
Tangents and normals
Students use the first derivative to find the gradient at a point, then apply straight-line equations to determine the equations of tangents and normals.
Students will need at least one digital device per pair to interact with an online graphing tool during this lesson.
Learning intention
· To be able to use differentiation to find the equations of tangents and normals to a curve at a point.
Success criteria
· I can find the gradient of a tangent and normal at a point.
· I can use the gradient and a point on the curve to find the equation of the tangent.
· I can use the gradient and a point on the curve to find the equation of the normal.


Outcomes
A student:
· develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
· interprets the meaning of the derivative and determines the derivative of functions to solve problems MAV-11-06
Content
Calculations with the derivative
· Use the rules for differentiation to find equations of tangents and normals to a curve at points on the curve
· Find the points on a curve where the tangent or normal has a given gradient
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Using Appendix A, students complete the same surface, different deep problem (slide 4).
	Same surface, different deep
	Revising information about equations of straight lines.

	Activating prior knowledge
	Students recall information about tangents to curves (slide 6), including finding the gradient of the tangent, before completing a mind map.
	Mini whiteboards
Pose-Pause-Pounce-Bounce
Mind maps
	Students should include what a tangent is, that it can be calculated at a point by using the first derivative and gradients of parallel and perpendicular lines.

	Connecting learning
	Students graph the cubic function and find the equation of the tangent at  Students revisit the relationship between perpendicular lines before defining (slide 8) and finding the equation of the normal.
	Think-Pair-Share
Mini whiteboards
Pose-Pause-Pounce-Bounce
	Students make the connection between the gradient of the tangent and its perpendicular normal.

	Releasing responsibility
	Use slides 10–11 to show worked examples for finding the equations of tangents. Students use Appendix B to find a tangent and normal before spotting the error using Appendix C (slides 12–13).
	Worked examples (Your turn)
Variation Theory
Pose-Pause-Pounce-Bounce
Visibly random groups of 3
Vertical non-permanent surfaces
Notes to future forgetful selves
	Students look at how to approach these questions and consider common mistakes and misconceptions.

	Independent practice
	Students work through Appendix D before completing these HSC-style questions using Appendix E.
	Banner task
	Students practise and consolidate learning with an HSC focus.



Activity structure
Please use the associated PowerPoint Tangents and normals to display images in this lesson.
Retrieval practice
1. Distribute Appendix A ‘Same surface, different deep’ (bit.ly/S_S_D_D) to pairs of students. This is also shown on slide 4 of the PowerPoint.
2. Have students complete the questions, comparing their answers with a different neighbouring pair once completed.
Activating prior knowledge
Show students slide 6 of the PowerPoint, revealing a curve with a tangent at a point. 
Using the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce), ask students what they recall about tangents to curves. Prompting questions could include:
What is a tangent?
What is the gradient function and how did you find it?
How do you use the gradient function to find the gradient of the tangent?
Have students construct a mind map (bit.ly/DLS-concept-maps) showing the relevant information recalled during discussion. 
Have students consult a partner to compare mind maps and add any additional information or links they may have missed. 
Points students should have on their map include:
· A tangent is a line that just touches a curve at a particular point.
· The derivative is the gradient function of a function  and can be denoted by 
· The derivative of  with respect to  can be denoted by or. 
· The gradient of a tangent at a point on a curve is found from the first derivative.
· The gradients of parallel lines are equal.
· The gradients of perpendicular lines multiply to -1.
· The gradient formula .
· The point gradient formula .
Connecting learning
1. With at least one device per pair, have students navigate to the Desmos graphing calculator (desmos.com/calculator) and use it to graph the cubic function . 
Teachers can choose a different cubic function for individual students.
In a Think-Pair-Share (), ask students to consider what the tangent to the curve at  would look like.
Continuing with a Think-Pair-Share and using mini whiteboards (bit.ly/miniwhiteboards), have pairs consider what information they would need to find the equation of the tangent.
Students should realise that the tangent is a straight line and to find the equation of a straight line they would need the gradient and another point, which could be the -intercept. Students may also realise that they can find the gradient of the tangent by using the gradient function and the point . 
Allow students time to find the equation of the tangent. 
 or 
Initiate a class discussion about the different formats of equations of straight lines and when each is used.
Students should recall that the equation of a straight line can be written in gradient–intercept form or general form. The gradient–intercept form can be helpful when finding the gradient and -intercept, but both are helpful for graphing.
Have students enter the equation into the Desmos graphing calculator to draw the tangent to the curve  at the point .
In a Think-Pair-Share, ask students to recall what the relationship is between the gradient of perpendicular lines. 
Gradients of perpendicular lines were studied in Lesson 8 – parallel and perpendicular lines of Unit 5 – foundations of differentiation. 
Inform students that the line that is perpendicular to a tangent is called a normal. Display slide 8 showing the definition from the NESA syllabus glossary.
The NESA syllabus glossary defines the normal to a curve at a given point  is the straight line that is perpendicular to the tangent to the curve at a given point,  (NESA 2024). 
Using mini whiteboards, have students determine the gradient of the normal before finding the equation of the normal. Have students share their equation with the teacher and the class by displaying their mini whiteboard.
 or 
Have students enter the equation into the Desmos graphing calculator to graph the normal to the curve  at the point .
Continuing in pairs, have students create 2 random functions like the above example. Students could use a random number generator to create co-efficients if needed. 
Ask students to find the:
gradient function
gradient of the tangent at 
gradient of the normal at .
Using their gradients from above, ask students to find the equation of the tangent and the equation of the normal at .
Students should then plot the 3 functions (the original curve, the tangent and the normal) into the Desmos graphing calculator to check their solution.
Students should recognise that for the equations to be correct all 3 functions intersect at the same point and the tangent and normal are perpendicular. 
Releasing responsibility
1. Use slides 10–11 from the PowerPoint to model worked examples for finding the equations of tangents using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
The worked example uses the formula  to find the equation of the line. Students may choose to use  to find their equations. 
1. Distribute a copy of Appendix B ‘Variation Theory questions’ (variationtheory.com/introduction) to each pair.
1. Students are to complete the questions, finding the equation of the tangent and normal before comparing responses with a neighbouring group. 
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy), and distribute Appendix C ‘Spot the error’’ to each group. Have groups discuss the scenario and work out the correct solution, justifying the reasoning for their conclusion. These are also shown on slides 12–13.
Scenario 1 – student has found the derivative correctly but used the derivative to find the corresponding  value for use in the equation.
Scenario 2 – student has correctly found the gradient but forgotten the negative when finding the gradient of the normal.
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss why each situation is an error and the misconception the student may have in each scenario. 
Students are to create notes to their future forgetful selves (bit.ly/notestofutureself) on how to find the equation of a tangent and a normal.
Independent practice
1. Students are to complete the banner task (bit.ly/supportingstrategies) from Appendix D ‘Banner task’.
Check for understanding of finding equations of tangents and normals by completing Appendix E ‘HSC-style questions’.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
· Challenge more advanced students to include further concepts such as horizontal and vertical lines.
· Provide a partially completed concept map to scaffold for students needing additional support.
Connecting learning 
· Students could start off with a quadratic function rather than a cubic function if they are still having difficulty.
· Teachers could model a method for finding a straight line to assist students.
· Teachers can challenge students to find the equation of the tangents and normal using 2 different methods.
Releasing responsibility
· Student’s may benefit from working independently on Appendix B before consulting with a neighbour about the solutions.
· Appendix B could be ordered in terms of difficulty. 
· Teachers can provide students with faded examples to scaffold if needed.
· Students could continue to work in groups when completing practice questions from an existing resource if having difficulty.
Independent practice
· A whole class discussion could be undertaken to discuss the solutions to Appendix D if further clarification regarding solutions is needed.


Suggested opportunities for assessment
Retrieval practice
· Teachers can review the responses to the same surface, different deep activity to ensure students are ready to progress.
Activating prior knowledge 
· Teachers to review mind maps to assess students’ understanding of straight lines.
· Reviewing neighbouring groups’ concept maps can provide feedback to those groups.
Connecting learning 
· Teachers can formatively assess students’ knowledge and understanding of differentiation and substituting values into functions to find the gradient and students’ ability to find perpendicular gradients through the class discussions. 
Releasing responsibility
· Teachers can assess student understanding by observing groups’ work at the vertical non-permanent surfaces.
Independent practice
· Groups gain feedback from their peers when they consult with neighbouring groups.



Appendix A 
[bookmark: _Same_surface,_different]Same surface, different deep
[image: Four questions around a graph of y= -2x+3.
1) By finding the gradient and using the point (-1,5), find the equation of the line.
2) Draw and name the equation of a line that is parallel to the line drawn.
3) By drawing the line y=x-3, find the solution to -2x+3=x-3.
4) State whether these lines are parallel or perpendicular to the line shown. 
y=0.5x+3
y=-2x-6
2x+7=7.]

[bookmark: _Appendix_B]Appendix B 
[bookmark: _Variation_questions]Variation Theory questions
1. Find the  value at  for the curve .
Find the derivative of the curve .
Find the gradient of the tangent to the curve at .
Find the equation of the tangent to the curve  at .
Find the gradient of the normal to the curve at .
Find the equation of the normal to the curve at .
Find the  value at  for the curve 
Find the derivative of the curve .
Find the equation of the tangent to the curve  at 
Find the equation of the normal to the curve  at  
Find the equation of the tangent to the curve  at 
Find the equation of the normal to the curve  at 

[bookmark: _Appendix_D][bookmark: _Appendix_C]Appendix C 
Spot the error
	Scenario 1
	Scenario 2

	Find the equation of the tangent to  at . 
	Find the equation of the normal to the curve  at .

	

	



[bookmark: _Appendix_E]Appendix D 
Banner task
1. A tangent to the curve  has equation .
At what point on the curve does this tangent occur?
The normal to the curve  has the equation .
At what point does this normal touch the curve?
A curve has equation .The tangent at some point has gradient 0.
Find the coordinates of the point(s) where this occurs.
For what values of  is the normal vertical?
Consider the curve defined by .
Find the coordinates of the point(s) on the curve where the tangent is horizontal. 
Consider the curve .
Find the equation of the normal where the gradient of the tangent is .

[bookmark: _Appendix_F]

Appendix E 
HSC-style questions
1. Find the equation of the tangent to the curve  at the point .
8. Find the equation of the normal to the curve  at the point . 



Sample solutions
Appendix A – same surface, different deep
[image: Four questions around a graph of y= -2x+3.
1) By finding the gradient and using the point (-1,5), find the equation of the line.
2) Draw and name the equation of a line that is parallel to the line drawn.
3) By drawing the line y=x-3, find the solution to -2x+3=x-3.
4) State whether these lines are parallel or perpendicular to the line shown. 
y=0.5x+3
y=-2x-6
2x+7=7.
Solutions 
1) y=-2x+3
2) y=-2x-1
3) Perpendicular, parallel, parallel
4)(2,-1).]

Appendix B – Variation Theory questions
1. 

1. 
1. Gradient of the tangent at 

1. Equation of the tangent at  

1. Gradient of the normal at 

1. Equation of the normal at ​

1. 

1. 
1. Gradient of the tangent at 

 Equation of the tangent at 

1. Gradient of the normal at 

Equation of the normal at  
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Gradient of the tangent at
Equation of the tangent at
Gradient of the normal at 
Equation of the normal at 
Appendix D – banner task
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[bookmark: _Appendix_E_–]Appendix E – HSC-style questions
1. 
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