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Students develop an understanding of the relationship between angle size (in radians), radius and arc length, leading to the formula . They investigate this relationship and apply it in worked examples and for solving related problems, including finding missing variables and sector perimeters.
Students will need at least one digital device per pair to interact with Desmos during this lesson.
The learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To understand and use the connection between arc length, radius and angles in radians.
Success criteria
I can explain the relationship between arc length, radius and angles in a sector.
I can use the formula  to find the length of an arc, radius or angle in radians.
I can apply the formula  to solve problems.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies trigonometry to solve problems involving geometric shapes MAV-11-04
Content
Trigonometry and measure of angles
Radians
Recognise that both ratios  and  are equal to  where 𝜃 is the angle at the centre of a circle subtended by the arc
Define the angle size of 𝜃 in radian measure as the ratio 
Establish and use the formula  for the length  of arc subtending an angle  in radians at the centre of a circle of radius 
Solve problems involving arc lengths and areas of major and minor sectors and segments
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Display slide 3 of the PowerPoint Arc length and ask students to determine the fraction of a full revolution that each angle represents.
	
	Lead students to generalise that the fraction of a full revolution can be represented as  .

	Connecting learning
	Display slide 5 and ask students to complete the questions with an angle given in degrees. Use slide 6 for students to attempt a similar problem with the angle given in radians. Use the Desmos activity (bit.ly/ArcLengthRadians) and Appendix A for students to explore the relationship between the angle, radius and arc length of a circle. 
	Think-Pair-Share
	Students develop a rule connecting the angle in radians, the radius and the arc length of a circle.
The learning intention and success criteria are released to students once the formula is deduced. 

	Releasing responsibility
	Use slide 9 to unpack the formula  before using slide 10 to show its derivation and slide 11 to define the angle size of  in radians. Use slides 12–13 to model finding the radius, then have students complete Appendix B to identify and correct common errors. Students discuss the errors before making notes. Students use Appendix C to create Four quadrant notes.
	Worked examples (Your turn)
Four quadrant notes
	Students formally learn about the arc length formula and learn to recognise and correct common errors and misconceptions.

	Independent practice
	Slide 15 is used to unpack the Approaching questions scaffold before displaying a problem on slide 16. Students explain their problem-solving process to a partner before revealing the solution on slide 17 for self-checking. Students complete the questions from Appendix D (also on slide 18).
	Approaching questions scaffold
Turn and talk
	Students extend their understanding through challenging problems.



Activity structure
Please use the associated PowerPoint Arc length to display images in this lesson.
Activating prior knowledge
Display slide 3 of the PowerPoint and ask students to determine the fraction of a full revolution that each angle represents.
Discuss with students the methods they used, asking if they used the same method for the angles represented in radians as they did for the angles represented in degrees.
Animate the slide to reveal the solutions.
Students should notice that equivalent angles give the same fraction. For example,  and  both represent  of a circle.
Lead students to generalise that the fraction of a full revolution can be represented as  .
Connecting learning
1. Display slide 5 and ask students to attempt the following question: 
A robotic arm used in a manufacturing plant is 1.8 m long. During one operation it rotates through an angle of .
a) Determine what fraction of a circle the angle represents. 
b) Calculate how far the tip of the arm travels during one operation. (2.5 m)
c) A second robot has an arm twice as long but rotates through the same angle. Determine how far its tip travels in one operation. (5.03 m)
d) Represent how far the arm travels in each case, as a fraction of the circumference. 
Students studied arc length in the Stage 4 focus area Length MA4-LEN-C-01 but may benefit from being directed to their copy of the Mathematics Advanced – HSC reference sheet to locate the formula for arc length in degrees.
Animate slide 5 to reveal the answers before displaying slide 6 and asking students to complete a similar question, but this time working with an angle measured in radians. Challenge students to solve the question using 2 different methods.
Animate slide 6 to reveal the answers.
Highlight to students that the fraction of the circle that the angle represents is the same as the fraction of the circle that the arc length represents, that is, .
It was established in Lesson 11 – What is a radian?, that an angle of one radian creates an arc length equal to the radius.
Highlight to students that the arc length in the radians example will be 1.5  radius.
Students will explore this further in the next activity to develop a rule for arc length.
With one device per pair of students, direct students to the Desmos activity ‘Arc length and radians’ (bit.ly/ArcLengthRadians) to complete Appendix A ‘Arc length’. 
Students should recognise that if the angle is  radians, then the arc length is equal to the 
radius .
Challenge students to develop a rule for finding the arc length when the angle is expressed in radians.
In pairs, challenge students to find 3 different angles and radii that give an arc length of .
Ask pairs to swap their answers with a neighbouring pair to check each other’s answers. If a student finds an error in another pair’s work, they should be encouraged to discuss and remedy the error.
This activity is designed to build on students’ understanding of radians by investigating the relationship between arc length and radius. This relationship will be formalised in the next section. Use slide 7 to reveal the learning intention and success criteria. 
Releasing responsibility
1. Display slide 9 to unpack the formula  and emphasise that this is only used when the angle is measured in radians.
1. Refer students to their copy of the HSC reference sheet and ask them to find the arc length formula in radians. Animate the slide to show students that it sits under the ‘Trigonometric functions’ heading.
1. Display slide 10 to derive the formula by considering the arc as a fraction of the entire circumference.
1. Display slide 11 to show a rearrangement of the arc length formula, defining an angle of  in radians. Discuss with students what happens when the radius of a circle is equal to one. This should reinforce the relationship established in Lesson 11 – What is a radian?.
1. Use slides 12–13 to model finding the radius when given an arc length and an angle in radians using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
The word ‘subtends’ is used in the questions on slide 12 and 13. Students may be unfamiliar with this term and may need help unpacking its meaning. 
‘In geometry, an angle subtended by an arc or interval is the angle whose 2 rays pass through the endpoints of the arc or interval. A possible synonym for ‘subtends’ is ‘makes’. (NESA 2024)
1. Distribute Appendix B ‘Spotting errors’ to pairs of students to identify and explain the error in each solution and determine the correct solution.
Facilitate a class discussion to consolidate learning. The following questions could be asked:
How would you explain to another student when to use the formula ? 
What mistakes should they avoid?
Have students complete Four quadrant notes to their future forgetful selves (bit.ly/supportingstrategies) using Appendix C ‘Four quadrant notes’.
Independent practice
1. Use slide 15 to unpack the Approaching questions scaffold for students. 
The Approaching questions scaffold offers students a 4-step scaffold to tackle questions. Each step is accompanied by an icon and corresponds to different aspects of the solution process.
1. Display the perimeter problem on slide 16 for students to attempt individually in their workbook or on mini whiteboards (bit.ly/miniwhiteboards). Encourage students to consider and apply the 4 steps of the Approaching questions scaffold.
1. Ask students to turn and talk (bit.ly/classroomtalkmoves) to a partner, explaining their process for solving the problem.
1. Use slide 17 to display the solution to the problem for students to self-check their answer.
1. Have students review their own solutions to identify and correct any possible errors made.
A conversation could be initiated with students about rounding. When checking their answer for reasonableness, students should also check if the question has asked for an exact value or rounded to a specified number of decimal places. In this example, it is not specified, and the arc lengths have been added as exact values with the answer provided as an approximation.
1. Distribute Appendix D ‘Challenge questions’ for students to complete individually or in pairs. The questions can also be displayed using slide 18.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Provide students with a visual of a circle divided into common fractions (halves, quarters, sixths, eighths, twelfths) to assist with estimating the fraction represented by each angle.
Prompt students with scaffolded questions:
What is one full revolution in degrees?
What is one full revolution in radians?
What fraction is your angle of  or ?
Ask students to create their own degree–radian pairs that represent the same fraction of a revolution and justify why they are equivalent.
Challenge students to consider angles beyond  or .
Connecting learning 
Encourage students to draw and annotate a circle showing the radius, angle, circumference and arc length to visualise the relationship.
During the Desmos activity, direct students to focus first on identifying patterns between radius, angle and arc length before attempting to write a general rule.
Provide sentence starters to support students to explain the pattern in Appendix A.
Encourage students to predict the outcome for varying angles and radii before testing.
Releasing responsibility
Highlight common misconceptions before students begin the ‘Spotting errors’ activity, such as:
using degrees instead of radians 
substituting diameter instead of radius 
rearranging the formula incorrectly 
omitting units.
Ask students to create their own incorrect solution containing a common misconception and swap with another pair to identify and explain the error.
Challenge students to compare the formula  to the formula  by converting between radians and degrees.
Independent practice
Encourage students to annotate the diagram by highlighting arc lengths, radii and straight edges in different colours. 
Provide partially completed solutions where students only need to calculate missing values or justify the final step.
Encourage students to estimate a reasonable perimeter before calculating to support checking for reasonableness.
Challenge students to solve the problem using more than one method and compare the efficiency of each approach.
Challenge students to create a question involving perimeter of a sector, with a hidden complexity for a peer to solve.


Suggested opportunities for assessment
Activating prior knowledge 
Listen for students correctly identifying that the denominator must represent one complete revolution (360° or ). 
Note whether students recognise that equivalent angles in different units represent the same proportion of a circle.
Use mini whiteboards so students can simultaneously display their answers to each question to check for understanding.
Connecting learning 
Monitor whether students recognise that the fraction of the circle represented by the angle is equal to the fraction of the circumference represented by the arc length.
Observe student discussions as they complete Appendix A and listen as they explain the relationships observed in the table.
Monitor group discussions and ask students to verbally justify the formula derivation.
Collect short written responses summarising the relationship from the Appendix A findings.
Releasing responsibility
Monitor whether students correctly identify when the formula can and cannot be applied. 
Listen for students using appropriate mathematical language such as radius, arc length, radians, circumference and subtended angle. 
Observe the explanations students provide during the ‘Spotting errors’ activity, as the quality of the explanation often reveals a deeper level of understanding than simply correcting the answer.
Review students’ Four quadrant notes to check for accuracy and understanding.
Independent practice
Monitor students' use of the 4-step scaffold to determine whether they are approaching the problem systematically.
Listen to turn and talk explanations for clarity, accuracy and use of precise mathematical language. 
Have students annotate their work during self-checking by using a tick for correct reasoning and a circle around parts that they need to review.
[bookmark: _Appendix_A]Student solutions to Appendix D could be collected to check for understanding.

[bookmark: _Appendix_A_1]Appendix A 
Arc length
Complete the table below using the Desmos activity (bit.ly/ArcLengthRadians).
1. Choose your own radius and angle measurements to complete the blank rows.
	Radius 
()
	Angle (radians)
(
	Arc length
()

	2 cm
	1
	

	2 cm
	2
	

	2 cm
	3
	

	2 cm
	1.5
	

	4 cm
	1
	

	4 cm
	2
	

	4 cm
	3
	

	4 cm
	1.5
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	


Write a general rule for calculating arc length when the angle is expressed in radians.
[bookmark: _Appendix_B]Appendix B 
Spotting errors
Find and explain the errors in the solution to each question below before providing the correct solution to each question. There may be more than one error in each question.
1. The angle of a sector of a circle of radius 8 cm is  radians, as shown in the following diagram. Find the exact value of the perimeter of the sector. 
[image: A sector with angle pi over 3 and radius 8 cm.]
	Incorrect attempt:

	


1. Find the arc length in the following diagram correct to 2 decimal places.
[image: A sector with external angle measuring two pi over 3 and radius 6 cm.]
	Incorrect attempt:



What is the radius of a circle in which an arc length of  metres subtends an angle of  at the centre? Answer correct to the nearest centimetre.
	Incorrect attempt:



A circle has a diameter of 6.8 cm. Find the length of the arc that subtends an angle of 0.7 radians.
	Incorrect attempt:



Find the perimeter of the following figure. The square has side lengths of 5 cm.
[image: A composite shape consisting of a square and a quadrant attached to one side of the square.]
	Incorrect attempt:
Square:  cm
Sector: 

 cm


[bookmark: _Appendix_C]

Appendix C 
Four quadrant notes
	Example 1
Find the arc length of a sector with a radius of 
8 metres and an angle of 2 radians at the centre.

	Example 2
Find the radius of a circle in which an arc length of 8 metres subtends an angle of  at the centre.

	Things to remember
	Example 3




[bookmark: _Appendix_D]Appendix D
Challenge questions
1. What is the perimeter of the shape below if 𝐴𝐵 is the diameter of the larger circle, of length  cm?
[image: Diameter AB vertical with a semi circle from A to B on the right plus two smaller circles from A to the centre on the left and B to the centre on the right.]
1. The equilateral triangle below has side lengths of  cm. Three arcs have been drawn so that their centres are the corners of the triangle. What is the total distance around the 3 arcs?
[image: An equilateral triangle with arcs joining the corners formed drawn with the centres on the opposite corners of the triangle.]
1. What is the perimeter of the shaded shape below if a square has a length of  cm? 
The arcs are drawn with centres on the corners of the square. 
[image: A square with two quadrants from the bottom corners overlapping. The area outside the quadrants but within the square is shaded.]

Sample solutions
Appendix A – arc length
	Radius 
()
	Angle (radians)
(
	Arc length
()

	2 cm
	1
	2 cm

	2 cm
	2
	4 cm

	2 cm
	3
	6 cm

	2 cm
	1.5
	3 cm

	4 cm
	1
	4 cm

	4 cm
	2
	8 cm

	4 cm
	3
	12 cm

	4 cm
	1.5
	6 cm




Appendix B – spotting errors
1. The error is only adding one radius length instead of 2.
Correct solution:



1. 
1. The error is using the external angle of the sector instead of the internal angle.
Correct solution:





The errors are: 
using the formula  but substituting an angle in degrees instead of first converting to radians
not dividing by 120 in the second last line of working, when rearranging the equation.
Correct solution:



The error is using diameter instead of radius.
Correct solution:

The errors are:
adding the common internal side of the square and the sector, which does not form part of the perimeter
for the sector, using an angle of  instead of  for a right angle.
Correct solution:
Square:  cm
Sector: 

 cm

Appendix C – Four quadrant notes
	Example 1
Find the arc length of a sector with a radius of 
8 metres and an angle of 2 radians at the centre.

	Example 2
Find the radius of a circle in which an arc length of 8 metres subtends an angle of  at the centre.





Appendix D – challenge questions
1. The perimeter is made up of 2 smaller semi-circles and one larger semi-circle. For semi-circles, the angle is  radians.
The larger semi-circle has a diameter of  cm, hence a radius of  cm. The smaller semi-circles have a diameter of  cm, hence a radius of  cm.
Larger semi-circle: 
Smaller semi-circle: 
 
1. The total distance is made up of 3 identical arcs. Each arc subtends an angle of  radians in a circle of radius  cm.
Total distance  cm
1. [image: A square with two quadrants from the bottom corners overlapping. The area outside the quadrants but within the square is shaded. Arcs are drawn from the bottom corners to the point where the quadrant arcs intersect.]Draw 2 lines from the point where the 2 arcs intersect to the centres of each circle. These lines will be equal to the radius, which is  cm, making an equilateral triangle.
The perimeter of the shaded area consists of one side length of the square ( cm) plus the 2 arcs bounding the shaded region.
The equilateral triangle within the square has equal angles of . Hence, each arc bounding the shaded region subtends an angle of  or  radians.
Each arc: 
Perimeter:
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