
Trigonometric equations reducible to quadratics
Students learn to solve trigonometric equations by transforming them into quadratic form.
The learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To be able to solve trigonometric equations that are reducible to quadratic equations.
Success criteria
I can identify when a trigonometric equation is reducible to a quadratic equation.
I can explain how to solve a trigonometric equation which is reducible to a quadratic equation.
I can use trigonometric identities to modify equations to be in terms of one trigonometric ratio.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
uses periodic functions to solve trigonometric equations and prove trigonometric identities MAV-11-05
Content
Trigonometric identities and equations
Solve problems involving trigonometric equations, including those that reduce to quadratic equations, on a restricted domain
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students solve the quadratic equations from slide 3 of the PowerPoint Trigonometric equations reducible to quadratics. 
	
	Remind students how to solve quadratic equations using different methods to prepare them to extend this knowledge to trigonometric equations. 

	Connecting learning
	Use slides 5–6 to guide students to solve trigonometric equations reducible to quadratics using substitution, connecting this process to the first problem they solved in the previous section. Display slide 7 to introduce the learning intention and success criteria, then use Appendix A for students to practise solving equations, including identifying cases where no solutions exist.
	Think-Pair-Share
	Bridge students’ quadratic knowledge to solving equations where a trigonometric function is embedded within a quadratic structure. Avoid the common misconception where students incorrectly divide by , which causes one of the solutions to disappear.

	Releasing responsibility
	Use slide 9 to examine trigonometric equations where an equation produces no valid solutions, highlighting that sine and cosine values must lie between −1 and 1. Students then revisit questions from Appendix A to identify invalid solutions and complete Four quadrant notes using Appendix B.
	Four quadrant notes
	Formalise approaches to solving trigonometric equations reducible to quadratics.

	Independent practice
	Use slide 11 to introduce equations involving multiple trigonometric functions and explore how identities can be used to rewrite them in terms of a single function. Students then complete HSC-style questions from Appendix C, including examples that are not reducible to quadratics, before comparing and refining their solutions.
	Visibly random groups of 3
Vertical non-permanent surfaces
Banner task
	Allow students to apply multiple strategies to solve trigonometric equations.



Activity structure
Please use the associated PowerPoint Trigonometric equations reducible to quadratics to display images in this lesson.
Activating prior knowledge
1. Display slide 3 of the PowerPoint and ask students to solve each of the quadratic equations.
Students have solved quadratic equations using a variety of methods in Unit 3 – working with linear and quadratic functions. The purpose of this activity is to remind students how to solve a variety of quadratic equations before applying this knowledge to trigonometric equations.
Have students compare their solutions with a partner and share their solution strategies. Animate the slide to reveal the solutions.
Connecting learning
1. Use slide 5 to display a trigonometric equation. In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students what this equation reminds them of and what strategies they might use to solve the equation.
Students may try to divide by to find the solution to the problem. This results in students not finding all the possible solutions to the equation. 
Students may realise that this question is in the same form as the very first question they answered in the ‘Activating prior knowledge’ section of the lesson.
Animate the slide which substitutes  with . Ask students again how they might solve this problem.
Using their solution from the ‘Activating prior knowledge’ question, ask students to work in pairs to attempt to solve the question.
Students may need to be reminded that the original equation was in terms of  and they need to replace  with  before solving.
Animate the slide a final time to reveal the solution for  and then use slide 6 to reveal the solution to 
Display slide 7 to reveal the learning intention and success criteria.
Working in their pairs, distribute Appendix A ‘Equations reducible to quadratics’ for students to complete.
Students will encounter questions for which there are no solutions, for example, . This will be addressed in the next section. Allow time for productive struggle, observing student reactions to these questions to use in later discussions.
Releasing responsibility
1. Display slide 9 showing the worked solution for a question where one of the resulting equations has no solutions. 
1. Animate the slide and use a Think-Pair-Share for students to discuss the self-explanation prompts.
Students should recognise that equations involving  or  have no solution when the value of the trigonometric ratio is greater than  or less than . This can be verified using the amplitude of the graphs of sine and cosine functions or the radius of the unit circle.
1. Have students return to the questions from Appendix A and identify any questions where a solution to the quadratic results in no solutions in terms of the trigonometric function, discussing the reasons why.
Continuing in their pairs, have students complete Four quadrant notes to their future forgetful selves (bit.ly/supportingstrategies) using Appendix B ‘Four quadrant notes’. Ensure students address the following in their notes:
How do we identify the type of equation we are solving?
What is the general approach to finding the solutions to these types of equations?
How can I check that I have all the valid solutions for a particular domain?
Independent practice
1. Display slide 11 and ask students how this differs from the questions they have previously solved in this lesson.
Students should recognise that there is more than one trigonometric function in the equation.
In a Think-Pair-Share, ask students to identify which trigonometric identities they might use to simplify the equation to only use one trigonometric function.
Students could use the Pythagorean identity to write  in terms of .	
Animate the slide to reveal the questions reduced to a quadratic equation.
Use the questions from Appendix C ‘Banner task’ (bit.ly/supportingstrategies) for students to complete HSC-style questions. 
Students would benefit from using the Mathematics Advanced – HSC reference sheet to reference trigonometric identities or their previous notes.
Question 4 of Appendix C can be solved without being reduced to a quadratic. This is included to show students that not every equation that involves the square of a trigonometric function is reducible to a quadratic.
7. Pair groups working on similar questions to compare their solutions. If answers differ, tell the groups, ‘At least one of you are incorrect or incomplete’ and allow them to work together to find all the correct solutions.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Students may benefit from revisiting how to factorise and solve monic and non-monic quadratics before completing this task.
Challenge advanced students to solve quadratic equations using multiple methods (factoring, completing the square, quadratic formula) and compare their efficiencies.
Connecting learning 
Offer students a unit circle diagram or access to the graphs of trigonometric functions to help students find solutions.
Extend students by asking them to justify what solution would be lost if you divide through by .
Provide students with a list of identities or remind students how to find the identities from the Mathematics Advanced – HSC reference sheet.
Students may benefit from being provided with faded examples (bit.ly/fadedexamplesstrategy) as they develop their skills.
Challenge students to find multiple solution paths to solving each equation.
Releasing responsibility
Provide visual aids like the unit circle or graphs to strengthen conceptual understanding.
Independent practice
Provide annotated examples of HSC-style equations and model step-by-step simplifications.
Challenge some students to solve questions without quadratic substitution where possible or to find alternative solution strategies. 

Suggested opportunities for assessment
Activating prior knowledge 
Observe students’ solutions to check for accuracy and methods used.
Connecting learning 
Circulate and listen for use of appropriate strategies and correct substitution understanding.
Releasing responsibility
Collect students’ Four quadrant notes from Appendix B and review to check completeness and accuracy.
Independent practice
Use quick polls during Think-Pair-Share to check correct identification and use of trigonometric identities.
When pairing groups for comparing answers, facilitate focused discussions that require justification and consensus-building, providing targeted prompts to elicit deeper reasoning.


[bookmark: _Appendix_A]Appendix A
Equations reducible to quadratics
Solve the following equations for the domain :
	Question
	Equation

	1
	

	2
	

	3
	

	4
	

	5
	

	6
	

	7
	

	8
	

	9
	

	10
	

	11
	

	12
	

	13
	

	14
	




[bookmark: _Appendix_B][bookmark: _Appendix_C]Appendix B
Four quadrant notes
	Example 1
Solve  for  to the nearest minute.
Let 




	Example 2
Solve  for  to the nearest degree.

	Things to remember
	Example 3


[bookmark: _Appendix_C_1]Appendix C
Banner task
Questions do not need to be completed in order. Question numbers have been provided to assist in identifying the correct solution in the sample solutions.
Find all the solutions to each of the following equations given the specified domain:
1.  for 
 for 
, for  (NESA 2024)
, for 
, for 
, for 
, for 
, for 


Sample solutions
Appendix A – equations reducible to quadratics
Solutions have been provided to the nearest minute or degree to align with the syllabus expectations that students should be able to provide solutions in both formats.
	1. Let 


	1. Let 


	1. Let 


	1. Let 


	1. Let ,

Related angle: 

	1. Let 



	1. Let 


	1. Let ,


	1. Let 


	1. Let ,


	1. Let 
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	Let 









Appendix B – Four quadrant notes
	Example 1
Solve  for  to the nearest minute.
Let 




	Example 2
Solve  for  to the nearest degree.
Let 









Appendix C – banner task
Find all the solutions to each of the following equations given the specified domain:
22. 
1.  for 


 for 



, for  (NESA, 2024).
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