
The product rule
Students investigate the product rule by using an area model. They consider the benefits of using the rule rather than expanding the function. They apply the rule to problems involving finding the gradient and identifying when the derivative of a function equals zero. 
Students will need at least one digital device per pair to interact with Amplify Classroom during this lesson.
Learning intention
To be able to differentiate a function that is the product of 2 functions.
Success criteria
I can identify functions where the product rule could be used to differentiate.
I can apply the product rule to differentiate a function.
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I can solve problems which require the use of the product rule. 
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Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01 
interprets the meaning of the derivative and determines the derivative of functions to solve problems MAV-11-06
Content
Calculations with the derivative
Apply the product rule: if 𝑦 = 𝑢𝑣, where 𝑢 and 𝑣 are both differentiable functions of 𝑥, then  or if  for differentiable functions 𝑓(𝑥) and 𝑔(𝑥) then 
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students revise skills in factorising using Appendix A.
	Variation Theory
	Knowledge of factorising is practised so that it can be used later in the lesson.

	Activating prior knowledge
	Use slide 4 to have students differentiate 5 questions using the chain rule. Use slide 5 to discuss why differentiating a product of functions with powers by expanding would be difficult. 
	Think-Pair-Share
	While products can be expanded and differentiated, it can be error-prone.

	Connecting learning
	Students complete the Amplify Classroom activity (bit.ly/product_rule) to establish the product rule. Use slide 7 to introduce where the rule appears on the reference sheet and notation. Use slides 8–11 to formalise how to apply the product rule. Use Appendix B to get students to compare methods. 
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
Worked examples (Your turn) 
Visibly random groups of 3
Vertical non-permanent surface
	The aim is to establish and practise the product rule. Students learn to recognise when the product rule will be the most efficient method for differentiating products of functions. The formal proof for the product rule can be found in Appendix D. 

	Releasing responsibility
	Students use Appendix C to practise the product rule. Students develop the need to factorise their final answer before factorising their answers to Appendix C. Revisit slide 11 which students completed earlier and animate the slide to reveal the solution in factorised form. Students practise from an existing resource, before writing notes.
	Worked examples (Your turn) 
Faded examples
Notes to future forgetful selves
	Students should see the importance of factorising expressions after differentiating using the product rule to enable them to solve the equations.

	Independent practice
	Students attempt HSC-style questions on slide 13. Slides 14–17 contain worked solutions. 
	Visibly random groups of 3 
Vertical non-permanent surface
	Students practise exam-style questions where they need to draw knowledge from multiple areas.



Activity structure
Please use the associated PowerPoint The product rule to display images in this lesson.  
Retrieval practice
Distribute Appendix A ‘Factorising’, which uses Variation Theory (variationtheory.com/introduction/) to revise students’ skills in factorising by grouping. 
Activating prior knowledge
1. Display slide 4 of the PowerPoint and ask students to differentiate each of the questions.
Animate the slide to reveal the solutions. 
Lead a class discussion by asking students how they approached different questions, particularly questions 3 and 5. 
Display slide 5 and have students use a Think-Pair-Share (bit.ly/thinkpairsharestrategy) to discuss what challenges they might face when using their current strategies to differentiate a question with multiple brackets. 
Students should recognise that the expression could be expanded and then differentiated, but that it would be time-consuming and risk errors. 
Connecting learning
1. Assign the Amplify Classroom activity ‘The product rule’, (bit.ly/product_rule), and have students complete the activity in pairs. 
· Before completing this activity, you will need to set up Amplify Classroom (bit.ly/createamplifyclassroom).
· Students who have not completed the Amplify Classroom activity from Lesson 1 – basic differentiation rules may not be familiar with the representations in this activity.
· You can use the Amplify Classroom dashboard to anonymise and display student responses.
Display slide 7 of the PowerPoint to reveal the product rule for differentiation. Explain to students that this is the rule we use for differentiating the product of 2 functions.
Ask students to find the formula on their reference sheet. Animate slide 7 to model where it is found on page 2 of the Mathematics Advanced – HSC reference sheet.
Animate slide 7 again to show an alternate notation for the product rule. In a Think-Pair-Share, allow students time to discuss where they might use the different notations.
At this point, students may not be aware of any of the advantages or disadvantages of using each notation. However, students should indicate that function notation should be used when the question is presented in function notation and is the preferable method used to substitute in a value for 
Although it is not in the syllabus, students may see people use the abbreviated form .
Students will need to be familiar with using both notations shown.
[bookmark: _Hlk209699562]Use slides 8–11 to model worked examples of differentiating using the product rule in  notation, using the Worked examples (Your turn) method (bit.ly/supportingstrategies). Animate the slides to reveal self-explanation prompts and solutions.
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy) and assign each group one question from Appendix B ‘Expanding and differentiating’. 
1. Ask students to first find  using the product rule. Then find  by expanding and differentiating the result. 
1. Using the Pose-Pause-Pounce-Bounce strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) discuss as a class the 2 methods of answering the question. Prompting questions include: 
Did you get the same answer for both methods?  
Which method was more efficient?
When might it be better to expand a function before differentiating instead of using the product rule?
Students should recognise that both methods produce the same results. Which method was more efficient may depend on each group or the question answered. 
1. Ask students in their groups to again consider the expression from slide 5:  Have students differentiate it using the product rule.
Releasing responsibility
1. Ask students in a Think-Pair-Share to discuss when the product rule should be used when differentiating. 
1. Students are to complete the faded worked examples (bit.ly/fadedexamplesstrategy) in Appendix C ‘Faded examples’. These gradually release responsibility and model communicating mathematically. 
Students will factorise their differentiated expressions once they have developed the need to factorise. 
1. Have students attempt a few questions from an existing resource and check their answers. 
1. Ask students what they notice about the answers from their existing resource compared to their own. 
Students should find that answers from other resources are often presented in fully factorised form. 
1. Revisit slide 11 and annotate the slide to reveal the worked example in factorised form. In a Think-Pair-Share, have students consider why there is a need to fully factorise the solutions.
Students should recognise that if the gradient is zero then finding the solutions is easier in factorised form. 
1. Have students complete their answers to Appendix C by factorising and equating the derivative to equal zero. 
1. Have students annotate their faded examples worksheet, adding notes to their future forgetful selves (bit.ly/notestofutureself) to help them recall the process of differentiating using the product rule. 
Independent practice
1. Display slide 13 and have students review the Approaching questions scaffold. 
1. Have students return to their groups at vertical non-permanent surfaces and attempt the HSC-style questions on slide 14. 
1. Display slides 15–17 to reveal the solutions to the HSC-style questions. 
· 

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Support students by guiding them towards the appropriate differentiation technique for each question.
Connecting learning 
Extend students by providing them with the proof of the product rule in Appendix D ‘Optional extension – proof of the product rule’ and asking them to annotate it with their understanding.
Support students by providing a scaffold with the 4 components of the product rule for them to complete first:
	
	

	
	


Releasing responsibility
Students may need the product rule modelled using the different notations. 
Students should be encouraged to highlight terms in brackets common to both parts of the derivative to help determine the common factor. 
Different brackets [ ] should be used and enlarged to help students identify different sections of the factorised expression. 
Challenge students to differentiate and factorise expressions where both functions are to a high power and can be common factors of the differentiated function.
Independent practice
Some students may benefit from completing further questions from an existing resource, rather than attempting the provided questions.
Extend students by asking them to complete the HSC-style questions individually first. 
Suggested opportunities for assessment
Retrieval practice
Assess students’ ability to factorise to inform how much scaffolding they may require in the ‘Releasing responsibility’ section of this lesson. 
Activating prior knowledge 
Students’ responses to questions 3 and 4 should be used to assess students’ ability to differentiate using the chain rule.
Connecting learning 
Use the group’s responses on the vertical non-permanent surfaces to assess their ability to apply the product rule.
Releasing responsibility
Student annotations on the faded examples can be used to assess student understanding of applying the product rule and factorising.
Independent practice
Some students may benefit from completing further questions from an existing resource, rather than attempting the HSC-style questions.
Student responses to the final HSC-style questions can be used to assess understanding of the students’ ability to apply knowledge in unfamiliar contexts.

[bookmark: _Appendix_A]Appendix A 
Factorising 
Factorise:
1. 











[bookmark: _Appendix_B]Appendix B 
Expanding and differentiating
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Faded examples
	Find the derivative of the function 
	For the function , find 
	For the function 
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	Find the derivative of 
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[bookmark: _Appendix_D_1]Appendix D 
Optional extension – proof of the product rule
Annotate each line with your understanding of what is happening: 
Let 


Sample solutions
Appendix A – factorising
Factorise:
1. 











Appendix B – expanding and differentiating
	

	


	

	


	

	


	

	







Appendix C – faded examples
	Find the derivative of the function 
	For the function , find 
	For the function 
, find 
	Find the derivative of 
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HSC-style questions
Question 1 
A line perpendicular to  will have gradient .
 
 

Let 


 (by quadratic formula)
Question 2 
 
 


Equation of tangent:



Question 3 
 
, 
,  

At , the gradient of normal is , therefore the gradient of the tangent is  therefore 
At  
The equation of the normal is:
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