
Trigonometric equations with coefficients and constants
Students apply their prior knowledge of solving basic trigonometric equations to see how solutions are affected when coefficients, angle multipliers, or constants are introduced.
Learning intention
To be able to solve trigonometric equations.
Success criteria
I can rearrange an equation to make the trigonometric function the subject.
I can find all solutions of a trigonometric equation when the angle is multiplied by a constant.
I can use trigonometric identities to modify equations to be written in terms of one trigonometric function.
I can solve a variety of trigonometric equations.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
uses periodic functions to solve trigonometric equations and prove trigonometric identities MAV-11-05
Content
Trigonometric identities and equations
Solve equations involving trigonometric ratios of angles, specified in degrees or radians, on a restricted domain
Apply trigonometric identities to solve problems, simplify expressions and prove further trigonometric identities using substitution and/or reduction to  and 
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Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students graph ,  and  and discuss the number of solutions when Students then revise the effect that horizontal dilation has on the domain, range and shape of graphs.
	
	These skills form essential prior knowledge that strengthens students’ understanding of the concepts introduced in this lesson.

	Activating prior knowledge
	Use slide 4 of the PowerPoint Trigonometric equations with coefficients and constants for students to solve a variety of equations.
	Variation theory
Pose-Pause-Pounce-Bounce
	Remind students of inverse operations to reverse the transformations applied to .

	Connecting learning
	Students complete Appendix A. Then use Desmos (bit.ly/sine-curve) to revise solving trigonometric equations and explore how changing the coefficient of in  affects the period, which changes the number of revolutions and hence the number of solutions.
	Banner tasks
Visibly random groups of 3
Vertical non-permanent surfaces
Think-Pair-Share
	Students should recognise that increasing  increases the number of cycles and therefore the number of solutions and that a change in domain shifts the solution values but not the total number of solutions.

	Releasing responsibility
	Use slides 6–9 to model worked examples and Appendix B for students to solve trigonometric equations by discussing the similarities and differences between each problem before completing Four quadrant notes using Appendix C.
	Worked examples (Your turn)
Variation theory
Pose-Pause-Pounce-Bounce
Four quadrant notes
	Support students to independently apply structured methods for solving trigonometric equations with angle multipliers and the change in domain.

	Independent practice
	Use slide 11 and have students solve the trigonometric equation with 2 different trigonometric functions. Use slide 12 for students to practise further questions.
	Pose-Pause-Pounce-Bounce
	Students solve an equation involving more than one trigonometric function using identities to rewrite the equation in terms of a single function.



Activity structure
Please use the associated PowerPoint Trigonometric equations with coefficients and constants to display images in this lesson.
Retrieval practice
Ask students to draw graphs of ,  and  for the domain and state their amplitude, period and how many solutions there would be for a value of 
Explain the effect that the transformation  and  has on the graph of . Prompt students to consider the domain, range and shape, graphing applications could be used to aid students understanding. 
Students should recall graph transformations and the effects they have on the domain from the Year 11 Graph transformations outcome MAV-11-03, which was taught in Unit 4 – graphing transformations. 
The graph of  has the domain , as it is a semicircle with a radius of 4. This implies that the graph of  has the domain  as the original domain would be multiplied by a factor of .
Activating prior knowledge
1. Display slide 4 of the PowerPoint and ask students to work in pairs to solve each of the equations. The set of equations uses Variation Theory (variationtheory.com/introduction/). 
1. Animate the slide to reveal the solutions.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) for pairs to share what was similar about solving the equations and the method(s) they used.
Students should identify, that for each equation, they needed to use inverse operations to undo each transformation. They should have used a method which removes each transformation applied to , starting with the last transformation that had been applied.
Connecting learning
1. In visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy), have students complete the banner task (bit.ly/supportingstrategies) from Appendix A ‘Banner task’.
At this point, students will likely not identify all solutions. As long as they are identifying some correct solutions, teachers should continue to provide groups with new questions. The number of solutions will be addressed later in the lesson.
Show the Desmos graph ‘Sine function’ (bit.ly/sine-curve) which displays the sine curve in the domain . Ask students to use a finger vote to show how many solutions there are for .
Ask students to now consider  and how this change will affect the graph and the number of solutions. Prompt students to recall what happens to the domain of a function for the transformation .
Modify the graph by typing 2 as the coefficient of . Ask students how many periods are shown across this domain and how this would be reflected in the unit circle.
Students should identify that the period has halved and is now . The graph now completes 2 cycles within the domain. This would be equivalent to rotating around the unit circle twice.
Transformations of trigonometric graphs are not taught explicitly until the Year 12 Further graph transformations and modelling outcome MAV-12-01. It is shown here to aid conceptual understanding of why the domain is changed when solving trigonometric equations.
Using the ‘Sine function’ Desmos graph, add the line  in box 2 on the left of the screen and ask students what they notice about the number of solutions for .
Students should identify that the number of solutions has doubled to 4 because the graph now completes 2 cycles within the domain.
Ask students to use a finger vote to predict how many solutions there would be for .
Use the Desmos file to modify the equation to  so students can verify their thoughts.
Students should identify that the graph now completes 3 cycles within the domain and that the period has been reduced to  This means there are now 6 solutions within the domain. This is equivalent to rotating around the unit circle 3 times.
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to consider what would happen to the number of solutions if the domain changed to ? Students should find the solutions for the new domain.
Students should identify that the number of solutions will stay the same, but their values will change. Teachers can change the domain in the Desmos graph to show the new solutions.
Releasing responsibility
1. Use slides 6–9 to model worked examples of solving trigonometric equations using the Worked examples (Your turn) method (bit.ly/supportingstrategies), specifically highlighting how we change the domain to ensure we have all solutions.
Distribute Appendix B ‘Trigonometric equations’, which uses Variation Theory for students to complete in pairs. 
Use the Pose-Pause-Pounce-Bounce strategy to ask students what was similar and different between each of the questions in Appendix B. 
Students should generalise an approach to solving these types of equations: make the trigonometric expression the subject, then deal with the input of the trigonometric function.
Teachers should specifically highlight that when solving a squared function such as , students need to include angles in all 4 quadrants.
Have students practise solving more trigonometric equations that include the trigonometric functions  and , from an existing source.
Assign students to new visibly random groups of 3 and ask them to complete Appendix C ‘Four quadrant notes’ (bit.ly/supportingstrategies) on a vertical non-permanent surface before creating their own individual notes.
Independent practice
1. Display slide 11 which shows an HSC-style question. Ask students to consider: 
How does this differ from the equations we have looked at in this lesson?
How would you approach solving this equation?
Initiate a sharing of ideas and reasoning using the Pose-Pause-Pounce-Bounce questioning strategy.
Students should recognise that there are 2 trigonometric functions in the equation. Some students may suggest using trigonometric identities to modify the equation to be in terms of one trigonometric function.
Animate the slide to reveal the expression in terms of one trigonometric function and ask students which identity has been used to simplify the equation.
Ask students to find the solution to the equation.
Animate the slide again to reveal the solution. Have non-volunteer students justify the number of solutions and how they found them.
Display slide 12 and have students individually complete the questions. The slide can be animated to reveal the solutions once students have finished.

Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice 
Provide scaffolded graph templates with key points already marked so students can focus on interpreting amplitude and period rather than constructing the scale. 
Extend students to consider other transformations such as  or . 
Activating prior knowledge 
Support students by providing a scaffold to solve simple equations.
Connecting learning 
Students are supported by working in groups to complete Appendix A. 
Offer guiding questions, such as ‘How many cycles do you see?’ or ‘What happens to the period when coefficient of  increases?’ to focus attention on one feature at a time. 
Students may find it easier to explain the number of solutions in terms of rotations of the unit circle rather than graph cycles.
Students may benefit from another example, including an example that shifts the domain left or right, such as .
Ask students to generalise how many revolutions or part revolutions you would need to inspect for a variety of angle multipliers.
Releasing responsibility
Appendix B can be modified to include simpler or more challenging questions. It can also have questions removed to ensure student focus is on changes and their effect.
Independent practice
Use targeted questioning, such as: ‘Which identity links sine and cosine?’ to guide students or ‘What would the equation look like if written only in terms of sine?’ to extend students.
Suggested opportunities for assessment
Retrieval practice
Students’ proficiency in sketching the three trigonometric functions can be monitored and assessed during this part of the lesson.
Activating prior knowledge 
Listen to students’ responses for their understanding of reversing the transformations applied to  to solve equations. 
Connecting learning 
Students’ ability to solve trigonometric equations can be assessed during the banner task activity. 
The finger vote provides the teacher with a check of student understanding, including if there is any shift in reasoning if solutions change for the second vote.
Listen to students’ responses for their understanding of the number of revolutions or part revolutions they need to inspect from prompts in this section.
Releasing responsibility
Appendix B responses show students’ ability to reason and understand changes when the equation is modified.
Independent practice
The teacher could collect one of the questions as an exit ticket (bit.ly/exitticketstrategy).
Observe students’ work as they complete the problem and ask probing questions, such as: ‘Why do you think this identity is useful?’ or ‘How do you know you have found all solutions?’ to check depth of understanding and approach.
Extend the problem to the domain  to assess student learning and understanding of changing the domain and ensuring all solutions have been found.
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[bookmark: _Appendix_B_1]Appendix B
Trigonometric equations
Answer each question in the diagram below. 
As part of your answers, state how each equation differs from the equation in the centre and what effect this will have on the result.
[image: Spider diagram showing various trigonometric identities and equations related to sin(3x) = 1/2 within specified angle ranges. The centre oval highlights the main equation, with connected ovals displaying related sine, cosine, cosecant functions and algebraic transformations, including angle intervals and specific values.]
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Four quadrant notes
	Example 1
Solve for  for 
Related 
Cosine is negative in quadrant  and .
If then 



	Example 2
Solve for  for .



	Things to remember
	Example 3



Sample solutions
Appendix B – trigonometric equations
	Equation
	Difference and affect 
	Solutions

	Original: 
	
	If 	
then 	
	
Let  then 






	
	Change in solution to another exact ratio. This will change the related angle to .
	If 	
then 	
	
Let  then 






	
	The coefficient of  has been adjusted. The domain will decrease. 
	If 	
then 	
	
Let  then 



	
	The coefficient of  has changed from 3 to 4. The domain will increase; there will be 2 more solutions as we go around the unit circle again.
	If 	
then 	
	
Let  then 






	
	The sine function is squared so the ratio will change, resulting in using the other exact ratio triangle on the reference sheet. It will also result in both positive and negative ratio values, placing the angles in all 4 quadrants. 
	
If 	
then 	
	
Let  then 






	
	The domain for the equation has changed, so we multiply that by 3 to get the new range that we would consider when solving for .
	If 	
then 	
	
Let  then 






	
	The solution is negative, so we look at the other quadrants to find our solutions.
	If 	
then 	
	
Let  then 






	
	The sine function has a coefficient of 2, so we divide that first and end up at the original equation to solve.
	
If 	
then 	
	
Let  then 






	
	The sine function has a coefficient of 2 and an added constant of 1; we subtract the constant from both sides, then we divide that by 2 and end up at the negative of the original equation to solve.
	

If 	
then 	
	
Let  then 






	
	The sine function has an added constant of 1; we subtract the constant from both sides and end up at the negative of the original equation to solve.
	
If 	
then 	
	
Let  then 






	
	The reciprocal ratio is given. We change to sine function and change the solution to its reciprocal to solve. We end up with the original equation.
	
If 	
then 	
	
Let  then 






	
	The coefficient of  is now a third, so, we divide the domain by 3 rather than multiply to find the solutions. This will result in fewer solutions than the original.
	If 	
then 	
	
Let  then 





	
	The sine function has changed to the cosine function, meaning the angle is now  as sine and cosine are complementary.
	If 	
then 	
	
Let  then 






	
	45 has been added within the sine function. So that also changes the domain in which the solutions lie to move up .
	If 	
then 	
	
Let  then 







Appendix C – Four quadrant notes
	Example 1
Solve for  for :
Related 
Cosine is negative in quadrant 2 and 3.

If then 


	Example 2
Solve for  for .

Related 
Tangent is positive in quadrant 1 and 3.
If then 
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