
Area of sectors
Students derive and use the formula to calculate the area of a sector when the angle is given in radians.
Learning intention
To understand how to calculate the area of a sector when the angle is given in radians.
Success criteria
I can identify the major and minor sectors in a circle.
I can explain how to derive the area of a sector formula for an angle in radians.
I can solve problems involving the area of a sector when the angle is in radians.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
applies trigonometry to solve problems involving geometric shapes MAV-11-04
Content
Trigonometry and measure of angles
Radians
Recognise that both ratios  and  are equal to  where 𝜃 is the angle at the centre of a circle subtended by the arc
Prove and use the formula  for the area of a sector with angle  in radians at the centre of a circle of radius 
Solve problems involving arc lengths and areas of major and minor sectors and segments
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Display slide 4 of the PowerPoint Area of sectors showing a pivot irrigation system and ask students to calculate how far the arm has travelled and what fraction of a circle this represents.
	
	To assess students’ existing understanding of arc length.

	Connecting learning
	Ask students to calculate how much land has been watered so far and what fraction of the land that represents. Confirm the equality of the 3 fractions on slide 6. Using the formula for area of a sector  and their knowledge of radians, students develop the formula for area of a sector when given in radians.
Display slide 7 and have students consider what happens to the arc length and area of the sector when a circle is scaled up.
	Pose-Pause-Pounce-Bounce
	This section highlights that fractions,  and  are equal to .
Students also learn that arc length is proportional to  and area is proportional to .


	Releasing responsibility
	Display slide 9 to discuss the definitions of major and minor sectors. Use slide 10 to show the development of the formula for area of a sector in radians. Use Appendix A for groups to practise using the formula and then Appendix B to write notes.
	Visibly random groups of 3
Four quadrant notes
	This section provides practice in applying the sector formula in a range of familiar and unfamiliar questions.

	Independent practice
	Display the HSC-style question on slide 12 for students to complete before checking their solutions using slide 13.
	
	To provide HSC question practice for students.



Activity structure
Please use the associated PowerPoint Area of sectors to display images in this lesson.
Activating prior knowledge
1. Display slide 4 of the PowerPoint showing a centre pivot irrigation system. Explain to students that the arm rotates to complete a circle, watering the crop underneath it as it rotates.
1. Explain to students that the arm is 400 m long and has already moved through an angle of 1.8 radians.
1. Ask students to calculate how far the arm has travelled and what fraction of the full circle this represents.
Students learned how to calculate the arc length for an angle given in radians in Lesson 12 – arc length.
Students should calculate that the arm has travelled 720 m covering  of a full circle.
Connecting learning
1. Working in pairs, ask students to calculate:
how much land has been watered so far
how much land will be watered upon completion
what fraction of the land has been watered so far.
Students should be familiar with the formula for a sector  from the Stage 4 outcome – MA4-ARE-C-01. It is also available on the Mathematics Advanced – HSC reference sheet.
Ask students to compare the fraction of the circle that the arm has rotated through with the fraction of the circumference that the pivot arm has travelled and the fraction of the land that has been watered.
Use slide 6 to highlight that fractions,  and  are equal to .
Ask students to use the formula  and their knowledge of radians to determine a formula where the angle can be substituted as a radian value. 
Students should be comfortable with converting degrees to radians from Lesson 11 – What is a radian? Students should develop the formula  or equivalent.
Display slide 7 and have students complete the questions to consider what happens to the arc length and area of the sector when the circle is scaled up.
Sample solutions have been provided. This task helps students notice the deeper relationships:
→ arc length is proportional to 
→ area is proportional to .
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to discuss students’ results and check their understanding that arc length is proportional to the radius and that the area of a sector is proportional to the radius squared.
Releasing responsibility
1. Display slide 9 which shows a diagram of major and minor sectors. Unpack the difference between each of these with students.
1. Display slide 10 to show the development of the formula for area of a sector when the angle is given in radians. Have students compare this to the formula they developed in the previous section.
1. Refer students to their Mathematics Advanced – HSC reference sheet to locate area of a sector formulas for both radians and degrees. 
1. Use Appendix A ‘Workstation tasks’ to set up workstations around the classroom. Working in visibly random groups of 3 (bit.ly/visiblegroups), groups will rotate around the room to complete each task. Students are to record their answers and any necessary working in their workbooks.
Print one or more copies of each task and place them around the room. 
Students are not required to complete all tasks; they have been provided to show a variety of non-routine problems. Teachers can select certain tasks or have students select the tasks they wish to complete.
Distribute Appendix B ‘Four quadrant notes’ for students to complete notes (bit.ly/supportingstrategies) to their future forgetful selves.
Independent practice
1. Display the HSC-style question on slide 12 for students to solve individually.
1. Have students compare their solution with a partner and discuss if there are any differences between their answers or approach.
Reveal the solution using slide 13.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Students may need to be prompted to find the arc length formula on their HSC reference sheet.
Students can be challenged to find the remaining distance that the arm must travel to complete the circle.
Challenge students by introducing a rate into the scenario, such as, ‘Suppose the arm rotates at a constant rate of 0.03 radians per minute. How long has it been moving?’
Connecting learning 
Challenge students by having them explain why the fraction of circumference travelled and fraction of area watered are equal even though one measures length and the other measures area.
Releasing responsibility
Students can be directed towards completing specific workstation tasks matched to their level of readiness.
While working in groups, have students support each other to answer questions.
Enable students to complete their notes by providing prompts for the ‘Things to remember’ section, such as whether the angle is given in degrees or radians.
Independent practice
Challenge students to create their own problem involving a major segment.
Allow students to work in small groups to complete the HSC-style question or provide a scaffold in the form of the steps that students will need to complete to answer the question.


Suggested opportunities for assessment
Activating prior knowledge 
Monitor students to observe whether they can identify that they are required to find the arc length, and that they can identify the correct formula to use.
Connecting learning 
Mini whiteboards can be used to allow the teacher to check for understanding of the proportionality of arc length, area of a sector and sector angle.
Releasing responsibility
Monitor student conversations during the workstation tasks to check for correct use of terminology and formulas.
Student answers to the workstation tasks could be collected as evidence of learning.
Review students’ notes as evidence of students’ mathematical communication, fluency and reasoning related to area of sectors and segments.
Independent practice
[bookmark: _Appendix_A]The HSC-style question could be used as an exit ticket to check students’ understanding of the area of a sector.
[bookmark: _Appendix_A_1]Appendix A 
Workstation tasks
Task 1: Same Surface, Different Deep
A telecommunications company is installing sector antennas on a mobile phone tower. Each antenna covers a sector-shaped region.
	A sector antenna covers an angle of radians and has a range (radius) of 8 km.
Find the length of the coverage boundary.

	A sector antenna covers an angle of radians and has a range (radius) of 8 km.
Find the area covered.


	The range (radius) of a sector antenna has been extended so it now covers an area of  with a central angle of  radians.
Find the new range.

	A sector antenna covers an area of  and has a range (radius) of 12 km.
Find the angle covered.




Task 2: consider the following image.
[image: A quadrant where the radius has been divided into 3 sections of length n. Each of these have an arc breaking the quadrant into three layers. The first layer closest to the subtended right angle is called a, the second layer is divided into 3 sections each of area b, the third layer is divided into 5 sections each of area c.]
1. Assuming , show that the areas of a, b and c are equal.
1. Do other values of  also result in equal areas? Show your working.
Does the rule still apply to other sectors with a different subtended angle? Why or why not?
This activity has been modified from Don Steward’s Median blog post ‘arc length and sector area’. 


Task 3: investigate the following statements.
1. Is it possible to find a sector whose area and arc length are numerically the same? If so, provide an example.
1. Is it possible to find 3 different angles and radii that give you a sector with an area of ? If so, what are they?
1. For a radius of 6 cm, is it possible to find 3 angle sizes that give you integer values (in terms of ) for the sector area and the arc length?


Task 4: complete the following Less, Same, More table.
	Arc length
Area
	Less 
	Same
	More

	Less
	
	
	

	Same
	
	[image: Circle with radius 9 m and shaded sector with angle 2pi/3.]
	

	More
	
	
	




[bookmark: _Appendix_B]Appendix B
Four quadrant notes
	Example 1
Calculate the area of the minor sector.
[image: Circle with radius 6 showing a sector with angle at the centre of 2pi/3.]
Area of the sector:


	Example 2
Calculate the area of the major sector.
[image: Circle with radius 9 showing a minor sector angle of 7pi/12.]

	Things to remember
	Example 3


Sample solutions
Slide 7
1. 
1. 
1.  (radius increases)

1. The arc length is directly proportional to radius. If the radius doubles, the arc length doubles to .
Since the area is proportional to , doubling the radius gives  so the area quadruples to 
Appendix A – workstation tasks
Task 1
Top left: a sector antenna covers an angle of  radians and has a range of 8 km.
Find the length of the coverage boundary.
 km
Top right: a sector antenna covers an angle of radians and has a range of 8 km.
Find the area covered.

Bottom left: the range (radius) of a sector antenna has been extended so it now covers an area of  with a central angle of  radians.
Find the new range.
 km
Bottom right: a sector antenna covers an area of  and has a range (radius) of 12 km.
Find the angle covered.
 
 

Task 2
1. 


1. 


All end up being the same value.
1. For example, if the beginning angle was :





Task 3
1. 
For there to be an arc length or sector, 


Solutions are .
Any circle with radius of  will result in a sector of any subtended angle sharing the same area and arc length.
1. Three possible sectors:

Angles smaller than  that satisfy the above condition will give an area of .


	Radius
	4
	6
	8
	10

	Angle
	
Impossible angle in a sector. Need a larger radius.
	
	
	


Arc length = 
Area of sector = 
To give integer values for the area and the arc length, the angle would need to be a factor of 6 and 18.
Possible angles could be .
Task 4
	Arc length
Area
	Less 
	Same
	More

	Less
	


	


	



	Same
	


	


	



	More
	


	


	




Appendix B – Four quadrant notes
	Example 1
Calculate the area of the minor sector.
[image: Circle with radius 6 showing a sector with angle at the centre of 2pi/3.]
Area of the sector:


	Example 2
Calculate the area of the major sector.
[image: Circle with radius 9 showing a minor sector angle of 7pi/12.]
Area of the major sector:
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