
Trigonometric identities
Students develop an understanding of trigonometric identities (excluding the Pythagorean identities) by exploring what an identity is and recognising restrictions that apply. They then use these identities to simplify expressions and prove further trigonometric identities.
Learning intention
To be able to use trigonometric identities to simplify expressions. 
Success criteria
I can justify the values for ,  and  at  and .
I can explain how to derive the identities  and .
I can define complementary identities and use them to evaluate expressions.
I can use trigonometric identities to simplify expressions.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
uses periodic functions to solve trigonometric equations and prove trigonometric identities MAV-11-05
Content
Trigonometric identities and equations
Justify the values of ,  and  at  and  by examining the ratios of sides in a right-angled triangle as  tends to  and 
Establish the reciprocal ratios ,  and  identifying the angles to be excluded in each identity
Establish the identities  and , identifying the angles to be excluded in each identity
Prove the complementary angle identities , , , ,  and  identifying the angles to be excluded in each identity
Evaluate trigonometric expressions using angles of any magnitude and complementary angle identities
Apply trigonometric identities to solve problems, simplify expressions and prove further trigonometric identities using substitution and/or reduction to  and 
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Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students generate and compare trigonometric ratios for angles on slide 4 of the PowerPoint Trigonometric identities, calculate angle sizes using multiple ratios and verify results, drawing on prior knowledge from earlier lessons.
	
	Emphasise recall of reciprocal and exact trigonometric ratios and the use of multiple ratios to justify angle calculations.

	Connecting learning
	Students analyse patterns in Appendix A using the questions on slide 6. They identify relationships between ratios, using slide 7 to explore equivalent ratios and complementary angle relationships.
	Pose-Pause-Pounce-Bounce
Think-Pair-Share
	The aim is to develop recognition of patterns in trigonometric ratios, particularly relationships involving sine and cosine for complementary angles and undefined values.

	Releasing responsibility
	Students define identities using slide 9, explore complementary identities and investigate the tangent identity using slides 10–11. Students annotate their reference sheets and complete questions using Appendix B and slide 12. Worked examples on slides 13–16 model proofs involving trigonometric identities.
	Pose-Pause-Pounce-Bounce
Think-Pair-Share
Notes to future forgetful selves
Worked examples (Your turn)
	Reinforce that identities are true for all permissible values, emphasising complementary angle identities and the tangent identity. Draw attention to restrictions where trigonometric expressions are undefined, and model how to construct a valid proof by working with one side of the identity at a time until the other side is obtained.

	Independent practice
	Students complete the questions on slide 18 and compare answers with a partner.
	
	The focus is on applying trigonometric identities to construct valid proofs, ensuring logical working.



Activity structure
Please use the associated PowerPoint Trigonometric identities to display images in this lesson.
Activating prior knowledge
Display slide 4 of the PowerPoint and ask students to write as many ratios as possible for the angles  and . There are 12 in total.
Have students compare their expressions with a partner.
Animate the slide to show the expressions.
Ask students to calculate the size of the angles  and  in degrees and minutes, justifying their solution by using more than one trigonometric ratio.
The angles are  and .
Students should recall reciprocal ratios from Lesson 2 – trigonometric ratios and exact ratios and from Lesson 3 – exact ratios.
Connecting learning
1. Distribute Appendix A ‘Trigonometric values’ to pairs of students. Have them discuss each of the questions on slide 6 and record their answers.
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce) for pairs to share any patterns they noticed in the table and explain why cosecant, secant and tangent ratios are undefined at certain values.
Students should recognise that some trigonometric ratios are undefined at particular angles because their denominators equal zero. When ,  and  are undefined since  and . Similarly, when ,  and  are undefined since . Students should connect this to the fact that division by zero is undefined.
Tangent identity
Focus students’ attention on question 4 from slide 6 and use the Pose-Pause-Pounce-Bounce questioning strategy to ask students what they noticed about the ratio .
Students should have noticed that the values for this ratio were equivalent to the values for 
Explain that we will look at why this is the case later in the lesson.
Complementary identities
Draw students’ attention to ratios (columns) that have the same value.
Display slide 7 to list all the equivalent ratios in Appendix A.
Ask students what they notice about the pairs.
Students should notice that the pairs all include sine and cosine, and the angles add up to .
In a Think-Pair-Share (), ask students to identify at least 3 other pairs of ratios from the appendix that aren’t shown on the slide. 
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss other pairs of ratios that students identified.
Animate the slide to show the equivalent ratios for  and , then repeat for  and .
Discuss with students whether the pattern established for sine and cosine, where the angles add up to , also applies to these pairs.
Releasing responsibility
1. Define an ‘identity’ to students using the following NESA glossary definition, also shown on slide 9. 
An identity is a statement involving a variable(s) that is true for all possible values of the variable(s). (NESA 2024)
Complementary identities
Explain to students that the pairs of equivalent ratios they have discovered are called ‘complementary identities’.
Ask students why they think these are called complementary identities.
Students should identify that the angles in each pair are complementary. The term complementary is addressed in the Stage 4 Angle relationships outcome MA4-ANG-C-01.
Use slide 10 to display the right-angled triangleABC). Ask students to write an expression for the missing angle B, and then ask them to write ratios for sine, cosine, tangent, cosecant, secant and cotangent for both  and angle B.
Animate the slide to reveal the equivalent ratios. Ask students to explain why these equivalent ratios exist.
Students should identify that the opposite side for angle  is the adjacent side for angle B (). So  and so on.
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss angles for which these identities don’t apply.
Students should recognise that is undefined as well as  so the identities would not be true for these angles. Similarly, for  and .
Tangent identity
Remind students that earlier in the lesson they identified that .
Display slide 11, which shows a proof of using the definitions of sine, cosine and tangent.
Animate the slide to reveal the connection students have already identified. That is,
 and additionally .
In a Think-Pair-Share, ask students if there are any values for which these identities would not apply.
Students should recognise that the denominator cannot be zero. That is, for   and for   .
Direct students to their copy of the Mathematics Advanced – HSC reference sheet and draw their attention to the heading ‘Trigonometric identities’, noting which identities are included on the reference sheet and their associated restrictions.
Have students annotate their reference sheet to include the complementary angle identities and the identity for .
Distribute Appendix B ‘Trigonometric identities from a triangle’ to each student. Students are to create notes to their future forgetful selves (bit.ly/notestofutureself) using the triangle to:
show/prove each identity
state the restrictions on these identities and why they exist.
Have students practise simplifying expressions using the questions from slide 12.
There are multiple approaches students can take to simplifying these expressions. Students may benefit from being encouraged to repeat the question using a different approach or performing a gallery walk (bit.ly/DLSgallerywalk) to look at approaches used by other students.
Use slides 13–16 to model proofs involving trigonometric identities using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Inform students that it does not matter whether they manipulate the left-hand side (LHS) to match the right-hand side (RHS) or vice versa; what is important is that students choose one side and work to transform it into the other. They must not work on both sides at the same time as this does not demonstrate a valid proof of an identity.
Use the Pose-Pause-Pounce-Bounce questioning strategy to conduct a class discussion on how you might decide if you start from the LHS or RHS.
There is no single correct method for these questions, provided students show that the LHS is equal to the RHS. Students may find it beneficial to compare their working with the required form to identify possible next steps, aiming to rearrange expressions using identities they recognise.
Independent practice
1. Have students complete the questions from slide 18.
Students should compare their responses with a partner.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Provide a partially completed set of trigonometric ratios to support students recalling relationships between angles. 
Support students by focusing on writing ratios for one angle before extending to both  and . 
Extend students by asking them to justify why ratios are equivalent using algebraic reasoning, not just numerical values.
Connecting learning 
Provide a sentence scaffold such as: ‘I notice that when the angles add to 90°, the ___ of one angle equals the ___ of the other.’
Extend students by asking them to generate additional complementary pairs and justify why they are equivalent.
Releasing responsibility
Provide scaffolded or partially completed examples to support students in simplifying expressions for the questions on slide 12.
Allow students to compare different solution methods to support strategy development. 
Extend students by asking them to prove identities using multiple methods or create their own identities for peers to prove.
Independent practice
Provide prompts indicating which identity may be useful to support students getting started.
Support students by encouraging them to annotate each step with the identity used.


Suggested opportunities for assessment
Activating prior knowledge 
Observe student responses to assess their ability to correctly recall and construct trigonometric ratios. 
Ask students to justify angle calculations using more than one ratio to assess their reasoning.
Connecting learning 
Observe student responses to assess whether they can identify patterns leading to complementary identities. 
Releasing responsibility
Review student work from Appendix B and slide 12 to assess their ability to prove identities and simplify expressions. 
Observe student explanations during discussion to assess their reasoning when choosing a method (LHS or RHS).
Independent practice
Review student solutions to assess their ability to correctly prove trigonometric identities. 
Ask students to justify each step in their working to assess their understanding of identities and validity.
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Trigonometric values
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Trigonometric identities from a triangle
[image: A right-angled triangle ABC with angle BAC labelled theta and angle BCA a right-angle. All sides opposite the angles are labelled with their lowercase letter.]
	Identities
	Notes to future forgetful selves
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Slide 12 – simplifying using trigonometric identities
Please note that there are multiple approaches to simplifying these expressions.
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Slide 18 – proving further trigonometric identities
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