
What is a radian?
This lesson focuses on the relationship between arc length, radius and angle size to develop the definition of a radian. Students apply their understanding of radians to determine the values of trigonometric ratios.
The learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To develop a conceptual understanding of radians as an alternate unit of measure to degrees.
Success criteria
I can describe a radian using arc length and radius.
I can represent a radian in terms of .
I can convert between degrees and radians.
I can find the value of trigonometric ratios for angles in radians.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies trigonometry to solve problems involving geometric shapes MAV-11-04
uses periodic functions to solve trigonometric equations and prove trigonometric identities MAV-11-05
Content
Trigonometry and measure of angles
Radians
Explain why  radians and 
Convert between degrees and radians and find the exact sine, cosine and tangent ratios for integer multiples of  and 
Trigonometric identities and equations
Determine the exact value of the secant, cosecant and cotangent ratios for angles that are integer multiples of  and , if they exist
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students use Appendix A to write down everything they know about circles. They should include definitions as well as angles and formulae. 
	
	Review of circle properties from Stage 4.

	Activating prior knowledge
	Students design their own method of describing the angles in a circle before watching the video (bit.ly/degrees-to-radians-video) to 3:02 and using slide 3 of the PowerPoint What is a radian? to explain why  became the conventional measure for a full revolution.
	Visibly random groups 
Vertical non-permanent surfaces
Gallery walk
	Students learn that the choice of 360 degrees is a historical convention, rather than a quantity determined by the properties of a circle.

	Connecting learning
	Students draw a circle and use a piece of string to wrap the length of the radius around the circumference of the circle to represent a radian. Students watch the remainder of the video (bit.ly/degrees-to-radians-video) to establish why  radians. Using Appendix B, students determine the radian measure for angles in a circle before using the PhET applet ‘Trig tour’ (bit.ly/trig-tour) to check their answers.
	 
	Students develop a conceptual understanding of radian measure and mental strategies for converting the special angles into radians.

	Releasing responsibility
	Use slide 7 to formalise the definition of a radian and slide 8 to reinforce why  radians. Use slide 9 to summarise how to convert between degrees and radians before modelling this process using worked examples (slides 10–13). Distribute the cut-up cards from Appendix C. Students use the cards to play ‘Degrees and radians war’. Use slides 14–15 to demonstrate how to work with trigonometric ratios in radians.
	Worked examples (Your turn) 
	Students formally learn how to convert between radians and degrees, reinforcing the definition of a radian. They then extend this understanding to angles of any magnitude.
Direct students to their calculators and demonstrate how to change their calculator into radian mode.

	Independent practice
	Distribute Appendix D to each student and have them find the correct answer to each multiple-choice question as well as the error which leads to each distractor.
	
	Students revise finding exact values by working with angles in radians.



Activity structure
Please use the associated PowerPoint What is a radian? to display images in this lesson.
Retrieval practice
Distribute Appendix A ‘What I know about circles’ to each student.
Ask students to write down everything they know about circles. Have them consider circle terminology such as circumference, radius, arc, centre, sector, segment, and formulas and angles associated with circles.
Ask students to compare their work with nearby students and to add information they have missed to their own work.
Activating prior knowledge
1. Explain to students that the choice of 360 to represent the number of degrees in a circle would seem to be random.
1. Organise students into visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy) to come up with their own method of describing angles in a circle. 
When creating their new method, students should take into consideration what they know about circles, and our requirements for calculations involving circles.
If students immediately decide on a different number of degrees, prompt them to consider if they could use something that is connected to a circle to describe the angle.
Students will explore what a ‘radian’ is in the next section of the lesson.
1. Ask students to go on a gallery walk (bit.ly/DLSgallerywalk) to view the methods created by other groups.
1. Show students the video ‘The Origin of Degrees and Radians’ (4:39) (bit.ly/degrees-to-radians-video) pausing at 3:02 to explain where the decision to use 360 degrees came from.
1. Use slide 3 of the PowerPoint to explain to students that 360 is actually very useful as it has 24 factors, making calculations easy when we need to work with fractions of a circle.
1. Explain to students that ‘gradians’ are used in surveying and civil engineering and that there are 400 gradians in a circle. This system was introduced in France during the metric revolution to create a decimal-based alternative to degrees, but it is still just an arbitrary number and is not connected to a circle in any way.
Connecting learning
1. Distribute a circular object to each student and instruct them to trace it onto coloured paper. Objects with a radius of at least 2 cm will be easier for students to work with.
1. Instruct students to cut out their circle and fold it into half and half again to find and mark the centre.
1. Ask students to unfold the circle and draw a line to represent the radius of the circle and then cut a pipe cleaner or piece of string the same length as the radius of the circle.
1. Instruct students to wrap the pipe cleaner around the circumference of the circle, starting at their radius line, marking where it finishes each time and continue this process around their circle.
1. Use a finger vote for students to share approximately how many equal-sized sections they marked out.
If students have measured carefully, they should end up with 6 equal-sized sections plus a tiny leftover section.
1. Explain to students that a radian is the angle that has an arc length equal to the radius of the circle. Both radian and radius contain the stem ‘radi’ which refers to spokes extending outward from a central point.
1. Use slide 5 to reveal the learning intention and success criteria for the lesson.
1. Working in pairs, ask students to see if they can determine approximately how many degrees are in one radian.
Students should recognise that we have divided the circle into 6 equal parts, and a little bit extra, so one radian will be slightly less than .
1. Show the remainder of the video ‘The Origin of Degrees and Radians’ (4:39) (bit.ly/degrees-to-radians-video) from 3:02 until the end. 
The video demonstrates the relationship  radians. 
1. Distribute to each student a copy of Appendix B ‘Degrees and radians in a circle’. Working in their pairs, ask students to use the relationship  radians and their knowledge of fractions to establish the radian measure for each of the marked angles on the circle and convert the general expression for the angles in each quadrant into radians.
Sample methods could include:
·  is half of  so  radians
·  is half of  so   radians; alternatively,  is a quarter of  so   radians
·  is one-third of  so   radians
·  is double  so   radians.
Guide students to use the PhET applet ‘Trig tour’ (bit.ly/trig-tour) to check their answers. They will need to select the radio button for Radians and turn on the checkboxes for Special Angles and Labels. As they drag the red dot around the circle, the angle in radians is displayed in the box on the left-hand side of the screen.
If digital devices are not available, the teacher could use the applet to demonstrate the following steps.
1. Use a class discussion to draw students’ attention to the angle  and how it is represented as . (Students may need to use the degrees and radians buttons to swap between the 2 representations). Ask a non-volunteer student to explain what this means. Encourage students to write angles such as  and  as unsimplified fractions in terms of , , .
Ask students to drag the red dot beyond  in the PhET applet. Students should notice that angles are displayed in the format , reinforcing the same patterns they have used with angles in degrees. 
Encourage students to consider what these angles would look like when expressed as a single fraction.
Ask students to drag the red dot in a clockwise direction from 0. They should notice that the angles are represented as negative angles. Students should be encouraged to consider what the angle would look like if it was represented in its positive form.
Trigonometric graphs in radians are not the focus of this lesson and will be studied in Lesson 15 – trigonometric equations and graphs in radians. Teachers could use this time to revise how the unit circle connects to each of the trigonometric graphs.
1. Ask students to use the fact that    to determine the approximate value of 1 radian in degrees.
Students should recognise that they must divide both values by  to determine that  degreeswhich simplifies to  or  degrees. 
A discussion could be initiated about why it might be useful to leave answers in terms of pi rather than a decimal.
Ask students if they can create a rule for converting from degrees to radians and from radians to degrees.
Releasing responsibility
1. Use slide 7 to display the Mathematics Advanced 11–12 Syllabus (2024) glossary definition of a radian. Explain to students that this is another way to measure angles, known as radian measure.
Students may have seen the abbreviations ‘deg’, ‘rad’ and ‘grad’ on their calculators.
1. Display slide 8 to reinforce to students why  radians.
Display slide 9 to summarise how to convert between degrees and radians. 
Emphasise to students that  is a number and not a unit of measure. The unit of measure for radians is  or can be seen in some resources as c (superscript c).
1. Use slides 10–13 to model worked examples of converting between degrees and radians for angles other than the special angles () using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
1. Have students annotate Appendix B to form notes, including an example of each conversion as well as how they are going to remember the key angles around the circle.
1. Distribute a copy of cut-up cards from Appendix C ‘Degrees and radians war’ to pairs of students.
The cards are matched, so if students are cutting them out, they will need to be well shuffled before use.
1. Have students play the game following these instructions:
Students shuffle the cards, mixing up the degrees and radians cards.
Share the deck between each pair.
Each student turns over the first card of their pile.
Students compare cards to see which card has the larger angle. The student with the larger angle wins the 2 cards.
In the event of a tie (for example, one student has 30 degrees and the other student ), students turn over the next card in their pile and the winner collects all 4 cards.
Play continues until one student runs out of cards.
The cards can also be used as a matching activity.
1. Ask students to locate the exact value triangles on their copy of the Mathematics Advanced – HSC reference sheet and have them convert each of the angles in the triangles into radians.
1. Use slides 14–15 to show worked examples of finding the trigonometric ratio for angles of any magnitude when working in radians. 
Independent practice
1. Distribute Appendix D ‘Calculating ratios in radians’ to each student to complete individually. Students need to answer each question and explain the error which leads to each distractor.

Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Teachers could provide students with a list of terminology or formulas for students to include in Appendix A.
Activating prior knowledge 
If students immediately decide on a different number of degrees, prompt them to justify the number they have chosen before asking them to consider if they could use an alternative method that is connected to a circle to describe the angle.
Connecting learning
Each student could be given multiple circles of different sizes to reinforce that the connection between the arc length and radius works for circles of any size.
When completing Appendix B, encourage students to represent the first quadrant angles in radians before moving on to angles in the remaining quadrants.
The PhET applet can be provided earlier in this section of the lesson, for students who are having difficulty completing Appendix B.
Releasing responsibility
Challenge advanced students to explore conversions for angles larger than  or negative angles.
The deck of cards can be adjusted to match the readiness level of students. Students can start with just the special angles and then add in angles greater than 360 degrees.
Students could be challenged to play in groups larger than 2, to increase the number of angles they need to convert and compare.
Independent practice
Students could work in pairs to discuss the errors that lead to each distractor.
Students may benefit from practising questions from an existing resource before attempting these questions.
Students could be challenged to create their own multiple-choice question for another student to complete.

Suggested opportunities for assessment
Retrieval practice
Appendix A could be collected to check for accurate definitions and formulas, or students could swap with another student to peer check their work.
Activating prior knowledge 
Listen to student contributions when groups are determining their own method of describing angles in a circle, to check for understanding of angle measure and circle properties.
Students can peer check other groups’ work during the gallery walk.
Connecting learning
Observe students’ understanding of radius, arc length and circumference during the activity.
Listen for proportional reasoning and knowledge of fractions when students are determining the radian measure for the special angles.
Releasing responsibility
Monitor responses to the self-explanation prompts to check for understanding.
Use mini whiteboards so students can quickly display their answers to the ‘Your turn’ questions.
Randomly ask pairs to explain how they knew which angle was larger while playing the ‘Degrees and radians war’ game.
Pairs could be asked to match all the equivalent cards as an exit ticket activity.
Independent practice
Appendix D could be completed as an exit ticket and used as evidence of learning.
Appendix D can be used to identify students with poor arithmetic skills as opposed to not knowing how to find trigonometric ratios in radians.



[bookmark: _Appendix_A]Appendix A 
What I know about circles
Write down everything you know about circles. Include definitions, angles and formulas.

Appendix B
Degrees and radians in a circle
Convert ALL the angles on the circle below into radian measure.
[image: A circle with a number of radii drawn to mark the angles 30, 45, 60, 90, 120, 135 150, 180, 210, 225, 240, 270, 300, 315, 330 and 360. Quadrant 1 is marked as theta. Quadrant 2 is marked as 180-theta, Quadrant 3 is marked as 180+theta and Quadrant 4 is marked as 360 - theta.]


[bookmark: _Appendix_B][bookmark: _Appendix_C]Appendix C 
Degrees and radians war
	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	




[bookmark: _Appendix_D]Appendix D
Calculating ratios in radians
Find the answer to each multiple-choice question, explaining the error that would lead to each incorrect answer.
Question 1
Evaluate 
1.  




Question 2
Evaluate .
1. 





Question 3
Evaluate 
1. 




Question 4
Evaluate 
1. 




Question 5
Evaluate 
1. 





Question 6
Evaluate 
1. 




Question 7
Evaluate 
1. 




Question 8
Evaluate .
1. 



Question 9
Evaluate 
1. 




Question 10
Evaluate 
1. 





Sample solutions
Appendix B – degrees and radians in a circle
[image: Diagram of a unit circle divided into 16 sectors, each labeled with corresponding radian measures from 0 to 2π. Key radian values such as π/6, π/4, π/3, π/2, π, 3π/2, and 2π are marked along the circumference with radial lines extending from the center.]


Appendix D – calculating ratios in radians
Possible errors are included for each distractor.
Question 1
Correct answer: B
a.	Evaluates only one of the ratios. 
c. 	Confuses the exact values of and .
d.	Uses  instead of .

Question 2
Correct answer: A
b.	Uses  and . 
c.	Evaluates only one ratio and ignores the subtraction. 
d.	Adds the 2 equal values and incorrectly simplifies  as .

Question 3
Correct answer: B
a. 	Evaluates only and ignores the tangent term. 
c.	Confuses  with , then ignores the second term. 
d.	Uses  and .

Question 4
Correct answer: A
b.	Forgot that  is positive.
c. 	Assumes  is positive.
d.	Forgot to multiple sine by 2.

Question 5
Correct answer: B
a.	 Ignores the secant factor.
c.	Confused secant with reciprocal incorrectly.
d.	Uses  instead of .

Question 6
Correct answer: A
b.	Misses the negative sign for sine in Quadrant 3.
c.	Evaluates only the tangent. 
d.	Assumes both ratios are positive.


Question 7
Correct answer: A
b.	Uses only one negative sign.
c.	Evaluates only the numerator.
d.	Divides incorrectly.

Question 8
Correct answer: A
b.	Misses the negative sign for tangent in Quadrant 4.
c.	Forgot to divide by secant.
d. 	Makes both ratios positive.

Question 9
Correct answer: B
a.	Makes sine positive.
c.	Makes cosine negative.
d. 	Makes both ratios positive.


Question 10
Correct answer: A
b. 	Incorrectly calculated . 
c. 	Calculates only the product of the sine and cosine terms.
d. 	Uses  instead of .
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