

The logarithmic laws – proofs and equations
Students learn how to derive the logarithmic laws from the laws of indices. They apply the logarithmic laws to prove results and solve equations. 
Learning intention
To be able to apply the logarithmic laws to prove results and solve problems.
Success criteria
I can use the logarithmic laws to solve equations.
I can verify logarithmic results using the logarithmic laws.
I can derive the laws of logarithms.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
applies exponential and logarithmic laws to simplify expressions, solve equations and prove results MAV-11-07
Content
 Logarithmic functions
Justify the logarithmic results ,  and 
Derive the laws of logarithms from the laws of indices ,  and 
Apply the logarithmic laws and results to simplify expressions, solve equations and prove results, using digital tools where necessary
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slide 4 of the PowerPoint The logarithmic laws – proofs and equations for students to practise simplifying logarithmic expressions and slide 5 to compare methods for solving an exponential equation.
	
	Recall the logarithmic laws from the previous lesson.

	Connecting learning
	Display the graphs of and using bit.ly/LogReciprocal and slide 7. 
Use slides 8–12 to step through the derivation of the product logarithmic law. Students then use Appendix A and work in groups to derive the quotient and power logarithmic laws on slides 13–14, with solutions on slides 15–16. 
	Pose-Pause-Pounce-Bounce
Think-Pair-Share
Visibly random groups of 3
Vertical non-permanent surfaces
	Prove logarithmic results and laws.

	Releasing responsibility
	Students practise questions from an existing resource and then use slides 18–19 to model more difficult worked examples applying the logarithmic laws. 
	Worked examples (Your turn)
	Consolidate understanding of logarithm laws by applying them to solving equations.

	Independent practice
	Use slides 22–23 for students to attempt some HSC-style questions. Solutions are on slides 23–24.
	
	Use efficient strategies to solve problems involving logarithms. 
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Activity structure
Please use the associated PowerPoint The logarithmic laws – proofs and equations to display images in this lesson.
Activating prior knowledge
1. Display slide 4 of the PowerPoint and ask students to simplify and evaluate the expressions using the logarithmic laws. 
1. Animate the slide to show the solutions.
Students were introduced to the logarithmic laws in lesson 5 of this unit.
1. Display slide 5 and ask students to solve the equation.
1. Animate the slide to show 2 solutions and ask students to compare the 2 methods.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce) to lead a class discussion using the question prompts.
Connecting learning
1. Display the graph of  and using the Desmos graphing calculator ‘Log of a reciprocal’ (bit.ly/LogReciprocal) and adjust the slider for different values of .
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to lead a class discussion. The following are some suggested prompts:  
What do you notice about the graphs of  and ? 
How does changing the value of  impact the graphs? 
How could we prove that the functions are reflections of each other? 
Students should notice that they are reflections in the line , meaning .
As the value of increases, the graphs increase at a slower rate. 
To prove they are reflections of each other, exchange  for  and show one is equivalent to the other function.
1. Ask students to work in pairs to prove that  using logarithmic laws. 
1. Display slide 7 and using a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to compare the 2 methods. 
1. Animate the slide and use the Pose-Pause-Pounce-Bounce questioning strategy to check for understanding of writing proofs using the question prompts.
In a proof, each line should logically follow from the previous line. Usually that means that only one thing should change per line. 
Students should recognise that the statements on the side are justifying that line of working.
Proofs of the logarithmic laws
1. Use slides 8–12 to lead students through the proof of the product logarithmic law. For each slide, have students consider the proof so far and animate the slide to show a hint. Have students attempt the next step based on the hint and animate again to show the step.
1. Distribute a copy of Appendix A to each student and assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy). 
12. Display slide 13 and ask students to individually prove the quotient law, using a similar approach to the proof of the product law shown, using the Appendix. 
If students require additional support, provide the same hints as in the proof of the product logarithmic law:
· Use the definition of a logarithm
· Apply the index laws
· Apply the result .
1. Have group members compare their solutions, agree on a proof and write it on their surface.
1. Ask groups to do a gallery walk (bit.ly/DLSgallerywalk) to view other group’s responses, noting any similarities or differences. Encourage students to return to their group to add or adjust their proof if necessary.
1. Display slide 14 and repeat steps 8–10 to produce a proof of the power logarithmic law.
1. Use another gallery walk for students to compare the proofs and adjust their proof if necessary.
1. Provide feedback on final student proofs: 
Each step should differ from the previous step by only one mathematical change. 
Any change that is not immediately obvious should be clearly justified. 
1. Use slides 15–16 to show the proofs and lead a class discussion using the question prompts. 
Slide 15: the fraction has been written as a division and  and  have been replaced with  and  so the index laws can be applied in the next step. The logarithm notation was removed using the property .
Slide 16: the  has been substituted for . The logarithm notation was removed using the property . The logarithm has been directly substituted for  before rearranging terms on the next line of the proof.
Releasing responsibility
1. Students should use questions from an existing resource to practise solving straightforward exponential and logarithmic equations that do not require the change of base rule.
1. Use slides 18–19 to model worked examples of applying the logarithmic laws to more challenging problems using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Independent practice
1. Display slide 21 to remind students of the ‘Approaching questions’ scaffold and encourage students to identify the approach needed for the question.
1. Display slide 22 to check for understanding of applying the logarithm laws with HSC-style questions.
1. Ask students to compare solutions with a partner before displaying the solutions on slides 23–24.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Challenge high readiness students to attempt a more complex question, such as:
Simplify . 
Solution: .
Support students by allowing them to use the foldable they created in the previous lesson, linking the index and log laws. Encourage them to try to remember each rule first and only refer to the foldable when they are unsure how to progress.
Connecting learning 
Group students strategically so that those needing support have partners to discuss and scaffold their thinking.
Releasing responsibility
Some students may still require the use of the foldable. Encourage those students to rely on it less as they memorise the rules. 
High readiness students may benefit from attempting challenging questions from multiple existing resources.
Independent practice
Some students may benefit from working in pairs to complete the HSC style questions.
Challenge high readiness students in pairs to create their own questions and swap them with a partner to attempt.


Suggested opportunities for assessment
Activating prior knowledge 
Check for memorisation and understanding of the logarithmic laws. The laws are not provided on the reference sheet in the HSC examination and students need to be able to recall them as needed. 
Connecting learning 
After students have compared solutions for showing that  (slide 6), poll the class on whether they used method one, 2 or an alternative method.
Use the gallery walk to check for student understanding of the requirements when proving a result. Each step should differ from the previous step by only one mathematical change. Any change that is not immediately obvious should be clearly justified. 
Releasing responsibility
Use student responses to check for understanding of solving exponential and logarithmic equations. 
Independent practice
The HSC-style questions could be used as an exit ticket to check for understanding of solving equations that include either exponents or logarithms. 



Appendix A
[bookmark: _Proofs_of_the]Proofs of the logarithmic laws
The quotient logarithmic law

Logarithm of a quotient law proof
Let  and .
Then,  and .
 	
 	
 	
 	




The power logarithmic law

Logarithm of a power law proof
Let .
Then, .
 	
 	
 	
 	
 	
Sample solutions
Appendix A – proofs of the logarithmic laws

The quotient logarithmic law

Logarithm of a quotient law proof
Let  and .
Then,  and .




The power logarithmic law

Logarithm of a power law proof
Let .
Then, .
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