
Angles of any magnitude
Students learn how to represent angles of any magnitude on the Cartesian plane and develop the definitions of the 6 trigonometric ratios using coordinates on a circle. Students evaluate trigonometric ratios for angles of any magnitude.
Students will need at least one device per pair of students during this lesson.
Learning intentions
To be able to develop definitions for ,  and  based on the unit circle.
To be able to evaluate trigonometric expressions for angles of any magnitude.
Success criteria
I can write the definitions for trigonometric ratios based on the unit circle.
I can identify a related angle.
I can write expressions that use the related angle to express angles between .
I can determine which trigonometric ratios are positive in each quadrant.
I can evaluate trigonometric expressions using angles of any magnitude.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies trigonometry to solve problems involving geometric shapes MAV-11-04
uses periodic functions to solve trigonometric equations and prove trigonometric identities MAV-11-05
Content
Trigonometry and measure of angles
Trigonometry with angles of any magnitude
Represent angles of any magnitude using rays from the origin in the Cartesian plane and describe how one ray represents infinitely many angles
Develop the definitions ,  and , where  is a point on the circle of radius , centred at the origin, and  is the angle between the positive -axis and the radius drawn to this point
Extend and apply the definitions ,  and  for angles of any magnitude
Identify the related angle of an angle of any magnitude, excluding multiples of , as the acute angle between the ray and the -axis and obtain the values of the trigonometric functions of an angle of any magnitude from the trigonometric functions of the related angle
Develop and use the trigonometric ratios for angles that can be written in the form , and , where  
Establish and use the results ,  and 
Trigonometric identities and equations
Develop the definitions ,  and  using a circle of radius  centred at the origin
Evaluate trigonometric expressions using angles of any magnitude and complementary angle identities
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Display slide 4 of the PowerPoint Angles of any magnitude and ask students to write as much information as they can from the triangle. Then use slide 4 to show that side AB =  and OA = .
	
	Students are reminded that the vertical height of a triangle is equal to  and the horizontal length is equal to .

	Activating prior knowledge
	Display the game show spinner on slide 6 and have students calculate the angle in each segment. Use the website spinthewheel.io to create and spin a wheel with 12 segments, discussing the angle at which the wheel started and finished. Ask students to consider how they could record the final angle if the wheel was spun in the opposite direction.
	Pose-Pause-Pounce-Bounce
Think-Pair-Share
	Students are exposed to angles greater than  and angles measured in the opposite direction.

	Connecting learning
	Students use the GeoGebra applet (bit.ly/unitcircle-geogebra), 
slides 8–11 and Appendix A to understand how positive and negative angles are formed. They look at how to represent a 30° angle in multiple ways, including angles greater than 360° and negative equivalents, and determine the coordinates of a point on the unit circle as . 
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
	Students learn that positive angles are measured anticlockwise from the positive -axis, and identify the signs of coordinates in each quadrant, using related angles and recognising patterns.

	Releasing responsibility
	Students determine the ratios , , , then annotate Appendix B with personal notes, including information about quadrant signs and related angles. Use slides 13–14 to model finding ratios for angles of any magnitude using related angles. Students complete Appendix C to consolidate learning and practise applying related angles and quadrant sign approach to angles within and beyond the domain .
	Notes to future forgetful selves
Worked examples (Your turn)
Pose-Pause-Pounce-Bounce
	Students formalise and generalise writing angles in any quadrant in terms of a related angle and determine the sign of the trigonometric ratios in each quadrant.

	Independent practice
	Students complete a banner task in groups using Appendix D to practise finding trigonometric ratios for angles of any magnitude. Students complete an exit ticket, answering one of the following questions: explain why  or evaluate  without a calculator.
	Visibly random groups of 3
Vertical non-permanent surfaces
Banner task
Exit ticket
	Students apply their knowledge to angles with unrestricted domains.



Activity structure
Please use the associated PowerPoint Angles of any magnitude to display images in this lesson.
Retrieval practice
Display slide 4 of the PowerPoint which shows a right-angled triangle.
Ask students to write as much information as they can from the triangle.
Students should be able to write expressions for each of the trigonometric ratios, including the reciprocal ratios.
Animate the slide to show that side AB =  and OA = .
Use a Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to discuss the second triangle and check student understanding of why we can name the sides in this way.
Students will need to recognise that the length AB is equivalent to  and that the length OA is equivalent to  later in the lesson.
Activating prior knowledge
1. Display slide 6 which shows a game show spinner.
1. Ask students to calculate the angle in each segment.
Students should realise that each segment has an angle of  
1. Using the website spinthewheel.io or similar, create a wheel with 12 segments.
1. In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students discuss and estimate the angle at which the wheel starts.
Students may choose to call this angle  or they may choose another starting angle. Their choice does not matter for this activity.
1. Spin the wheel and have students take note of how many times the wheel rotates and where it finishes. 
1. In their pairs, ask students to approximate this final angle.
1. Use a Pose-Pause-Pounce-Bounce questioning strategy to allow students to share their final angles. 
If students are suggesting an angle between  and , prompt them to consider that the spinner rotated more than once, and what this would mean. The teacher could introduce scenarios of skateboarding or diving, where participants rotate and terminology of 360s or 720s are used.
1. Ask students to suggest how they could record this final angle, if the wheel was spun in the opposite direction. In the case of the suggested spinner, this would be anticlockwise.
Connecting learning
1. Display the GeoGebra applet ‘The unit circle’ (bit.ly/unitcircle-geogebra).
Inform students that this applet shows a circle centred at the origin  with a radius of , making it a unit circle.
Using the slider in the applet, show that positive angles are measured from the positive 
-axis to a ray, in an anticlockwise direction.
Use a Pose-Pause-Pounce-Bounce questioning strategy to discuss how this is different to how we measure bearings.
Use the slider to show that negative angles are measured from the positive -axis to a ray, in a clockwise direction.
Use slide 8 to show students how each quadrant in a unit circle is numbered.
Display slide 9 showing a  angle in a unit circle and ask students to record the size of this angle in as many ways as they can.
You may need to remind students of the wheel spinner to have them consider angles greater than . Students should use positive as well as negative angles. Suggested answers include  and .
Display slide 10 and in a Think-Pair-Share ask students to determine the coordinates  of the point P on the circumference of the circle.
Students should determine that the coordinates of the point are  or . You may need to refer students back to the ‘Retrieval practice’ activity from the start of the lesson.
Animate the slide and in a Think-Pair-Share ask students how they might now find the coordinates of the point on the circle at  (or ).
Students should determine that the magnitude of the - and - coordinates will remain the same, but that the  - coordinate will become negative.
Distribute Appendix A ‘Unit circle’ in plastic sleeves and ask students if they can locate similar triangles in the remaining 2 quadrants, ensuring that they mark where the angle appears in each quadrant. Students should determine the appropriate angle for each quadrant before calculating or identifying the coordinates for point P.
Use the Pose-Pause-Pounce-Bounce questioning strategy to summarise how students found the coordinates of each of their points. Some suggested prompts include:
Did anyone notice a pattern in the coordinates as we moved from one quadrant to another?
Which calculations or formulas did you use to find the coordinates or the lengths of the triangle’s sides?
What helped you determine whether a coordinate was positive or negative for each angle?
Students should recognise that the values we get for the coordinates are the same, but the signs vary in each quadrant. This shows us that these coordinates are related, even when the angles are far apart.
Display slide 11 and define for students that the angle  is called the related angle. The related angle is the acute angle between the ray and the -axis.
Have students repeat the process for a related angle of . They should identify the angle in each quadrant, as well as the coordinates for the point on the circumference of the circle.
Releasing responsibility
1. Still displaying slide 11, in a Think-Pair-Share, ask students to consider a related angle, , and generalise an expression that uses the related angle to find angles within each of the 4 quadrants. 
Quadrant 1 , quadrant 2 , quadrant 3 , quadrant 4 .
1. Ask students to generalise the signs of a point on the circumference of the circle for each quadrant.
Quadrant 1 , quadrant 2 , quadrant 3 , quadrant 4 .
1. Distribute Appendix B ‘Circle with related angles’. 
1. Ask students to draw a right-angled triangle in each quadrant, labelling the sides as  or  (radius).
1. Ask students to write the ratios for ,  and  in terms of  and , determining the sign of each ratio in each quadrant.
The ratios are , , . 
Students should recognise that all ratios are positive in quadrant 1, only sine in quadrant 2, only tangent in quadrant 3 and only cosine in quadrant 4.
1. Ask students to create a mnemonic to help them remember which trigonometric ratios are positive in each quadrant, using the letters A for all, S for sine, C for cosine and T for tangent.
A mnemonic such as All Students Take Calculus (or All Stations to Central) can be used to remember which ratio is positive for quadrants 1 through 4.
1. Ask students to write the ratios for   and  to determine the sign in each quadrant.
The ratios are , , . 
Students may also use the sine, cosine and tangent ratios to determine the signs of the reciprocal ratios, as they follow the same pattern.
Students can use the same mnemonic to remember all 6 ratios, as cosecant, secant and cotangent are the reciprocals of the trigonometric ratios used in the mnemonic.
1. Ask students to annotate Appendix B with notes to their future forgetful selves (bit.ly/notestofutureself). Some suggested prompts include:
Are the 6 trigonometric functions positive or negative in each quadrant?
What is your mnemonic to remember which ratios are positive or negative in each quadrant?
What is the value of each ratio in a circle centred at the origin with radius ? 
For example, .
1. Use slides 13–14 to model how to find the value of an angle of any magnitude using the related angle through the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Encourage students to refer to their Mathematics Advanced – HSC reference sheet, if needed, to find the exact values.
1. Have students complete Appendix C ‘Related values’.
1. Students are to use their calculators to confirm their solutions.
Independent practice
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) on vertical non-permanent surfaces (bit.ly/VNPSstrategy).
1. Have students complete a banner task (bit.ly/supportingstrategies) using questions from Appendix D ‘Banner task’ without using their calculators. Students may be encouraged to follow the same or similar method to Appendix C.
Ask students to answer one of the following questions as an exit ticket (bit.ly/exitticketstrategy) to check for understanding.
Explain why 
Evaluate  without a calculator.
Students may choose which question to do or be suitably assigned a question.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Students may benefit from being provided with a specific angle.
Students should be encouraged to consider the reciprocal ratios.
Activating prior knowledge 
There are no correct answers in this section, so all students should be encouraged to participate.
Challenge students by providing an angle greater than  and have students calculate how many rotations the spinner would make and where it would stop.
Connecting learning 
Use the GeoGebra applet in a guided walk-through mode with step-by-step instructions, focusing on visualising the angle placements and coordinates on the unit circle with teacher prompting.
Students can be encouraged to physically rotate arms/body to visualise angles.
Students could be provided with a coordinate for the point P on the circumference and encouraged to find the angle that produces the given point.
Students could consider angles that don’t have exact values.
Releasing responsibility
Provide partially completed diagrams or worked examples to reduce cognitive load when students annotate Appendix B, allowing focus on key conceptual notes. 
Challenge students to create additional examples or problems involving related angles and trigonometric functions, explaining their steps in writing or verbally.
Offer sentence starters or scaffolds for reasoning about negative angles and angles beyond .
Some cells in Appendix C could be completed for students to turn it into a ‘Faded worked example’ (bit.ly/fadedexamplesstrategy) activity.
Students could study incorrect worked examples to discuss common errors and misconceptions.
Independent practice
Students support each other by working in groups of 3.
Challenge students to investigate and justify periodicity properties of trigonometric functions or solve problems involving multiple rotations and negative angles.


Suggested opportunities for assessment
Activating prior knowledge 
Observe students’ explanations during discussions to assess conceptual understanding.
Connecting learning 
Use varying levels of questioning to assess student reasoning when comparing coordinates of points on the unit circle at different angles.
Evaluate student contributions during the Think-Pair-Share discussions on defining the related angle and generalising expressions for angles in all quadrants. 
Releasing responsibility
Review annotated circles from Appendix B for accuracy and completeness to identify gaps in understanding of trigonometric signs and mnemonics.
When completing the ‘Your turn’ questions during the Worked examples, check students' ability to apply related angle concepts correctly.
Appendix C could be collected as evidence of learning.
Independent practice
Use exit ticket responses to measure individual conceptual understanding and calculation skills.
Monitor group discussions and the banner task for ability to generalise to angles outside the standard domain and correct use of related angles.

[bookmark: _Appendix_A]Appendix A
Unit circle
[image: A Cartesian plane with a circle drawn, with centre at the origin and a radius of 1. ]
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Circle with related angles
[image: A graph of a circle with lines and points showing theta in quadrant 1, 180 degrees minus theta in quadrant 2, 180 degrees plus theta in quadrant 3 and 360 degrees minus theta in quadrant 4.]
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Related values
Complete the table below. The first row has been done for you.
	Expression
	Diagram
	Related angle
	Positive or negative
	Equivalent expression
	Value

	
	[image: Unit circle with ray at 210 degrees.]
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Banner task
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Sample solutions
Appendix C – related values
	Expression
	Diagram
	Related angle
	Positive or negative
	Equivalent expression
	Value

	
	[image: Unit circle with ray at 210 degrees.]
	
	Negative
	
	

	
	[image: Unit circle with ray at 150 degrees.]
	
	Positive
	
	

	
	[image: Unit circle with ray at 225 degrees.]
	
	Negative
	
	


	
	[image: Unit circle with ray at 150 degrees.]
	
	Negative
	
	

	
	[image: Unit circle with ray at 135 degrees.]
	
	Negative
	
	

	
	[image: Unit circle with ray at 240 degrees.]
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	[image: Unit circle with ray at 210 degrees.]
	
	Negative
	
	

	
	[image: Unit circle with ray at 120 degrees.]
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Appendix D – banner task
	Expression
	Simplified Angle
	Quadrant
	Exact Value
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