 
1. The solutions are shown on slides 21–23. 

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Support students by allowing access to calculators if they can evaluate using bases other than 10 or  or by using online calculators. 
Ask higher readiness students to justify why the logarithms follow the order they do using properties of logarithms or estimation techniques without calculators.
Students could develop their skills of estimating the size of logarithms of different bases by attempting the Underground mathematics problem ‘Logarithm lattice’ (undergroundmathematics.org/exp-and-log/log-lattice). 
Connecting learning 
Enable students to answer the prompt on slide 6 by asking them to consider the range of both graphs.
Extend students by explicitly teaching the similar process of raising both sides to the same power alongside taking the logarithm of both sides. 
Provide step-by-step guidance within Appendix A for students who need extra support investigating equivalent logarithms. 
Encourage students to articulate reasoning in their own words.
Releasing responsibility
Pair students strategically so those less confident can seek help easily. 
Challenge students to create their own change of base problems or to explain why the rule holds algebraically.
Independent practice
Pair students for collaborative problem-solving and hints for more challenging questions.
Provide challenge questions from existing resources for students to attempt extension problems involving logs with symbolic bases or to solve problems with logarithms applied in real-world contexts.


Suggested opportunities for assessment
Activating prior knowledge 
Use the gallery walk to observe students’ ordering strategies and evaluate their understanding of logarithm sizes.
Use Pose-Pause-Pounce-Bounce questioning to collect multiple student ideas and clarify as needed, checking for misconceptions.
Connecting learning 
Assess understanding through discussion responses during the Think-Pair-Share activities and matching tasks.
Monitor students’ progress and reasoning on Appendix A.
Use Pose-Pause-Pounce-Bounce questioning during graph and proof discussions to probe understanding of function properties and the uniqueness of solutions.
Releasing responsibility
Use observations of student participation during worked examples and note-taking to formatively assess engagement and conceptual grasp.
Review Appendix B ‘Four quadrant notes’ for evidence of understanding and address any gaps.
Independent practice
Collect and review pairs’ work on the problems, identifying common errors or misconceptions.
Use the pairing and class discussion post-activity to clear up misunderstandings and consolidate learning.


Appendix A 
[bookmark: _Change_of_base]Change of base investigation
1. Evaluate the logarithms using your calculator and correct to 3 decimal places.
	
	

	
	

	
	


	
	

	
	

	 
	 





What do you notice about the answers in the bottom row of each table?
Use the definition of a logarithm to evaluate and compare it with the bottom row of the left table.
What do you notice about the answers in the bottom row of the left table and the answer to question 3?
Use the definition of a logarithm to evaluate and compare it with the bottom row of the right table.
What do you notice about the answers in the bottom row of the left table and the answer to question 5? 
Using this pattern, can you express  as a pair of logarithms in base 10. Evaluate your expressions and confirm that the pattern holds.
Summarise your findings. Can you express  using a pair of logarithms with base ?

Appendix B 
[bookmark: _Four_quadrant_notes]Four quadrant notes
Change of base
	Example 1
Given that  and find the value of 

	Example 2
Given that  and find the value of 

	Things to remember
	Example 3




Sample solutions
Appendix A – change of base investigation
1.  


	
	

	
	

	
	


	
	

	
	

	 
	 








In both tables, the logarithms simplify to the same value.
which is the same as the values in the bottom row of the left table.
The answers are the same: 2.
which is the same as the values in the bottom row of the right table.
The answers are the same: 3.
The input in the numerator is the same as the input in questions 3 and 4. The input in the denominator is the same as the base of the logarithm in questions 3 and 4. 
.
I can write a logarithm as a quotient of 2 other logarithms with the same base: 



Appendix B – four quadrant notes
Change of base
	Example 1
Given that  and find the value of 

	Example 2
Given that  and find the value of 
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