
Area of triangles and segments
Students examine the proof of the formula to calculate the area of a triangle before using the formula to find unknown measurements, including the area of a segment.
Learning intention
To understand and use the area of a triangle formula.
Success criteria
I can find the area of a triangle given the base length and perpendicular height.
I can explain where the area of a triangle formula comes from.
I can use the area of a triangle formula to calculate the area of a triangle.
I can use the formulas for the area of a triangle and the area of a sector to calculate the area of a segment.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies trigonometry to solve problems involving geometric shapes MAV-11-04
Content
Trigonometry and measure of angles
Trigonometry with angles of any magnitude
Examine the proof of the sine rule  , cosine rule  and the area of a triangle formula  for a given triangle 
Apply the sine rule, cosine rule and formula for the area of a triangle to solve problems where angles are measured in degrees, or degrees and minutes
Radians
Solve problems involving arc lengths and areas of major and minor sectors and segments
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Display slide 4 of the PowerPoint Area of triangles and segments and ask students to find the area of each of the triangles.
Explain that we are going to find a rule to easily calculate the area of non-right-angled triangles.
	Visibly random groups of 3
Vertical non-permanent surfaces
	This activity is designed to revise finding the area of triangles and to create a need for learning a rule to calculate the area of a non-right-angled triangle.

	Connecting learning
	Distribute Appendix A and ask students to work through the activity. Discuss the strategies that students have been using and their limitations.
	Visibly random groups of 3
Vertical non-permanent surfaces
Gallery walk
Pose-Pause-Pounce-Bounce
	Students build conceptual understanding of why the area formula works and the relationship between the perpendicular height and  Students should conclude that finding the perpendicular height is only possible when they know 2 sides and the included angle.

	Releasing responsibility
	Display slide 6 to show the proof of the formula for the area of a non-right-angled triangle and use slides 7–10 to model how to use the formula.
Distribute Appendix B to each student and have them complete the activity by either finding the answer to each question or justifying why they do not have enough information to complete the question.
Display slide 11 and have students justify why the 2 triangles have the same area. Challenge students to find another pair of triangles that have the same area.
	Worked examples (Your turn)
Think-Pair-Share
Pose-Pause-Pounce-Bounce
	Students are formally introduced to the area of a triangle formula and the conditions required to apply it – knowing 2 sides and the included angle. Students have not yet learnt the sine and cosine rules to be able to find angles or sides in non-right-angled triangles.

	Independent practice
	Display slide 13 and have students find the volume of water in the channel by first finding the area of the cross-section of water. Use slide 15 to display an HSC-style question for students to complete. Slides 14 and 16 can be used to show the solutions for the 2 questions. Have students write notes on finding the area of a triangle and segment using Appendix C.
	Four quadrant notes
	Students apply their knowledge of the area of sectors and triangles to be able to find the area of a segment.



Activity structure
Please use the associated PowerPoint Area of triangles and segments to display images in this lesson.
Activating prior knowledge
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) on vertical non-permanent surfaces (bit.ly/VNPSstrategy).
1. Display slide 4 of the PowerPoint and ask groups to find the area of each triangle.
Students should be able to calculate the area of the triangles given a base length and perpendicular height from the Stage 4 Area outcome MA4-ARE-C-01. Students should also be able to calculate the perpendicular height using right-angled trigonometry from the Stage 5 Trigonometry A core outcome MA5-TRG-C-01.
1. The slide can be animated to show a dotted line representing the vertical height of triangle 2, and a rotated version of triangle 3 that can be used as hints.
1. Ask non-volunteer groups how they found the areas of the triangles. Animate the slide to reveal one method for solving each of the triangles.
1. Explain that we are going to develop a rule to more easily find the area of a non-right-angled triangle.
Connecting learning
1. Continuing in their groups of 3, distribute Appendix A ‘Area of a triangle’ and ask students to work through the activity.
Ask groups to go on a gallery walk (bit.ly/DLSgallerywalk) to view other groups’ rules and compare them to their own.
Use a Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to allow groups to share their findings.
Discussion should include that the strategy they have been using does not work when there is not an included angle.
Releasing responsibility
1. Display slide 6 which shows the proof and formula for the area of a triangle.
Students are not expected to replicate this proof but simply examine it. 
1. Ask students to identify where the formula appears on their Mathematics Advanced – HSC reference sheet and then animate slide 6 to reinforce its location.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to ask students what important considerations may be needed to avoid mistakes when calculating the area of triangles using this formula.
Students should state that the angle must be between the 2 known sides to calculate the area. 
1. Use slides 7–10 to model how to use the area of a triangle formula using the Worked examples (Your turn) strategy (bit.ly/supportingstrategies).
Although the Mathematics Advanced 11–12 Syllabus explicitly refers to finding the area of a triangle using an included angle measured in degrees, this lesson includes a worked example where the included angle is given in radians. This is intentional, as students will apply the area of a triangle formula when finding the area of a segment, which requires subtracting the area of a triangle from the area of a sector. Since the sector angle may be expressed in radians, students need to be able to use the triangle area formula with angles measured in either degrees or radians.

Unlike the formulas for length of an arc and area of a sector which have separate formulas when working in degrees and radians, students will need to change the mode on their calculator when working with the area of a triangle formula in radians.
1. Distribute Appendix B ‘Triangles’ to each student and have them complete the activity by either finding the answer to each question or justifying why they do not have enough information to complete the question.
1. Display slide 11 which shows 2 triangles with 2 given lengths and an angle. 
1. Use a Think-Pair-Share ((bit.ly/thinkpairsharestrategy) for students to use mathematical reasoning to justify the statement on the slide. The statement is: These 2 triangles have the same area because …
1. Initiate the sharing of student ideas and reasoning using the Pose-Pause-Pounce-Bounce questioning strategy.
Students should explain that these triangles have the same area because  using either the unit circle or the graph of .
1. Continuing in their pairs, challenge students to find another pair of triangles that have the same area, but all the given dimensions are different.
Students can pick 2 pairs of side lengths that multiply to the same numerical value and 2 supplementary angles. Students should check if they have made valid triangles.
An example includes a triangle with sides  and  and angle , and another triangle with sides  and  and angle .
Independent practice
1. Display slide 13 and read the following scenario to students.
An irrigation engineer is designing a circular concrete channel used to transport water. The channel is laid horizontally and is partially full of water. The water occupies the minor segment shown in the diagram on the slide.
1. Unpack the scenario with students and then, working in new visibly random groups of 3 at vertical non-permanent surfaces, have students complete the questions on the slide.
Students will need to use the area of a sector formula (from Lesson 13 – area of sectors) and area of a triangle formula to find the area of the segment.
1. Display slide 14 to show the solution and a prompt to consider how to find the area of a major segment.
The area of a major segment is calculated by subtracting the area of the minor segment from the total area of the circle. Alternatively, it can be found by adding the area of the major sector to the area of the triangle formed by the central radii and the chord.
1. Use slide 15 to display an HSC-style question for students to complete in their groups.
Students have not yet learnt the sine or cosine rules to find the radius of the circle. They will need to halve the triangle and use the properties of an isosceles triangle to find the radius.
1. Slide 16 can be used to show the solution.
1. Distribute Appendix C ‘Four quadrant notes’ and have students complete notes on finding the area of a triangle and area of a segment, including finding the area of a major segment.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Students may need to be reminded of the formula for the area of a triangle.
Students may need to be prompted to divide the triangles into 2, by drawing in a vertical line from the apex. 
Connecting learning 
Support students by providing diagrams with the perpendicular height already drawn in and partially completed steps for them to complete.
Challenge students to consider whether they could create a rule that uses cosine instead of sine.
Challenge students to draw additional triangles that their rule does not work for, to assist them to generalise the conditions under which it does work.
Releasing responsibility
Provide students with support when changing the modes on their calculators.
Challenge students to write the rule in different formats for when they are using different sides and angles.
Challenge students to rearrange the formula for an unknown side or angle.
Support students by highlighting which triangles in Appendix B can be solved.
Support students by providing a checklist for Appendix B, such as: Do I know 2 sides? Do I know the angle between those 2 sides?
Questions from Appendix B could be sorted into those that can be calculated immediately, those that need another calculation first, and those where there is not enough information to answer the question.


Independent practice
Support students by providing them with a planning framework: find area of sector, find area of triangle, find area of segment, find volume.
Encourage students to copy the diagram and shade the sector, highlight the triangle and label the radii.
Challenge students to create a formula for finding the area of a segment.
Challenge students to consider what would change if the shape was a regular 12-gon or 20-gon instead of a decagon.
Ensure students are referring to their HSC reference sheets to locate the correct formulas.


Suggested opportunities for assessment
Activating prior knowledge 
Observe students finding the area of the right-angled triangle and recognising that the second and third triangles require finding a perpendicular height.
Connecting learning 
Observe student discussions while they are developing their rule to check for understanding of needing to find the perpendicular height of the triangle.
Observe student discussions to check for student understanding of the conditions required for their rule to work.
Releasing responsibility
Students could complete the ‘Your turn’ questions on mini whiteboards to check for correct use of the formula.
Students’ solutions to Appendix B could be collected as evidence of learning.
Independent practice
Review students’ notes to check for understanding of finding the area of a triangle and area of a segment.
The HSC-style question could be collected as an exit ticket.
During group work, circulate to ensure students can identify the segments and correct use of the area of a sector formula and area of a triangle formula.
Monitor students’ discussions and working to check that they know that the area of a sector formula only works in radians.


[bookmark: _Appendix_A]Appendix A 
Area of a triangle
1. Find the area of each triangle. As you work, take note of what changes and what stays the same.
	[image: Triangle ABC, with angle of 30 degrees at A and sides AC of 6 cm and AB of 8 cm.]
	[image: Triangle ABC, with angle of 45 degrees at A and sides AC of 6 cm and AB of 8 cm.]
	
	[image: Triangle ABC, with angle of 60 degrees at A and sides AC of 6 cm and AB of 8 cm.]


Can you explain how you would find the area of the following triangle? Could you write a formula to tell someone else how to find the area?
[image: Triangle ABC, with angle of theta degrees at A and sides AC of y and AB of x. The perpendicular height from A meets the base of the triangle at D and is labelled as h.]
Why can’t the same method be used to calculate the area of each of the triangles below?
	[image: Triangle ABC, with angle of 40 degrees at B and sides AC of 6 cm and AB of 8 cm.]
	[image: Triangle ABC, with angle of 50 degrees at C and sides AC of 6 cm and AB of 8 cm.]


What is the difference between these triangles and the previous triangles?
Finalise your rule for finding the area of a non-right-angled triangle.


[bookmark: _Appendix_B]Appendix B
Triangles
Instructions: for each question:
Decide whether you have enough information to complete the question.
Calculate the answer where possible or justify what other information would be required to calculate an answer.
All images are not to scale.
	1. Calculate the area correct to 3 significant figures.
[image: Triangle with side a = 9 cm, b = 12 cm and angle C = 38 degrees]
	Calculate the exact length of side .
[image: Triangle with side b and side a =15 cm, angle C = 45 degrees and area 54 square cm.]

	Calculate the area to one decimal place.
[image: Triangle with angles A = 72 degrees, B=48 degrees, and side a = 20 cm.]
	Calculate the angle in radians to 4 decimal places.
[image: Triangle with area of 110 metres squared. An unknown angle theta is in the bottom right corner and the sides on either side of theta are 14 metres and 21 metres.]




	Calculate the area to one decimal place.
[image: Triangle with side a =17 m, side b = 10.5 m and angle b = pi/6.]
	Calculate the side  to 2 decimal places.
[image: A single oblique triangle is shown. The left side is labelled 8 m, the right side is labelled c, and the angle between these two sides at the top vertex is 95°. The triangle’s area is stated as A = 24 m². No other markings or internal constructions appear; the diagram simply presents the two known sides, their included angle, and the area for a trigonometry problem involving the unknown side c.]

	Calculate the area to the nearest whole number.
[image: Triangle with angles 35 degrees, 70 degrees and 75 degrees.]
	Calculate the area to 2 decimal places.
[image: Triangle with top angle of 2pi/9 and bottom left angle of pi/3. The base is 9 cm and the right side is 11 cm.]

	Calculate the unknown acute angle to 2 decimal places.
[image: Triangle with an area of 65 metres squared. There is an unknown angle theta on the left and the sides either side of theta are 19 cm and 13 cm.]
	Calculate the angle to the nearest minute. 
[image: Triangle with top angle as theta, bottom angle as 50 degrees and left side length as 12 cm. With area 48 square cm.]



[bookmark: _Appendix_C]Appendix C
Four quadrant notes
	Example 1
Calculate the area of the triangle.
[image: Triangle with a known angle of 95 degrees at the top of the triangle and sides of 8 cm and 10 cm either side of the angle.]
Area of the triangle:

	Example 2
Calculate the area of the minor segment.
[image: Minor segment in a circle with subtended angle 2pi/3 and radius 6 cm.]
Area of the sector:

Area of the triangle:

Area of the segment:


	Things to remember
	Example 3


Sample solutions
Appendix A – area of a triangle
1. 
	[image: Triangle ABC, with angle of 30 degrees at A and sides AC of 6cm and AB of 8 cm.]
	


	[image: Triangle ABC, with angle of 45 degrees at A and sides AC of 6cm and AB of 8 cm.]
	

	[image: Triangle ABC, with angle of 60 degrees at A and sides AC of 6cm and AB of 8 cm.]
	


The method and sides remain the same and only the angle changes the answer.
Find the height using right-angled trigonometry:

Find the area using :

Students won’t be able to use the same method or the same rule because the given angle is not between the 2 sides. Students have not yet learnt how to use the sine rule or cosine rule to determine more sides or angles.
In the triangles in question 3, the known angle is not between the 2 known side lengths.
 only works if  is between 
Appendix B – triangles
1. 
1. 
1. Not enough information. Would need to know another side.


Unable to calculate. Would need the included angle or another angle.



Unable to calculate. No side lengths have been provided.
Missing angle: 




Not enough information to find the unknown angle.
Appendix C – Four quadrant notes
	Example 1
Calculate the area of the triangle.
[image: Triangle with a known angle of 95 degress at the top of the triangle and sides of 8cm and 10cm either side of the angle.]
Area of the triangle:


	Example 2
Calculate the area of the minor segment.
[image: Minor segment in a circle with subtended angle 2pi/3 and radius 6 m]
Area of the sector:

Area of the triangle:

Area of the segment:
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