
Trigonometric equations and graphs in radians
Students revisit trigonometric equations and graphs and combine this with knowledge of radian measure to solve equations and draw trigonometric graphs with restricted domains.
Learning intentions
To be able to solve trigonometric equations in radians.
To be able to draw trigonometric graphs in radians.
Success criteria
I can solve trigonometric equations on restricted domains expressed in radians. 
I can use substitution and identities to simplify trigonometric expressions.
I can solve quadratic equations involving trigonometric functions and give all radian solutions within the restricted domain. 
I can draw trigonometric graphs with angles in radians.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
applies trigonometry to solve problems involving geometric shapes MAV-11-04
uses periodic functions to solve trigonometric equations and prove trigonometric identities MAV-11-05
Content
Trigonometry and measure of angles
Radians
Graph , and over domains given in degrees or radians, showing intercepts with the -axis and -axis and any asymptotes, determine their domains and ranges, and period and amplitude where appropriate, and whether each is even or odd or neither
Trigonometric identities and equations
Solve equations involving trigonometric ratios of angles, specified in degrees or radians, on a restricted domain
Apply trigonometric identities to solve problems, simplify expressions and prove further trigonometric identities using substitution and/or reduction to  and 
Solve problems involving trigonometric equations, including those that reduce to quadratic equations, on a restricted domain
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students retrieve and consolidate prior trigonometric knowledge by collaboratively listing all known trigonometric formulas and identities using their HSC reference sheet.
	Visibly random groups of 3
Vertical non-permanent surfaces
Gallery walk
	The purpose of this activity is to activate and organise prior knowledge, ensuring students have access to a broad toolkit of identities. 

	Connecting learning
	Students complete Appendix A, graphing the trigonometric functions in both degrees and radians. Students then complete Appendix B, solving the equations both in degrees and radians to compare the process for both. Discuss when and why solutions are written in terms of 
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
	Students learn to graph and solve trigonometric equations expressed in both radians and degrees and learn the importance of calculator modes. 

	Releasing responsibility
	Have students compare 2 different strategies for solving trigonometric equations using Appendix C, then create notes by annotating this resource. 
	Worked example – comparison
Think-Pair-Share
Notes to their future forgetful selves
	Emphasise that students can convert to degrees and solve but they must remember to convert their final answer back to radians. 

	Independent practice
	Use slide 4 of the PowerPoint Trigonometric equations and graphs in radians to display the Approaching question scaffold and use it to plan a solution to the question on slide 5. Students complete Appendix D before discussing when to use radians rather than degrees. 
	Think-Pair-Share
Visibly random groups of 3
Vertical non-permanent surfaces 
	Radians are generally expected in higher-level mathematics, where contextual interpretation is required. 



Activity structure
Please use the associated PowerPoint Trigonometric equations and graphs in radians to display images in this lesson.
Activating prior knowledge
Ask students to take out their Mathematics Advanced – HSC reference sheet. 
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Instruct groups to list all the formulas and identities they have learned that relate to trigonometry. Some of these will be copied directly from the HSC reference sheet, although others will need to be added such as:
the multiple versions of the Pythagorean identity

converting between radians and degrees
the exact value triangles expressed in radians.
Ask students to participate in a gallery walk (bit.ly/DLSgallerywalk) to review other groups’ lists and graphs.
Have students return to their workspaces to annotate their own reference sheet to add any additional formulas or identities they may have overlooked.
Connecting learning
Graphing in radians
1. Distribute Appendix A ‘Graphing trigonometric functions’ to each student and have them complete the table of values in both degrees and radians before sketching the graphs of ,  and .
Discuss with students what is similar and what is different when graphing in radians and degrees. Use this opportunity to revise the features of trigonometric graphs such as odd, even, asymptotes, domain, range, period and amplitude.
Students should realise that the shape of the graph and the amplitude and range remain the same, and that only the unit used for the domain changes.
Solving equations in radians
Distribute Appendix B ‘Solving equations’ to each student.
Working in pairs, have students complete each question, working in degrees and then radians.
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students: How did the process differ when solving in radians compared to degrees? 
The process for solving the equations is the same whether solving in degrees or radians: identify the quadrant/s where the solution exists in the domain, find the related angle and use a diagram to find all solutions. Only the measurement unit changes from degrees to radians.
Facilitate a class discussion around when to use the calculator and when and why to write answers in terms of . Possible prompts could include:
When solving trigonometric equations on your calculator, how do you decide whether to set it to degrees or radians? Give an example.
Calculators should be set to degrees when asked for solutions in degrees and to radians when working in radians. Encourage students to always check what units the question asks for and use exact values like  wherever possible because it is more precise. Decimals can be used if the question specifically asks for them, or when an approximate answer is needed.
Draw students’ attention to the last question in Appendix B. (Solve for )
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to discuss why this question is different to the other questions and what strategies students may have used to solve it. Possible prompting questions include:
What made this question different from the previous questions? How do you know?
How would you solve the equation if it was written as ?
Releasing responsibility
1. Distribute Appendix C ‘Comparative example’ to each student. This appendix uses the Worked examples – comparison method (bit.ly/supportingstrategies) to solve trigonometric equations both directly in radians and by converting to degrees. 
1. In a Think-Pair-Share have students consider what is the same and what is different about the 2 approaches.
Have students create notes to their future forgetful selves (bit.ly/notestofutureself) by annotating Appendix C. 
Independent practice
1. Display slide 4 of the PowerPoint showing the Approaching questions scaffold. 
1. Display the following question on slide 5 with the self-explanation prompt for students to answer using a Think-Pair-Share. 
Solve for  
[Syllabus example (NESA 2024)]
1. Ask students to record the solution steps, then have them check their steps with a partner and negotiate any differences. Animate slide 5 to display suggested steps. 
1. Reassign students to visibly random groups of 3 at vertical non-permanent surfaces.
1. Distribute Appendix D ‘Trigonometry questions’ for students to work through the questions in their groups.
Facilitate a class discussion to revise when to use radians or degrees in trigonometry questions. Possible prompts could include:
How can the domain provide clues about what units to use?
If you evaluate expressions using a calculator in the wrong mode, what happens to the solutions?
If we tried to interpret  as degrees, what would the period of the tide model be? How would this compare to a 24-hour day?
Radians allow mathematicians to compare angles with other units of measurement. If the domain is provided in radians, the solution should be provided in radians. 
Attempting to solve the equations using a calculator in degrees mode will result in incorrect or inconsistent solutions. For example, in Appendix D, question 5, using degrees would give nonsensical answers. 
In most higher-level mathematics, trigonometric functions are defined using radians unless otherwise specified. This is important to note when using calculators, solving equations and interpreting graphs.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Students may need prompting to consider identities and formulas not on the reference sheet.
Connecting learning 
Provide quadrant charts and guided solution steps for students requiring additional support. 
Provide reference diagrams for common angles in radians.
Challenge students to justify which unit is more efficient for a given equation or modelling context.
Releasing responsibility
Provide partial templates or guided sentence starters for students’ notes. 
Independent practice
When solving quadratic equations using trigonometric functions, encourage students to use the discriminant to see if the quadratic they have made has 2 roots before trying to solve.
Challenge students to find multiple solution paths or write solutions in general form before restricting the domain.


Suggested opportunities for assessment
Activating prior knowledge 
Observe group discussions and contributions to check students’ recall and understanding of required identities and formulas.
Connecting learning 
Use Appendices A and B to evaluate students’ accuracy in identifying quadrants, related angles and exact values in both degrees and radians.
Listen to students’ responses to assess their understanding of when to choose degrees or radians based on the domain, calculator mode and context.
Releasing responsibility
Collect and review student notes to assess depth of understanding and procedural clarity.
Use student contributions to discussions to identify any misunderstandings.
Independent practice
Use questioning to assess students’ approaches to the questions.
Review written solutions and peer feedback for accuracy and sophistication.
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Solving equations 
	Working in degrees
	Working in radians

	Solve  for the domain 

	Solve  for the domain .


	Solve  for the domain 

	Solve  for the domain .


	Solve  for the domain .

	Solve  for the domain 


	Solve  for 

	Solve for 
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Comparative example
Alex and Sophie were asked to solve  for .
	Alex’s way – solve in degrees:
 for 

The related angle is .
Cosine is negative in quadrants 2 and 3.
Quadrant 2: 





Quadrant 3: 


Since ,

	Sophie’s way – solve in radians:

The related angle is .
Cosine is negative in quadrants 2 and 3.
Quadrant 2: 





Quadrant 3: 

 Since ,



[bookmark: _Appendix_B][bookmark: _Appendix_C][bookmark: _Appendix_D][image: Two people talking. The person on the left says 'I converted the domain to degrees and solved the equation in degrees before converting the solutions back into radians.' The person on the right says 'I solved the equations using exact values in radians.']
Appendix D
Trigonometry questions
1. Solve for .
1. Solve  .
1. Solve the equation  for .
1. Solve  for .
1. Solve  for .
1. Find all solutions of the equation for .
1. Find all solutions for , where .
1. Solve  for .
1. Tides follow a cycle, so the height of the sea can be modelled using
  for  
where  is in metres and  is the time in hours after midnight.
Find all times  in a 24-hour period, when the tide height is  metres.


Sample solutions
Appendix B – solving equations 
	Working in degrees
	Working in radians

	Solve  for the domain 

	Solve  for the domain .


	Solve  for the domain 

	Solve  for the domain .


	Solve  for the domain 

	Solve  for the domain .


	Solve  for 

	Solve for 




Appendix D – trigonometry questions
1. Solve for .
Use the identity 

Let 


 or 
… 
 …no solution as has the range .
.
1. Solve  .

1. Solve the equation  for .

1. Solve  for .

1. Solve  for .


1. Find all solutions of the equation for .

1. Find all solutions for , where .

1. Solve  for .

1. Tides follow a cycle, so the height of the sea can be modelled using  for  where  is in metres and  is the time in hours after midnight.
Find all times  in a 24-hour period, when the tide height is  metres.



Let ,


Sine is positive in Quadrants 1 and 2.
In Quadrant 1,  and  are within the domain.
In Quadrant 2,  and  are within the domain.
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