
Pythagorean identities
Students review identities using the unit circle before discovering the Pythagorean identities. They then use these to simplify expressions and prove further trigonometric identities.
Learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To be able to apply the Pythagorean identities.
Success criteria
I can prove the Pythagorean identity and related identities.
I can use the Pythagorean identity to simplify expressions.
I can prove further identities using the Pythagorean identity.

Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses periodic functions to solve trigonometric equations and prove trigonometric identities MAV-11-05
Content
Trigonometric identities and equations
Prove the Pythagorean identity , and the identities  and 
Apply trigonometric identities to solve problems, simplify expressions and prove further trigonometric identities using substitution and/or reduction to  and 
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Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students solve 3 trigonometric equations on slide 3 of the PowerPoint Pythagorean identities involving squares before seeing an alternate method to solve them on slide 4.
	
	Students recall and apply fundamental algebra and trigonometric identities in preparation for identity manipulation later in the lesson and highlight that trigonometric equations can be approached in multiple ways.

	Connecting learning
	Using slide 6 to link the unit circle to Pythagoras’ theorem, students establish the Pythagorean identity before locating it on their HSC reference sheet. Use slide 7 to reveal the learning intention and success criteria before having students generate all 9 variations of the identity using algebraic manipulation and the trigonometric ratios. 
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
Visibly random groups
Vertical non-permanent surfaces
Gallery walk
	The aim of this section is for students to develop a deep conceptual understanding of the Pythagorean identity and its algebraic variations, showing how they are interconnected and derived by manipulating the original identity. Emphasise recognising relationships between trigonometric functions and the use of algebraic manipulation to understand how these identities form a toolkit for simplifying and proving more complex expressions.

	Releasing responsibility
	Use slide 9–12 to reveal all variations and have students use their Mathematics Advanced – HSC reference sheet to write notes explaining how they can produce each of the 9 variations.
Revisit equations from the ‘Activating prior knowledge’ section of the lesson and have students solve them using a different method. 
Using slide 13 have students discuss where they can use a Pythagorean identity to simplify the expression and recognise when an expression is in its simplest form. Students then discuss the example and self-explanation prompts on slide 14 and 15 before completing Appendix A.
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
Visibly random groups
Vertical non-permanent surfaces
Banner tasks
Worked examples (Your turn)
	Students simplify trigonometric expressions noting that an expression is simplified when it’s in its shortest and most efficient form, with the least number of trigonometric functions. 


	Independent practice
	Students complete the syllabus proof example from slides 17–18 before attempting Appendix B. Students then attempt a past HSC question from slide 19 before discussing the allocated marks and marking guidelines for the question.
	Banner tasks 
Think-Pair-Share

	Students may need to be reminded that for proofs you can only work with the LHS or RHS, not both, to prove a further identity.
Students consolidate knowledge of trigonometric identity manipulation and proof strategies to recognise that there are multiple valid methods and develop problem solving and reasoning skills.



Activity structure
Please use the associated PowerPoint Pythagorean identities to display images in this lesson.
Activating prior knowledge
Display slide 3 of the PowerPoint and ask students to solve each of the equations for the given domain.
Animate the slide for students to check their solutions. 
Slide 4 shows an alternative solution for questions 1 and 2 using the difference of squares factorisation. Students will need this knowledge later in the lesson when proving trigonometric identities.
Connecting learning
1. Display slide 6 which shows the unit circle. 
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to express the lengths of the sides of the triangle in terms of  and . 
Animate slide 6 to display the length of the sides of the triangle in terms of  and .
Ask students to use Pythagoras’ theorem to write an expression for the radius of the circle in terms of  and .
Students should identify that  can be written as .
Explain to students that this is called the Pythagorean identity and ask students to find where it is located on their Mathematics Advanced – HSC reference sheet.
Reveal the learning intention and success criteria on slide 7.
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Tell students that the Pythagorean identity can be manipulated to give 9 variations. Ask students to work within their groups to find as many variations as possible. Encourage students to use their reference sheet and notes where they have previously recorded other identities.
· Students can be prompted to consider changing the subject of the equation.
· Students can be prompted that one variation involves . Encourage them to find  on their reference sheet and consider how this could be used. This should help students recognise that they can divide each term by .
· Students may need to be reminded that  to connect this with  and to use the hint that another variation uses .
Students should find all the following variations:
· and
·  and 
·  and 
Students are to go on a gallery walk (bit.ly/DLSgallerywalk) to view other groups’ progress and observe the strategies they have used to find the variations.
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) for groups to share how they found each of their variations.
Releasing responsibility
1. Display slides 9–11 to show how to find each of the variations and then slide 12 to show a summary of all 9 variations.
1. Refer students to their Mathematics Advanced – HSC reference sheet and have them write notes explaining how they can find each of the 9 variations of the Pythagorean identity from the one provided on the reference sheet. 
3. Ask students to return to the equations they solved in the ‘Activating prior knowledge ‘section of the lesson. Ask them to consider whether they could now solve these equations using a different method.
Students should identify that:
·  can be written as  
·  can be written as  
· can be written as 
4. Display slide 13 and in a Think-Pair-Share ask students where they think they may be able to use a Pythagorean identity to simplify the expression.
Allow students time to simplify the expression using their chosen strategy.
5. Click to animate the slide to see 2 simplifications of the expression.
6. Use the Pose-Pause-Pounce-Bounce questioning strategy to ask students which of the 2 expressions on slide 13 would be the simplest form.
Students may wonder why the answers look different. Either of these expressions could be in simplest form as one is not simpler than the other.
Students may benefit from converting the answer which is in terms of  to be in terms of  to show they are the same. Alternatively, they could substitute an angle to show they are the same.
7. Use slide 14–15 and the Worked examples (Your turn) strategy (bit.ly/supportingstrategies) to model how the Pythagorean identities can be applied to simplify trigonometric expressions.
8. Assign students to new visibly random groups of 3 at vertical non-permanent surfaces.
9. Assign the banner task (bit.ly/supportingstrategies) using the questions from Appendix A ‘Banner task 1’, which asks students to simplify the expressions.
Combine groups who have simplified expressions in different ways and challenge them to prove that their answers are the same.
The purpose of this activity is for students to develop their problem-solving skills and highlight that there is more than one way to get to a correct answer.
10. Students may require further practise of simplifying trigonometric expressions from an existing resource.
Independent practice
1. Remind students that we can prove further identities by showing the left-hand side (LHS) of an expression is equal to the right-hand side (RHS) of an expression or vice versa.
Students should recall this from Lesson 4 – trigonometric identities.
Use slides 17–18 to display the example below from the syllabus for students to attempt in new visibly random groups at non-permanent surfaces.
Prove that  and hence prove that  (NESA 2024).
The question has been split over 2 slides with students firstly proving the first part of the question and then using that to prove the second part of the question.
Students may benefit from the teacher unpacking some of the language in the question. Explaining to students that the term ‘hence’ means that the identity in the first part of the question is to be used to complete the second part of the question. 
12. Animate slide 17 to reveal a solution to the first part of the question. Allow groups additional time to discuss if required before advancing to slide 18.
13. Animate slide 18 to display a solution to the second part of the question.
14. Allow students to perform a gallery walk to observe if other groups used the same or different approaches in their proofs.
15. Have groups attempt the banner tasks using questions from Appendix B ‘Banner task 2’.
Combine groups who have proven the identities in different ways and challenge them to prove that their answers are the same.
16. Use slide 19 to display the past HSC question shown below. Have students complete the question individually. 
Use Pythagorean identities to prove that:
(NESA 2020). 
17. Animate the slide to reveal the solution. Explain to students that this question was worth 2 marks. 
18. In a Think-Pair-Share, ask students to discuss why this question would be worth 2 marks and what students may need to do to achieve full marks. 
19. Animate the slide to reveal the marking guidelines for the question, discussing it as a class.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Students may need reminding to consider both the positive and negative values when solving equations involving squared values.
Refer students to their personal notes containing a unit circle and/or graphs of trigonometric functions to recall exact values and values at multiples of .
Challenge students to solve equations using 2 methods before revealing the solutions.
Connecting learning 
Challenge students to show and justify that the Pythagorean identities work in every quadrant of the unit circle.
Provide more guidance for students by supplying a scaffolded 3 by 3 table for each of the 9 identities, with the subject detailed for each one and the column containing the stems ,  and .
Releasing responsibility
Students can be provided with further worked examples or may benefit from doing some questions together as a class, with guidance from the teacher, before completing questions from Appendix A.
Enable students by telling them which trigonometric function to make each simplified expression in terms of, if there is only one, for Appendix A.
Challenge students to find multiple solutions to the questions in Appendix A.
Independent practice
Challenge students to create their own identities and swap them with another group to prove.
Suggested opportunities for assessment
Activating prior knowledge 
Students’ ability to solve trigonometric equations can be assessed by observing their responses. 
Connecting learning 
Observe work on vertical non-permanent surfaces to identify and promptly correct misconceptions or errors.
Students’ ability to use algebraic techniques to change the subject of an equation can be seen when they write the 9 variations of the Pythagorean identities.
During discussions, monitor students’ contributions for reasoning and use probing questions to check conceptual understanding.
Releasing responsibility
Students’ ability to identify which identity to use and when to use it can be observed when they complete Appendix A, as well as in responses to prompts in this section.
Review students’ completed annotated notes from their HSC reference sheets to confirm their understanding of how variations are derived.
Independent practice
Circulate during group proving tasks to observe reasoning and provide targeted feedback.
Use gallery walk debriefs to have students explain their reasoning and critique different methods to ensure deeper understanding.

[bookmark: _Appendix_A]Appendix A
Banner task 1
Set 1: rewrite each expression so that it contains only the given trigonometric ratio.
1.  	(in terms of )
 	(in terms of )
	(in terms of )
		(in terms of )
	(in terms of )
Set 2: simplify each expression.
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Banner task 2
Prove the following:
1. 





 



Sample solutions
Appendix A – banner task 1
Set 1 
1. 













Set 2
















Appendix B – banner task 2
1. 
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