
The chain rule – part 2
Students develop the need for the chain rule in the form  through the context of blowing bubbles and then learn to apply it algebraically.
Learning intention and success criteria should be shared with students at the conclusion of the ‘Connecting learning’ section of the learning episode.
Learning intention
To be able to differentiate composite functions using the chain rule in the form  
Success criteria
I can identify the inner function  and the outer function  in a composite function.
I can differentiate the inner function to find 
I can differentiate using the chain rule in the form 


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
interprets the meaning of the derivative and determines the derivative of functions to solve problems MAV-11-06
Content
Calculations with the derivative
Apply the chain rule: if 𝑦 is a differentiable function of 𝑢, and 𝑢 is a differentiable function of 𝑥, then  or if  for differentiable functions 𝑓(𝑥) and 𝑔(𝑥) then 
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Show students a short video of the world’s biggest bubble (bit.ly/biggestbubble) and discuss what variables change as a bubble grows larger. Pose the question: At what rate is the bubble’s volume increasing per second?
	Think-Pair-Share
	The aim is to give context to a scenario where the derivative cannot be found using a single equation.

	Connecting learning
	Students use the sphere’s volume and find  before trying to link  and . Slide 3 models the relationship for students before having them use it to solve the problem on slides 4–5. Use slide 6 to reveal the learning intention and success criteria.
	Vertical non-permanent surfaces
Visibly random groups of 3
Pose-Pause-Pounce-Bounce
	The context of a bubble is only used to show how rates link to understand the chain rule. This lesson is not intended to move into Mathematic Extension 1 content. 

	Releasing responsibility
	Students are explicitly taught this method of the chain rule (slide 8) and how to differentiate using it (slides 9–10) before practising faded examples using Appendix A. Slide 11 has comparison questions to help students recognise that different formats of the chain rule are the same before practising more challenging questions using Appendix B. Students annotate Appendix B to form notes.  
	Think-Pair-Share
Worked examples (Your turn) 
Notes to their future forgetful selves
Variation Theory
Comparison strategy 
	Students use the alternate format of the chain rule to check their solutions to Appendix A and Appendix B.  

	Independent practice
	Students complete 2 HSC-style questions which require justification and reasoning. Use slides 14–16 for question solutions and prompting questions. 
	Think-Pair-Share
	These questions require the students to consider the original function in their solutions. 



Activity structure
Please use the associated PowerPoint The chain rule – part 2 to display images in this lesson.  
Activating prior knowledge
Show students the video ’World’s Largest Bubble!!’ (0:08) (bit.ly/biggestbubble) 
Ask students in a Think-Pair-Share (bit.ly/thinkpairsharestrategy) to consider blowing up a spherical shape such as a bubble. What is changing as a bubble is blown? 
There are 4 changes as a sphere increases: volume, surface area, radius and time. 
Pose the question: At what rate is the bubble’s volume increasing per second? Tell students that this question will help us understand a different version of the chain rule. 
Connecting learning
This lesson uses the blowing bubbles context to introduce and connect understanding of the chain rule, without extending into Mathematics Extension 1 content in Further applications of calculus ME1-12-05 outcome. 
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
1. Ask groups to write the formula for the volume of a sphere on their boards and have them find the derivative. 
 . The teacher could draw students’ attention to the rate of change of volume of a sphere being the same as the surface area of the sphere and have students consider why this is the case. 
1. Tell students that the rate of change in the radius with respect to time is 2, that is, . 
1. Have groups discuss how they can use this and  to find the rate that the volume changes per second. Prompt students to consider   and    as having the same properties as fractions by reminding them of what  represent.
1. Using slide 3 of the PowerPoint, show students how we can find  using  and . Click to animate the slide to assist students’ understanding. 
Using slide 4, display the following question. 
Find the rate the volume changes per second in a sphere if the radius is changing at  
Have students find an expression for , using the fact that . Animate slide 4 to model the solution.  
Display slide 5 to reveal a self-explanation prompt which asks students to calculate the rate of change given that the radius is 3 mm. The slide will animate to reveal the solution. 
Use a class discussion to unpack what the value  means. 
When  the volume is changing at a rate of  each second. 
1. Reveal the learning intention and success criteria using slide 6. 
Releasing responsibility
1. Use slide 8 of the PowerPoint to formalise the rule for students. Animate the slide to show students where it can be found on the Mathematics Advanced – HSC reference sheet. 
In a Think-Pair-Share, have students consider what sections of the rule they could link to their previous chain rule 
Students should link  to  and  to .
Use slides 9–10 from the PowerPoint to model worked examples of differentiating with the chain rule using the Worked examples (Your turn) method (bit.ly/supportingstrategies). Click to animate self-explanation prompts and worked solutions. 
Students are to complete the faded worked examples (bit.ly/fadedexamplesstrategy) in Appendix A ‘Faded examples’. These gradually release responsibility and model communicating mathematically. 
Have students complete the last row of the table by checking their answers using the chain rule formats from the previous lesson. 
1. Display slide 11 and have students compare the 2 worked solutions (bit.ly/supportingstrategies). Students should discuss when each format might be used in a Think-Pair-Share. 
Distribute Appendix B ‘Variation Theory’ (variationtheory.com/introduction/) to students and allow them time to work through the questions.
Have students compare their answers with other students and negotiate the correct answers where differences arise. 
Have students annotate Appendix B to create notes to their future forgetful selves ((bit.ly/notestofutureself). 
Independent practice
1. Display slide 13 of the PowerPoint, reminding students of the Approaching questions scaffold. 
1. Have students use the Approaching questions scaffold to answer the HSC-style question on slide 14.  
1. Allow students time to pair up and compare their answers, negotiating the correct value of  if answers differ. 
1. Animate slide 14 to reveal the solution and a prompting question. In a Think-Pair-Share have students discuss how the domain of the original function may affect the answer.  
The function contains a square root therefore the domain is not all real values for . Students should substitute their answer into the original function to check that it is a valid solution. 
Display slide 15 and have students work through the second HSC-style question on their own. 
Animate the slide to reveal the answer and allow students time to fix any algebraic errors they may have made. 
Animate the slide again to reveal a prompting question and, in a Think-Pair-Share, ask students to consider how they might justify that the negative solution is the correct solution.
Use slide 16 to help unpack the graphical and algebraic justification for why the negative value of  is the solution to the question. 

Assessment and differentiation
Suggested opportunities for differentiation
Connecting learning 
The rates related to the bubble could be completed as a class to aid understanding.
Students may need to be given the formulas for volume of a sphere. 
Fractions such as  could be used to explain why 
Students could be extended to find the rate of increase of the surface area of a sphere. 
Releasing responsibility
The Worked examples (Your turn) may be differentiated to provide either additional support or increased challenge.
Students can be prompted to expand expressions as a method of checking and confirming their solutions.
Students could use either format to differentiate the questions in Appendix B.
Independent practice
The Approaching questions scaffold could be used to help students. 
Questions could be modified to suit the needs of the students. 


Suggested opportunities for assessment
Connecting learning 
Students’ ability to differentiate expressions with pronumerals other than  and  can be assessed when they differentiate formulas for volume. 
Students’ response to the prompting questions should be used to assess their knowledge of transferring  to different pronumerals. 
Releasing responsibility
Students’ responses to the self-explanation prompts and Your turn example should be used to assess students understanding of the chain rule in the form .
Appendix B could be collected to assess students’ ability to differentiate using different chain rules. 
Independent practice
The HSC-style questions could be collected as an exit ticket to assess students’ ability to differentiate using both chain rules. 
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Faded examples
Differentiate the following:
	
	
	
	

	
	
	
	

	
	
	
	

	

	
	
	

	
	
	
	



[bookmark: _Appendix_B]Appendix B
Variation Theory questions
1. 
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Sample solutions
Appendix A – faded examples
	
	
	
	

	
	
	
	

	
	
	
	

	

	

	

	

	
	
	
	




Appendix B – Variation Theory questions
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