
Exact ratios
Students learn about the properties of exact value triangles to develop an understanding of exact trigonometric ratios, including reciprocal ratios. They then apply this knowledge to determine unknown angles and sides. 
The learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To be able to find the exact ratios for angles of ,  and in right-angled triangles.
Success criteria
I can calculate the trigonometric ratios of given angles in a right-angled triangle.
I can determine the exact ratios for angles of ,  and in exact ratio triangles.
I can use exact ratios for angles to simplify and solve trigonometric problems.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies trigonometry to solve problems involving geometric shapes MAV-11-04
uses periodic functions to solve trigonometric equations and prove trigonometric identities MAV-11-05
Content
Trigonometry and measure of angles
Trigonometry with acute angles
Use Pythagoras’ theorem to find the exact sine, cosine and tangent ratios for angles of ,  and 
Apply trigonometry to solve problems involving right-angled triangles in two dimensions, true and compass bearings, and angles of elevation and depression
Trigonometric identities and equations
Find the exact secant, cosecant and cotangent ratios for angles of ,  and 
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students draw right-angled isosceles triangles, calculate the hypotenuse in surd form and compare results with peers. Teachers can use slide 3 of the PowerPoint Exact ratios to discuss triangle similarity and the relationship between equal sides of an isosceles triangle and the hypotenuse. Teachers use slide 4 to introduce the learning intention and success criteria to students.
	Think-Pair-Share
Mini whiteboards

	This section reinforces similarities in right-angled isosceles triangles. The activities encourage reasoning using geometric language


	Connecting learning
	Students construct triangles to find exact ratios and use Appendix A throughout the activity to record exact ratios as they find each one. Use slides 6–7 to summarise student learning.
Students complete Appendix B as an optional activity to learn how to find the exact value ratios using their calculators, if they don’t have the capability to display exact values. 
	Notice and wonder
Mini whiteboards
Think-Pair-Share

	This section confirms that scaling triangles doesn’t change trigonometric ratios. Students should be shown where the exact ratio triangles are on their HSC reference sheet.

	Releasing responsibility
	Students play dominoes using Appendix C and rules on slide 9 to match ratios before discussing their findings in a class discussion. Use slides 10–13 to model worked examples of using exact ratios to solve equations and simplify expressions. Students complete Appendix D and create notes to summarise what they have learnt.
	Worked examples
Variation theory
Notes to future forgetful self
	This section encourages self-explanation through worked examples and builds fluency connecting ratios and reciprocal functions.

	Independent practice
	Students complete the Open Middle problem on slide 15, then complete Appendix E. 
	
	This section allows students to engage in self-paced consolidation of the learning intention.



Activity structure
Please use the associated PowerPoint Exact ratios to display images in this lesson.
Activating prior knowledge
Instruct students to sketch a right-angled isosceles triangle on a mini whiteboard (bit.ly/miniwhiteboards), choosing an appropriate value for the equal sides and marking the size of each angle.
Check that students have drawn a right-angled triangle with 2 equal sides opposite 2 equal angles.
Instruct students to use Pythagoras’ theorem to calculate the length of the hypotenuse for their triangle in simplified surd form.
Students were reminded how to simplify surds in Lesson 10 – simplify surds of Unit 3 – working with linear and quadratic functions.
Ask students to hold up their mini whiteboards to share the side length they chose and the length of the resulting hypotenuse.
Using a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to discuss:
what they notice about the side lengths and the length of the hypotenuse.
whether each of the triangles drawn can be classified as similar triangles?
Students should notice that the hypotenuse is equal to the length of the equal sides multiplied by  Slide 3 of the PowerPoint displays this relationship for 3 different triangles.
Students should notice that although students have chosen different lengths for the equal sides, the triangles all have 3 corresponding equal angles and are similar. Students were introduced to similar triangles in Stage 5 – Unit 1 – Lesson 4 – How many angles?
Use slide 4 to share the learning intention and success criteria of the lesson.
Connecting learning
The following activity has been modified from the Stage 5 – Elective unit – Lesson 3 – exact ratios.
 triangle
1. Using their mini whiteboards, ask students to modify (if required) their right-angled isosceles triangles to have equal sides of one unit and calculate the hypotenuse. 
Students may determine the hypotenuse by using their knowledge from the previous activity and multiplying the short side length by . For those who do, encourage them to verify or calculate the hypotenuse by using Pythagoras’ theorem.
Slide 6 models the triangle for students.
Ask students, on their mini whiteboards, to use their isosceles triangle to find the values for
and  in simplified form.
Have students change the equal side lengths of their isosceles triangles to another value, determine the length of the hypotenuse and the values for and  in simplified form.
Teachers may choose to ask students to rationalise the denominator of their ratios. 
Rationalising the denominator was covered in Unit 3 – Lesson 11 – working with linear and quadratic functions.
Ask students to compare answers and then discuss what they notice and wonder (bit.ly/noticewonderstrategy).
Students should conclude that the value of the ratios stays the same and that scaling the triangles did not change the trigonometric ratios. 
Students might wonder if the exact value ratios can be derived in a similar way for other angles.
Distribute Appendix A ‘Trigonometric exact values’ and ask students to complete the table for and  from their triangles.
Ask students to use these answers, or otherwise, to find the values of   and 
Students were introduced to reciprocal ratios in Lesson 2 – trigonometric ratios.
 and  triangle
Ask students to draw, on their mini whiteboards, an equilateral triangle of side length 2 units and label all angles and side lengths. 
Instruct students to divide their triangle in half and label any additional sides or angles produced.
Teachers may need to show students that bisecting the equilateral triangle will result in 2 congruent right-angled triangles with angles of  and . Students should realise that if the initial side length is 2, then the bisected side length will be 1. Using Pythagoras’ theorem, students should calculate  as the remaining side length. This is modelled on slide 7.
Ask students to use their newly formed triangles to complete the rest of the table in Appendix A.
In pairs, have students discuss what they notice and wonder about the answers.
Students may notice that some ratios are equal and wonder how they can use this knowledge to solve problems.
Ask students to change the side lengths of their equilateral triangle to . Students should again calculate the values for   and  on their mini whiteboards, leaving their answers in simplest form.
Ask pairs to again discuss what they notice about their answers.
Students should notice that the ratios, including the reciprocal ratios, remain the same if all side lengths are equally scaled.
Explain to students that these exact ratios will reappear throughout the course and are essential knowledge as they progress in the unit. 
Direct students to their Mathematics Advanced – HSC reference sheet and ask them to locate the exact ratio triangles.
Exact ratios using the calculator (optional extension)
Tell students that some people reference the triangles as seen on the reference sheet each time they need to find an exact value and some use their calculators. 
Some calculators on NESA’s ‘Approved calculators’ list (bit.ly/NESA-approved-calculators) provide the exact ratios in surd form with a rationalised denominator. 
For students who use calculators that provide the exact values in surd form, the last 2 columns in Appendix B can be removed.
Distribute Appendix B ‘Exact values and my calculator’ to each student and have them complete the table. 
In a Think-Pair-Share, ask students to share what they notice and what they wonder about the answers and how this can help them to quickly find exact values. 
Students should notice that some trigonometric ratios produce a rational number and some do not. Students should notice that by squaring an irrational number, we produce a rational number which we can then express with a square root symbol to represent the original number. 
Releasing responsibility
1. Distribute Appendix C ‘Dominoes’ for students to play a game of dominoes in pairs. Instructions for the dominoes game are provided on slide 9.
The teacher should cut up the domino pieces and distribute them to each pair. The appendix shows the pieces in the connected order. 
Once each pair of students has established a winner, ask them to work together to finish placing the domino tiles in a chain.
If a pair has difficulty connecting all the pieces, they should consider the trigonometric ratios with equivalent values and try switching them.
While the dominoes still lay connected in front of students on their desks, ask students, using Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce), if they ran into any complications during their dominoes game. Possible prompt questions could include:
Did you have any dominoes left over that you couldn’t connect to either end?
Were there any dominoes that had the same value?
Some students may not have been able to make a full chain, as complementary angles produce equivalent ratios across different trigonometric functions. For example, both  and  are equal. This is proven in Lesson 4 – trigonometric identities. 
Use slides 10–11 to model a worked example of using exact ratios to simplify expressions using the Worked examples (Your turn) method (bit.ly/supportingstrategies). Animate the slide to reveal self-explanation prompts and solutions. 
Explain to students that we can also use exact value ratios to solve equations. Use slides 12–13 to model a worked example of solving equations using exact ratios using the Worked example (Your turn) method.
Distribute Appendix D ‘Equations with exact ratios’ which uses Variation Theory (variationtheory.com/introduction/). Students are to complete each row from left to right in their existing pairs.
Students are to create notes to their future forgetful self (bit.ly/notestofutureself) on exact ratios for trigonometric functions (including reciprocal functions) by annotating the triangles provided on the Mathematics Advanced – HSC reference sheet. 
Independent practice
1. Display the Open Middle (openmiddle.com/whats-open-middle/) problem ‘Trigonometric ratios’ from slide 15. Students should attempt the problem in pairs without using their calculators.
1. There is more than one solution to this problem. Students should swap with a neighbouring pair to check each other’s solutions.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy for pairs to share their thinking and strategies.
1. Distribute Appendix E ‘Using exact ratios’ for each student to complete and compare solutions with a partner.
Some questions in Appendix E use notation such as . If required, demonstrate to students that  is equivalent to .
Students have not yet been introduced to formal proofs. The sample solutions do not represent best practice in setting out formal proofs and are designed to reflect an approach that students may take with their current knowledge.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Use peer support or mixed-ability pairing during the Think-Pair-Share to allow scaffolding from stronger partners.
Connecting learning 
Support students by using interactive digital tools (for example, GeoGebra (geogebra.org/) to model the similarity visually.
Challenge students to explore why scaling the triangle doesn’t affect the ratio and connect this to similarity and proportionality.
Releasing responsibility
Support students by offering a reduced dominoes set for learners who may struggle with the full set. The reduced set should be selected by keeping the order of the dominoes to ensure the set still connects.
Challenge students to show that  using the exact value triangles.
Independent practice
Pairs can complete Appendix E together, rather than just comparing answers at the end.
Partially scaffolded solutions could be provided for students who are unsure of how to start.


Suggested opportunities for assessment
Activating prior knowledge 
Listen and observe the Think-Pair-Share to assess students’ grasp of consistent angle relationships, applying Pythagoras’ theorem and using surds correctly.
Connecting learning 
Use mini whiteboards to quickly check that students can evaluate exact ratios. Give immediate feedback or reteach as needed.
Peer teaching could be used to check for student understanding. Ask students to teach the class 2 chosen trigonometric ratios, with reasoning and simplifications.
Releasing responsibility
Formatively assess students by using probing questions such as:
What did you do when a domino didn’t have a match?
Did the triangles on the reference sheet help you confirm a match? If so, how?
Collect students notes to future self to check their use of correct terminology, worked examples and any identified misconceptions.
Independent practice
Use an exit ticket (bit.ly/exitticketstrategy) to conclude the lesson and include the following questions:
What exact ratio are you still unsure about and why?
 What advice would you give your future self about solving exact trigonometric ratio problems?
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[bookmark: _Appendix_A_1]Appendix A
Trigonometric exact values
Complete the table below as you find the exact values for each trigonometric ratio.
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[bookmark: _Appendix_B_1]Appendix B 
Exact values and my calculator
	Calculator input
	Calculator output
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[bookmark: _Appendix_B]Appendix C
Dominoes
[image: Dominoes arranged in 3 rows and 3 columns, each divided into 2 sections. Each domino displays a trigonometric function with an angle (30°, 45°, or 60°) on the left and its corresponding exact value on the right, featuring values like √3, 1/2, and 2, illustrating key trigonometric ratios.]

[image: Dominoes arranged in 4 rows and 3 columns, each tile split into 2 sections with trigonometric functions labeled on one side and corresponding values on the other. Functions include sine, cosine, secant, cosecant, cotangent for angles 30°, 45°, and 60°, with values expressed as fractions and square roots, highlighting relationships between these trigonometric ratios.][image: Dominoes arranged in 4 rows and 3 columns, each tile split into 2 sections with trigonometric functions labeled on one side and corresponding values on the other. Functions include sine, cosine, secant, cosecant, cotangent for angles 30°, 45°, and 60°, with values expressed as fractions and square roots, highlighting relationships between these trigonometric ratios.]
[bookmark: _Appendix_C][bookmark: _Appendix_D]Appendix D
Equations with exact ratios
Complete the table below by using exact ratios to determine the value of the acute angle,  Complete each row from left to right.

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	



[bookmark: _Appendix_E_1]Appendix E
Using exact ratios
1. Evaluate the following expressions without using a calculator:










Use exact values to prove the LHS = RHS:

1. 





Show each of the following:
a. 
1. Show that 
[image: Right-angled triangle ACD with line from angle D, meeting AC at point B. CD is 5 in length, AB is d in length. Angle BDC is 45 degrees and angle ADB is 15 degrees]
Show that .
[image: Right-angled triangle ACB with line from angle B, meeting AC at point D. CB is 5 in length, AD is d in length. Angle CBD is 30 degrees and angle ABD is 15 degrees]
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Sample solutions
Appendix A – trigonometric exact values
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Appendix B – exact values and my calculator
	Calculator input
	Calculator output
	
	Exact form: 
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Appendix D – equations with exact ratios
	

	
	
	

	
	
	
	

	
	

	
	

	
	
	
	



Appendix E – using exact ratios
	Question 1
	Solutions

	a.
	

	b.
	

	c.
	

	d.
	

	e.
	

	f.
	

	g.
	

	h.
	




	Question 2
	Solutions

	a.
	

	b.
	

	c.
	

	d.
	

	e.
	




1. 
1. Let ,

So, side .

1. Let ,

So, side .
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