
The chain rule – part 1
Students use their understanding of differentiating basic terms to learn how to differentiate using the chain rule in the form  and 
Learning intentions and success criteria should be shared with students at the conclusion of the ‘Connecting learning’ section of the learning episode.
Learning intention
To be able to differentiate composite functions using the chain rule. 
Success criteria
I can explain why the derivative of a function in the form  includes the derivative of the function. 
I can differentiate using the chain rule in the form .
I can differentiate using the chain rule in the form 


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
interprets the meaning of the derivative and determines the derivative of functions to solve problems MAV-11-06
Content
Calculations with the derivative
Apply the chain rule: if 𝑦 is a differentiable function of 𝑢, and 𝑢 is a differentiable function of 𝑥, then  or if  for differentiable functions 𝑓(𝑥) and 𝑔(𝑥) then 
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students differentiate  using the basic differentiation rules from Lesson 1 – basic differentiation rules before expanding and differentiating again. Students discuss what they notice and wonder.
	Think-Pair-Share
Notice and wonder 
	Students should observe that differentiating using only the basic rule yields a different result from differentiating the fully expanded form.

	Connecting learning
	Groups receive a question from Appendix A and repeat the activity from above. They factorise the expanded derivative to compare the 2 answers and predict a way of making the unexpanded derivative match the expanded derivative. Students square their  term and repeat the process. Slides 3–4 model this process using the example from the previous section. Reveal the learning intention and success criteria (slide 5) and formalise the rule (slide 6) using 2 different notations. 
	Vertical non-permanent surfaces
Visibly random groups of 3
Gallery walk
Pose-Pause-Pounce-Bounce
	Students predict how they can adjust the basic differentiation rule to work for functions with brackets. 

	Releasing responsibility
	Slides 8–9 show worked examples before students compare different notations using slide 10. Students practise applying the rule to brackets with fractional or negative indices (Appendix B) before writing notes.
	Worked examples (Your turn)
Comparison strategy
Think-Pair-Share
Notes to their future forgetful selves
	Students practise deriving using the chain rule. 

	Independent practice
	Students answer HSC-style questions from slide 12 before using Appendix C to find the errors and address misconceptions using the marking criteria to assign marks. Slides 14–16 contain the solutions. 
	Think-Pair-Share
	The errors are common misconceptions that students have.  



Activity structure
Please use the associated PowerPoint The chain rule – part 1 to display images in this lesson. 
Activating prior knowledge
Ask students to differentiate  using their knowledge of basic differentiation rules, that is, multiplying by the power and lowering the power by 1. 

Have students expand the function  and then differentiate the expanded function, using their basic differentiation rules. 

In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students what they notice and wonder (bit.ly/noticewonderstrategy). 
Students should notice that their answers are not the same and wonder how they can correctly differentiate this function without expanding.
Connecting learning
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Assign groups a question from Appendix A ‘Group activity’ and have students repeat the activity from the ‘Activating prior knowledge’ section of the lesson. Slide 3 of the PowerPoint can be used to guide students.
Have students factorise the derivative of their expanded function and compare the answers. 
Within their groups students are to discuss how their 2 derivatives are different and how the difference might relate to the original function. 
Allow groups to do a gallery walk (bit.ly/DLSgallerywalk) comparing other group’s derivatives to confirm their own group’s discussions. 
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to discuss group’s thinking about why the 2 are different. 
Students should recognise that the expanded derivative includes an extra factor that relates to the original function. Some students may recognise this factor to be the derivative of the bracket. 
Ask students to add a square to their  in their original brackets and repeat steps 3 and 4 from above. Slide 4 models this using the example from the beginning of the lesson.
Again, have groups perform a gallery walk to observe other group’s derivatives and test their theory. 
Use the Pose-Pause-Pounce-Bounce questioning strategy to again ask students to discuss the difference between the 2 derivatives. Ask students if they can suggest a way to make the unexpanded derivative match the expanded derivative.
Students may recognise that they need to multiply by the derivative of the bracket to get the correct answer.
Tell students that we can’t just differentiate functions in brackets by multiplying by the power and subtracting one from the power. Reveal the learning intention and success criteria using slide 5 of the PowerPoint. 
Use slide 6 to formalise the rule from the reference sheet. 
In a Think-Pair-Share, have students describe the rule to a partner. In the discussion, draw out that the rule is used when we have a function to a power and not just a single term. In these cases, the derivative of the function needs to be considered as well.
Animate the screen to present another version of the chain rule, this time using function notation.
In another Think-Pair-Share, have students link relevant parts of the 2 rules and what they mean in relation to the derivative of a function.
 (derivative of the function to a power) and  is the derivative of the brackets. 
Releasing responsibility
1. Use slides 8–9 from the PowerPoint to model worked examples of differentiating with the chain rule using the Worked examples (Your turn) method (bit.ly/supportingstrategies). Click to animate self-explanation prompts and worked solutions. 
1. Display slide 10 and have students compare the 2 worked solutions (bit.ly/supportingstrategies). Students should answer the self-explanation prompts in a Think-Pair-Share. 
1. Distribute Appendix B ‘Variation Theory’ (variationtheory.com/introduction/) to students and allow them time to work through the questions. 
1. Have students compare their answers with other students and negotiate the correct answers where differences arise. 
Allow students time to practise from an existing resource, particularly questions where the power is a fraction or a negative number. 
Have students annotate Appendix B to create notes to their future forgetful selves (bit.ly/notestofutureself). 
Independent practice
1. Display slide 12 of the PowerPoint and have students work through the HSC-style questions on their own. 
1. Use slides 13–15 for students to check their answers to each question and, as a class, discuss any misconceptions that may have arisen. 
Distribute Appendix C ‘HSC-style questions’, which includes the 3 questions from slide 12 along with incorrect worked solutions and corresponding marking criteria. 
Have students self-mark their own responses using the marking criteria. 
In pairs, have students review the 3 questions, identify the errors in each incorrect solution and allocate marks according to the marking criteria.
In a Think-Pair-Share have students discuss what marks they allocated to each solution and why.  


Assessment and differentiation
Suggested opportunities for differentiation
Connecting learning 
Appendix A could be modified to include brackets to the power of 3 or brackets that include quadratic or cubic functions.
Appendix A could include functions written using different notation. 
Students benefit from working with other students and performing gallery walks to observe other groups. 
Releasing responsibility
The Worked examples (Your turn) could be adjusted to suit the ability level of your students. 
Appendix B could be completed individually or in pairs. 
Independent practice
Questions could be modified to suit the needs of the students. 
Suggested opportunities for assessment
Activating prior knowledge
Students’ ability to differentiate using basic rules and by expanding squared brackets can be assessed during this activity.
Connecting learning 
Students’ ability to communicate their ideas using mathematical language can be assessed by listening to group discussions. 
Releasing responsibility
Students’ responses to the self-explanation prompts and Your turn example should be used to assess students’ understanding of the chain rule.
Appendix B could be collected to assess students’ ability to differentiate using different chain rules. 
Independent practice
The HSC-style questions could be collected as an exit ticket to assess students’ ability to differentiate using the chain rule. 
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Variation Theory questions
1. 
1. 
1. 
1. 
1. 
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HSC-style questions
Question 1 
Find the derivative of  Leave your answer in surd form.
	Criteria
	Marks 

	Correctly finds leaving answer in surd form
	3 marks 

	Correct differentiation resulting from an incorrect exponent or equivalent merit
	2 marks

	Attempts to differentiate the function
	1 mark



	Incorrect solution 1
	Incorrect solution 2

	
	





Question 2 
If find the equation of the normal to the curve when .
	Criteria
	Marks 

	Correctly finds the equation of the normal
	3 marks 

	Correctly finds the gradient of the normal or finds correct normal from incorrect gradient
	2 marks

	Correctly finds 
	1 mark



	Incorrect solution 1
	Incorrect solution 2

	
When 

at 


	
When 

at 






Question 3
If find the value(s) of  when .
	Criteria
	Marks 

	Correctly finds all values of 
	3 marks 

	Correctly differentiates  and equates to 0
	2 marks

	Finds either or 
	1 mark



	Incorrect solution 1
	Incorrect solution 2

	

	





Sample solutions
Appendix B – Variation Theory questions
1. 

1. 

1. 

1. 

1. 

1. 
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