
The quotient rule
Students develop the quotient rule by combining the chain and product rules. They explore and compare 4 similar-looking differentiation problems, recognising how each requires a different solution method for efficiency. The lesson concludes with students applying their knowledge to solve a variety of problems.
Learning intention
To be able to apply the quotient rule to differentiate functions.
Success criteria
I can recognise when to use the quotient rule.
I can identify  and  in a function and find their derivatives.
I can apply the quotient rule from the reference sheet.
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I can apply the quotient rule using  notation.
education.nsw.gov.au	
2	Alphabet soup
© NSW Department of Education, Feb-26	[image: Creative Commons Attribution license logo.]
Outcomes
A student: 
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01 
interprets the meaning of the derivative and determines the derivative of functions to solve problems MAV-11-06
Content
Calculations with the derivative
Apply the quotient rule: if  , where 𝑢 and 𝑣 are both functions of 𝑥, then  or if  then 
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Use slide 4 and have students simplify the algebraic fractions.
	Pose-Pause-Pounce-Bounce
	Terms simplify when they have common factors.  

	Activating prior knowledge
	Use slide 6 and have students differentiate different types of algebraic fractions. Use slide 7 to show students how to combine the chain and product rules. 
	Pose-Pause-Pounce-Bounce
Visibly random groups of 3 
Vertical non-permanent surface
	Students differentiate algebraic fractions using the chain and product rules. 

	Connecting learning
	Groups solve questions from Appendix A using the chain and product rules to identify patterns. Use slide 9 to show the solutions to 2 questions and have students identify similarities in the answers and processes. Display the quotient rule using slide 10.
	Gallery walk
Pose-Pause-Pounce-Bounce
	Slide 10 can be used to show 2 worked solutions from Appendix A. 

	Releasing responsibility
	Slide 12 shows students the rules as presented on the reference sheet. Use the worked examples on slides 13–14 and faded examples in Appendix B to teach students how to apply the quotient rule. Use slide 15 to identify when to use the quotient rule. Students produce notes using Appendix C.
	Worked examples (Your turn)
Faded examples
Four quadrant notes
Think-Pair-Share
	Learning to apply the quotient rule.

	Independent practice
	Students solve the problems in Appendix D in their groups by finding derivatives using the quotient rule.
	Visibly random groups of 3 
Scavenger hunt
	Solving a mix of problems using the quotient rule. 



Activity structure
Please use the associated PowerPoint The quotient rule to display images in this lesson.  
Retrieval practice
1. Display slide 4 of the PowerPoint and allow students time to complete the questions.
1. Animate the slide to reveal the solutions and prompting questions. 
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to discuss the prompting questions. 
Terms simplify when there are common factors in the numerator and denominator, not just similar-looking expressions.
Activating prior knowledge
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at a vertical non-permanent surface (bit.ly/VNPSstrategy).
1. Display slide 6 of the PowerPoint and ask the students to differentiate the expressions.
Some students may not be able to differentiate question 2. Other students may recognise that they can use the product rule and the chain rule together. 
1. Animate the slide to show the solution to question 1 and the self-explanation prompt. Using the Pose-Pause-Pounce-Bounce questioning strategy, discuss how students may have differentiated question 2.
1. Use slide 7 to focus students’ attention on question 2. Have students change the denominator expression to have a negative index and differentiate using the chain and product rules. 
The slide contains 3 animations to slowly reveal the solution using the chain and product rules. 
Connecting learning
1. Distribute one question to each group of 3 from Appendix A ‘Chain and product rules’ and have groups differentiate on their vertical non-permanent surfaces by applying the chain and product rules. 
1. Ask students to leave their answers as a single fraction. 
1. Have students do a gallery walk (bit.ly/DLSgallerywalk) of each other’s solutions.
1. Display slide 9 which has 2 of the solutions side by side. Using the Pose-Pause-Pounce-Bounce questioning strategy discuss: 
Are there any patterns in the answers to similar questions?
Was there any variation in the procedure used to solve each problem?
Students should notice that the denominator is now squared and that all groups followed the same procedure. 
1. Display slide 10 and explain to students that this is the rule we use for differentiating the division of 2 functions. Ask students to identify any similarities between their solution from Appendix A and this rule.
Students should link the square of the denominator as well as performing a subtraction of the numerator in their simplification.  
Releasing responsibility
1. Display slide 12 which shows the quotient rule for differentiation using different notations. 
1. Ask students to find the formula on their reference sheet. Animate slide 12 to model where it is found on the Mathematics Advanced – HSC reference sheet.
In a Think-Pair-Share, have students consider which sections of the notation   link to which sections of the   notation. 
Students should conclude that  and  link to  and , respectively. 
Consequently, they should conclude that the rules are the same. 
1. Use slides 13–14 of the PowerPoint to model worked examples of differentiating using the quotient rule in  notation, using the Worked examples (Your turn) method (bit.ly/supportingstrategies). 
Leaving the denominator in factorised form will allow students to easily identify where the derivative is undefined. It can also make subsequent calculations easier when solving problems. Often the numerator cannot be factorised. 
1. Distribute Appendix B ‘Faded examples’ (bit.ly/fadedexamplesstrategy) and ask students to complete the examples.
1. Students should practise questions by applying the quotient rule from an existing resource.
1. Display slide 15, which shows 4 questions which can be solved using different methods. Have students use a Think-Pair-Share to discuss which differentiation rule would be best to use for each question and why. 
1. Ask students to differentiate each of the questions on slide 15 using the method that they discussed. 
1. Distribute Appendix C ‘Four quadrant notes’ (bit.ly/supportingstrategies). Have students discuss each section in pairs before completing the notes independently.
Independent practice
1. Students return to their groups of 3 to complete the scavenger hunt task from Appendix D ‘Scavenger hunt’. In this task, students will be solving problems by finding derivatives using the quotient rule. 
Print one set of question cards, separate each card (cutting along the bold lines) and place the cards around the room. A vertical non-permanent surface could be useful at each card to assist the groups with their calculations.
Each group should start at one of the cards. The students work in their groups to solve the problem.
Once a group has solved a problem, they need to move around the room to find the solution on another card. Once they have found their solution, they then solve the question attached to the solution and repeat the process.
The activity is finished once the group returns to their original card.
Cards are printed in order so the solution to one question is the answer number on the next card.
Students were introduced to tangents and normals in Lesson 2 – Tangents and normals.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
The teacher could adjust the questions to suit the needs of their students. Students could be extended by including fractions with more than one common factor or less ready students may need the fractions presented using numbers only. 
Activating prior knowledge 
Students may need to be reminded how to convert between fractions and negative indices.
Connecting learning 
Display slide 10 and extend students by asking them in their groups to find the derivative of , in terms of  and , by using the chain rule and the product rule together. 
Releasing learning
To support students, further scaffolding could be provided on Appendix B. 
Independent practice
Support students by providing a scaffold with the 4 components of the quotient rule for them to complete first:
	
	

	
	


Challenge students by asking them to complete the scavenger hunt individually.


Suggested opportunities for assessment
Activating prior knowledge
Use the group responses to assess students’ ability with the chain and product rules, taught in the previous 3 lessons.
Connecting learning 
Assess students’ ability with the chain and product rules during the gallery walk.
Releasing responsibility
Appendix B or Appendix C can be collected to assess students’ understanding of applying the quotient rule.
Independent practice
Move between groups and ask questions about the process to assess students’ understanding of tangents and normals, as well as solving problems using the quotient rule.


[bookmark: _Appendix_A]Appendix A 
Chain and product rules
Find the derivative of each function by changing the denominator to an expression with a negative index and then using the chain and product rules.
	
	

	
	

	
	

	
	




Appendix B 
[bookmark: _Faded_examples]Faded examples
	Question 1
	Question 2
	Question 3
	Question 4
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Four quadrant notes
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	Things to remember 
	Example 3


Appendix D 
Scavenger hunt
	
	

	Find the -value where the derivative of the function  is equal to zero.

	Find the gradient,  of the normal to the function  at  





	
	

	Find the derivative of the function  
at 

	Find the derivative of the function 
at  






	
	

	Find -value where the derivative of the function  is equal to zero.

	Find the gradient,  of the normal to the function   at  




	
	

	Find the derivative of the function  
at 

	Find the gradient,  of the tangent to the function   at  






	
	

	Find -value where the derivative of the function  is undefined.

	Find the gradient,  of the normal to the function  at  





	
	

	Find the derivative of the function  
at 

	Find the gradient,  of the tangent to the function   at  





	
	

	Find the -value where the derivative of the function   is equal to zero.

	Find the -value where the derivative of the function   is undefined.





Sample solutions
Appendix A – chain and product rules
	


	




	


	






	


	



	


	






Appendix B – faded examples
	Question 1
	Question 2
	Question 3
	Question 4

	Differentiate .
 
 

	Differentiate 
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Appendix C – Four quadrant notes
	Example 1
Differentiate 



	Example 2
Differentiate 
 
 



Appendix D – scavenger hunt 
Answers are directly above each question. 
	
	

	Find -value where the derivative of the function  is equal to zero.

	Find the gradient,  of the normal to the function  at  




	
	

	Find the derivative of the function  
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	Find the derivative of the function   at  
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	Find -value where the derivative of the function  is equal to zero.

	Find the gradient,  of the normal to the function   at  




	
	

	Find the derivative of the function  
at 

	Find the gradient,  of the tangent to the function   at  




	
	

	Find -value where the derivative of the function  is undefined.

	Find the gradient,  of the normal to the function  at  




	
	

	Find the derivative of the function  
at 

	Find the gradient,  of the tangent to the function   at  




	
	

	Find the -value where the derivative of the function   is equal to zero.

	Find the -value where the derivative of the function  is undefined.
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