
Cosine rule
Students begin by examining the cosine rule and understanding how each part of the formula relates to the triangle. They then investigate the proof before applying the rule to find unknown sides and angles.
The learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To be able to apply the cosine rule to solve problems.
Success criteria
I can examine and explain the steps to prove the cosine rule.
I can identify when to use the cosine rule to find an unknown angle or side.
I can select the most efficient form of the cosine rule when finding missing sides and angles.
I can substitute correctly into the cosine rule.
I can find missing sides and angles using the cosine rule. 


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies trigonometry to solve problems involving geometric shapes MAV-11-04
Content
Trigonometry and measure of angles
Trigonometry with angles of any magnitude
Examine the proof of the sine rule  , cosine rule  and the area of a triangle formula  for a given triangle 
Apply the sine rule, cosine rule and formula for the area of a triangle to solve problems where angles are measured in degrees, or degrees and minutes
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Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Using slide 3 of the PowerPoint Cosine rule, have students calculate as many unknown sides and angles as possible. Animate a third triangle and have students share how they would find the angles. Reveal the learning intention and success criteria on slide 4.
	Goal-free problems
Think-Pair-Share

	The third triangle shows students they need an additional rule, as they cannot yet determine its sides or angles.

	Connecting learning
	Use slide 6 to introduce the cosine rule, show how it differs from the sine rule and allow students to use the rule to calculate a missing side. Slide 7 revisits the third triangle from the previous section so students can apply the cosine rule in its original form to find the largest angle. Slide 8 provides students with an opportunity to answer a ‘show that’ question and rearrange it to make  the subject, while slide 9 compares the 2 forms of the cosine rule before applying it to a final practice question.
	Think-Pair-Share
Worked examples – comparison 
	Encourage students to reflect on the similarities between this rule and Pythagoras theorem and why the cosine rule works for a  angle.

	Releasing responsibility
	Use the GeoGebra applet (bit.ly/cosine-proof) to prove the cosine rule. Have students complete Appendix A. Use slides 11–14 to model incorrect worked examples before students complete notes using Appendix B.
	Variation Theory
Think-Pair-Share
Incorrect worked examples
Four quadrant notes
	Students are only required to examine the proof of the cosine rule, not reproduce it.
Question 3 in Appendix A cannot be completed using the cosine rule. Use this to emphasise that students need 2 sides and the included angle.

	Independent practice
	Explain to students what radial surveys are and have them complete Appendix C. 
	
	Students apply the cosine rule to a practical scenario.



Activity structure
Please use the associated PowerPoint Cosine rule to display images in this lesson.
Activating prior knowledge
1. Display slide 3 of the PowerPoint and ask students to complete the 2 goal-free problems (bit.ly/goalfreeproblems), finding as many sides and angles as possible. 
Once students have attempted both problems, bring the class together and ask them to explain which strategy or strategies they used for each triangle. 
Students could have used right-angled trigonometry, the angle sum of a triangle and the sine rule for the first 2 triangles. 
Animate the slide to reveal all side and angle values for the triangles and check for student understanding. 
1. Animate the slide again to reveal another triangle.
1. In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students discuss how they would find any of the angles of the triangle.
Students do not yet have any strategies to find the angles in the third triangle unless they completed the Stage 5 path outcome – MA5-TRG-P-01. 
1. Reveal the learning intention and success criteria on slide 4.
Connecting learning
1. Tell students that there is another rule that can be used to find unknown sides and angles called the cosine rule. 
1. Use slide 6 to reveal the cosine rule and in a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students consider what the rule reminds them of and how it differs from the sine rule.
Students should notice that part of the cosine rule is very similar to Pythagoras’ theorem and that it uses 3 side lengths and only one angle compared to the sine rule that uses 2 sides and 2 angles.
1. Animate the slide to reveal a triangle and have students calculate the missing side using the cosine rule. Animate again to reveal the solution.
1. Draw students’ attention to the plus/minus () in the solution and discuss why the negative value can be disregarded.
1. In a Think-Pair-Share, ask students to discuss why the cosine rule and Pythagoras’ theorem are equivalent for right-angled triangles.
Students should recognise that , eliminating the last section of the cosine rule, leaving Pythagoras’ theorem. 
1. Use slide 7 to display the third triangle from the ‘Activating prior knowledge’ section of the lesson.
1. In pairs, ask students to use the cosine rule to find the largest angle in the triangle.
1. Animate slide 7 to reveal the largest angle and ask students to use a finger vote to indicate if they got the answer correct. 
In a Think-Pair-Share, ask students to consider how they might reduce errors when finding angles using the cosine rule. 
Prompt students’ thinking about rearranging the cosine rule by having them find the cosine rules on their copy of the Mathematics Advanced – HSC reference sheet
Use slide 8 to display a ‘show that’ question and give students time to manipulate the cosine rule to make  the subject. 
1. Animate the slide to reveal the 2 different solution paths.
1. Use slide 9 to display a Worked examples – comparison (bit.ly/supportingstrategies), comparing 2 solution methods: one rearranging the cosine rule to find the angle after substituting in known values, and the other rearranging the cosine rule before substituting known values.
Students may need to be reminded that the largest angle in a triangle is always opposite the largest side.
1. In a Think-Pair-Share, have students discuss what is the same and what is different and which method they would prefer.
Releasing responsibility
1. Tell students that, like the sine rule, they need to examine where the cosine rule comes from. 
1. Display the GeoGebra applet ‘Law of Cosines Proof’ (bit.ly/cosine-proof).
1. Select Step 1 and ask students to discuss what has happened.
1. Repeat for Step 2 and Step 3.
Students are only required to examine the proof of the cosine rule, not reproduce it. Students may benefit from some prompts to guide their discussions. Some suggested prompts include:
· Why were both equations rearranged to make  the subject? 
· What has happened on the second last line of working? 
· Why does ? 
· Can there be 2 angles for the cosine rule like the sine rule? Why/Why not? 
1. Distribute Appendix A ‘Variation Theory’ (variationtheory.com/introduction/) for students to complete. When they finish, have them pair up and compare answers, negotiating any solutions that differ. 
The third question in Appendix A cannot be completed using the cosine rule. Use this to emphasise that students need 2 sides and the included angle.
1. Use slides 11–14 to complete the incorrect worked examples activity (bit.ly/incorrectworkedexamples). For each slide:
have students read the worked solution and identify the error
animate the slide to reveal the self‑explanation prompts
use a Think-Pair-Share to help students discuss the mistake and refine their reasoning
prompt students to work together to determine the correct solution to the problem.
The errors in the solutions are:
· Incorrect worked example 1 – the incorrect angle has been found or the sides have been substituted into the formula incorrectly to find .
· Incorrect worked example 2 – the student failed to use  to find the angle.
· Incorrect worked example 3 – the student found the angle in the first quadrant and not the second quadrant, since the cosine ratio was negative. 
· Incorrect worked example 4 – the angle is not in the correct position to use the cosine rule.
1. Have students complete Four quadrant notes (bit.ly/supportingstrategies) using Appendix B ‘Four quadrant notes’. 
Independent practice
1. Tell students that the cosine rule is very useful in surveying. 
1. Explain what a radial survey is to students. 
In a radial survey, a central point is chosen within the block of land and measurements are taken along intervals from this point to each vertex. The angles between these intervals at the central point are also measured and recorded. 
Distribute Appendix C ‘Radial surveys’ and have students complete the questions. 
Radial surveys are included in the Mathematics Standard 2 Syllabus but are not explicitly identified in the Mathematics Advanced 11–12 Syllabus. This activity has been included as a practical application of the cosine rule to support students in connecting the mathematical concept to a real-world context. 


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Support students by limiting the questions to finding a single side or angle in each triangle to reduce cognitive load.
Use cues such as ‘Which angle is opposite the unknown side?’ or ‘Is this triangle right‑angled?’ to guide rule selection.
Challenge students by modifying the triangles to include a triangle that requires 2 rules in sequence.
Challenge students to justify why no solution method currently exists for the third triangle.
Connecting learning 
Highlight the opposite side and included angle on diagrams to support correct identification of the cosine rule structure.
Releasing responsibility
Offer guiding questions such as ‘Is this the included angle?’ or ‘Have you squared all 3 sides?’ to reduce common mistakes.
Provide students with faded examples for additional support.
Have students explain why the proof still works when the angle is obtuse.
Reverse problems by giving students worked solutions and have them construct a triangle that satisfies it.
Independent practice
Students could be challenged to find the area of the radial survey land or the bearings from the centre. 

Suggested opportunities for assessment
Activating prior knowledge 
Listen for whether students can justify why they chose right‑angled trigonometry, angle sum or the sine rule for each triangle.
Students’ responses provide evidence of their ability to use right‑angled trigonometry and the sine rule to find sides and angles.
Connecting learning
Use the plus/minus discussion and the angle‑finding tasks to assess whether students can explain why certain values are invalid.
During the comparative example, assess students’ ability to articulate similarities, differences and method preference.
In Think-Pair-Share tasks, assess whether students can generalise when the cosine rule is appropriate and how it complements the sine rule.
Releasing responsibility
Use students’ corrections to the incorrect worked examples as a quick diagnostic scan for algebraic compared to trigonometric misconceptions.
Use students’ choices for Example 3 in the Four quadrant notes to assess whether students can correctly identify when the cosine rule applies.
Observe students’ completed Four quadrant notes for evidence of procedural and conceptual understanding of finding unknown sides and angles using the cosine rule.
Independent practice
Collect students’ responses to Appendix C to check students’ ability to find an angle and a side using the cosine rule. 


[bookmark: _Appendix_A][bookmark: _Appendix_B]Appendix A 
Variation Theory
If possible, find the value of  in each of the triangles below.
	1
[image: Triangle with sides 50 cm and 65 cm and an included angle of 56°, opposite side labelled 𝑥.]
	2
[image: Triangle with sides 50 cm and 65 cm and an included angle of 40°, opposite side labelled 𝑥.]
	3
[image: A scalene triangle has sides 65 cm and 50 cm with a 40° angle between the 65 cm side and the unknown side 𝑥. The third side is labelled 𝑥, opposite the 50 cm side.]

	4
[image: Triangle with sides 7 cm, 8 cm, and 9 cm, with angle 𝑥 opposite the 8 cm side.]
	5
[image: Triangle with sides 7 cm, 8 cm, and 9 cm, with angle 𝑥 opposite the 7 cm side.]
	6
[image: Triangle with sides 7 cm, 8 cm, and 9 cm, with angle 𝑥 opposite the 9 cm side.]




[bookmark: _Appendix_B_1]Appendix B
Four quadrant notes
	Example 1
Find the value of side .
[image: Triangle with angle 53 degrees. Adjacent sides to the angle are 88 and 146 and the side opposite is labelled h.]


	Example 2
Find the value of angle  to the nearest degree.[image: Triangle with angle a, with adjacent sides 3.1 and 4.3 and opposite side 5.9.]

	Things to remember
	Example 3



[bookmark: _Appendix_C]Appendix C
[bookmark: _Radial_surveys]Radial surveys
1. The diagram shows a radial survey of a piece of land from point . Find the perimeter of the field . All measurements are in metres. 
[image: A quadrilateral 𝐴𝐵𝐶𝐷 has diagonals 𝐴𝐶 and 𝐵𝐷 intersecting at point 𝑋. The lengths from X to the vertices are AX=35, BX=58, CX=54 and DX = 72. The angles around X starting at A are 85, 72, 95 and 108 respectively.
]
1. The diagram shows a radial survey of a piece of land from point . Find the perimeter of the field . All measurements are in metres. 
[image: A diagram shows points A, X, and D on a horizontal line, with AX perpendicular to DX. AX is 25, XD is 45. From X, lines go to B and C with XB = 83, XC = 76, and angle BXC = 67°. Point C connects to D with CD = 85. A vertical arrow at A points north.]

Sample solutions
Appendix A – Variation Theory 
1. Top left

2. Top middle

3.	Top right – no solution using the cosine rule. 
4. Bottom left

5. Bottom middle



6. Bottom right



Appendix B – Four quadrant notes
	Example 1
Find the value of side .
[image: Triangle with angle 53 degrees. Adjacent sides to the angle are 88 and 146 and the side opposite is labelled h.]

	Example 2
Find the value of angle  to the nearest degree.[image: Triangle with angle a, with adjacent sides 3.1 and 4.3 and opposite side 5.9]





Appendix C – radial surveys 

1.




Total perimeter = 

2.




Total perimeter = 
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